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Preface 


The first edition of this book, whieh appeared m 1939 and wluch 
entitled Introduction to Atomic Physics, grew out of a course on Modern 
Physics I had been giving for several years previous. Thei friendly .recept o 
accorded the first edition prompted author and publisher to b ng out 
revised edition in 1946. The major changes in the second edition we 
made in the section on the nucleus; other material was of course, updated, 
and various improvements and refinements were made at the suggestion 
of colleagues and critics. 

The new title of the third edition, Introduction to Atomic and A uckar 
Physics, epitomizes the essential difference between this edition and the 
earlier ones. Nuclear physics is, of course, a part of atomic physics; how¬ 
ever, because of the great advances made in this branch of the subject in 
the past twenty years, beginning with the discoveries of the neutron, ot 
deuterium, and of induced radioactivity, nuclear physics has come to be 
considered as a separate branch of physics. The term atomic physics is 
now considered by physicists to be concerned mostly with those properties 
of the atom which depend upon their extranuclear structure. However, 
the latter is determined by some of the nuclear properties, particularly 
charge, mass, and spin. Hence, in the development of this book, the 
foundations are laid in Part 1 for the study of both the nuclear and the 
extranuclear parts of the atom. These include a brief review of the funda¬ 
mentals of electricity and magnetism, a description of the methods of 
determining the fundamental constants of atomic and nuclear physics, 
the experiments which led to the development of the concept of the nuclear 
atom, and the fundamental experiments showing the wave and particle 
aspects of both electromagnetic radiation and matter. Using this founda¬ 
tion, the subject of the extranuclear structure of the atom is treated in 
Part 2, and that of nuclear physics in Part 3. Approximately equal space 
in this book is devoted to each of the fields normally encompassed by the 
respective names of atomic and nuclear physics. 


viii Preface 


The plan and spirit of the original book have not undergone any 
essential changes. The text is still intended for use at the undergraduate 
level with students who have had a one-year physics course and a course 
in the calculus. Part 1, Foundations of Atomic and Nuclear Physics, and 
Part 2, The Extranuclear Structure of the Atom, have undergone minor 
revisions since the second edition, mostly to improve them from a peda¬ 
gogical standpoint and to bring the subject matter up to date. Some of 
the longer chapters hiivc been subdivided, some new topics as well as 
diagrams and photographs have been added, and additional problems and 
references included. 

The major change is in Part 3, Nuclear Physics. Chapter 10, on natural 
radioactivity, has been brought up to date, and several new sections 
have been added to it. Chapter 11 describes a large variety of experiments 
on the disintegration of nuclei, and Chapter 12 discusses, in an elementary 
way, some of the theory of these nuclear processes. Chapter 13, Nuclear 
Fission, is devoted almost entirely to the physical aspects of fission rather 
than to the technical aspects. Chapter 14, Elementary Particles, is devoted 
mostly to the newer particles, the mesons and V-particles, with a brief 
discus don of the older elementary particles. Chapter 15 discusses the 
production of new elements and isotopes. Chapter lfi contains a description 
of the different types of particle accelerators which are used in atomic, and 
nuclear physics. Part 3 contains many new diagrams and photographs as 
well as a large number of suitable problems. 

Throughout the preparation of the various versions of this text I 
have received invaluable assistance from my colleagues, from teachers 
who have used the book in one or more editions, and from physicists who 
have read the manuscripts in whole or in part. I should, therefore, like to 
extend my sincere thanks to the following: Professor E. F. Barker, Uni¬ 
versity of Michigan; Dr. Dixon Callihan, Oak Ridge National Laboratory; 
Professor Joseph H. Dexter, College of the City of New York; Mr. H. H. 
Goldsmith, late of the College of the City of New York; Professor J. M. B. 
Kellogg, Los Alamos Scientific Laboratory; Professor Paul Kirkpatrick, 
Stanford University; Dr. Sidney Millman, Bell Telephone Laboratories; 
Professor Hans Mueller, Massachusetts Institute of Technology; Dr. 
Edson R. Peck, Northwestern University; Dr. John R. Platt, University of 
Chicago; Professor Robert L. Weber, The Pennsylvania State University; 
Professor Lawrence A. Wills, College of the City of New York; Professor 
Hugh C. Wolfe, Cooper Union; Professor Mark W. Zemansky, College of 
the City of New York; Dr. Walter H. Zinn, Argonne National Laboratory. 

Further, in the preparation of the third edition I have received in¬ 
valuable help from many physicists in the form of photographs, graphs, and 
diagrams. These are acknowledged at the appropriate places in the text. 
In particular, I wish to thank Dr. Maurice M. Shapiro of the Naval Re- 
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search Laboratory both for supplying me with a large number of photo¬ 
graphs and for several helpful discussions on the subject of mesons. I also 
wish to thank Dr. Charlotte E. Moore of the National Bureau of Standards 
for supplying me with a corrected list of the first ionization potentials of 
the elements, and Professor K. B. Newbound of the University of Alberta 
for his list of problems in nuclear physics, some of which have been in¬ 
corporated in the text. 

I am deeply grateful to Professor Bernard T. Feld of Massachusetts 
Institute of Technology and to Professor R. L. Sproull of Cornell University, 
who read the original manuscript of the third edition, for their many 
valuable criticisms and suggestions, most of which have been incorporated 
in the book. I also wish to thank my colleague, Professor Harry Soodak, for 
having read Part 3 and in particular for his many valuable suggestions for 
Chapter 13 on nuclear fission, and Professor Leo Lederman of Columbia 
University for having read Chapter 14 on elementary particles and for his 
many valuable suggestions on the subject of mesons. 

Finally, I wish to express my thanks and appreciation to my wife, Ray K. 
Semat, for typing the manuscripts and for the many other chores involved 
in the preparation of all three editions. 


New York 
June, 1964 


H. S. 
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FOUNDATIONS of ATOMIC and 
NUCLEAR PHYSICS 




chapter j^lj 

Elements of Electricity 
and Magnetism 


1-1. Introduction 

The decade from 1895 to 1905 may be termed the beginning of modern 
physics. During this period, J. J. Thomson succeeded in demonstrating 
the existence of the electron, a fundamental unit of negative electricity 
having very small mass. Becquerel discovered the phenomenon of natural 
radioactivity and Roentgen discovered x-rays. To these discoveries must 
be added the bold hypothesis put forth by Planck, that radiant energy, in 
its interaction with matter, behaves as though it consists of corpuscles or 
quanta of energy. This led to the development of the quantum theory of 
radiation and ultimately to quantum mechanics. It was also during this 
period that Einstein re-examined the fundamental concepts of physics and 
was led to the development of the special theory of relativity. 

It is the aim of this book to present the important experimental data 
upon which are based our present ideas of the structure of the atom. An 
atom is to be regarded not as a static structure composed of particles in 
fixed positions, but rather as a dynamic structure changing in response to 
outside agencies, affecting them and, in turn, being affected by them. It is 
by examining the phenomena that occur during these changes that we get 
our information concerning the structure of the atom as well as an insight 
into the nature of those quantities which produce or are the result of these 
changes. 

Accumulation of experimental data, particularly from the study of 
electrochemistry and the discharge of electricity through gases, indicates 
clearly that the atom is essentially electrical in nature. It will therefore be 
of value to discuss briefly those fundamental concepts of electricity and 
magnetism which have been found essential in studying the structure of the 
atom. 


1-2. Coulomb's Law of Force between Electric Charges 

If a glass rod is rubbed with a piece of silk, both the glass and the silk 
become electrified. When two glass rods which have been rubbed with silk 
are placed near each other, a force of repulsion will be found to exist be- 
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tween them. In a similar manner, if two rubber rods which have been 
rubbed with wool or cat’s fur are placed near each other, there will be a 
force of repulsion between them. But if one of these rubber rods is brought 
near one of the electrified glass rods, a force of attraction is found to exist 
between them. All other electrified bodies can be compared with such glass 
and rubber rods. Those electrified bodies which repel the charged glass rod are 
said to be positively charged or charged with positive electricity , while those 
electrified bodies which repel the charged rubber rod arc said to be negatively 
charged or charged with negative electricity. This arbitrary sign convention is 
adhered to throughout the realm of physics including the atomic domain. 
The ultimate determination of the sign of any electric charge must rest on 
a comparison with the charge on a glass rod which has been rubbed with 
«ilk or that on a rubber rod which has been rubbed with wool. 

Coulomb (1789) made a study of the quantitative law of force between 
charged bodies. He found that the force between two charged bodies, whose 
dimensions are small in comparison with the distance between them, is 
given by 



where q { is the magnitude of the electric charge on one body, q 2 the magni¬ 
tude of the charge on the second body, and r is the distance between them. 
The force F between the two charges also depends upon the nature of the 
medium between them; this is expressed by the factor k, called the dielectric 
constant, or the specific inductive capacity of the medium. The numerical 
value of k depends not only upon the nature of the medium but also upon 
the system of units used in expressing the other quantities in equation (1). 
In the cgs electrostatic system of units, k is set equal to unity when the 
charges are placed in a vacuum, F is measured in dynes, and r in centi¬ 
meters. The charge q is then said to be expressed in electrostatic units (esu) 
of charge. The definition of a unit charge now follows directly from equa¬ 
tion (1): an electrostatic unit charge (1 esu) is one which, when placed in a 
vacuum one centimeter away from a like equal charge, xoill repel it with a 
force of one dyne. The electrostatic unit of charge is sometimes called the 
statcoulomb. The electrostatic unit of charge is very small; hence, in the 
practical system of electrical units, a much larger charge is taken as the unit 
and is called a coulomb. A coulomb is equivalent to 3 X 10 9 esu of 
charge. 

In the cgs electrostatic system of units defined above, the dielectric 
constant k is a pure numerical constant. For nonconductors or insulators, 
k is generally greater than unity. 
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i * Intensity of the Electric Field 

The' h*. that a charged body will a ^ 

point in the neighborhood of another body h Q xhis 

the idea that an eUclricfieU exists charge , 

electric field may be explored bj p g P v D erienced by it at each 
different point, and nreM the f«» 

Sf# XZ!i -£ £52f- th. J* p— -p«— 

at this point, that is, 


( 2 ) 


The test charge , mo.t be »«eien% -«» » »*• J “ “ 

materially altered by the introduction of this test charge. If f is meas 
Ted in dynes and , in esu of charge, then E is expressed ,n dynes per esu 

° f C *Th* e intensity of the electric field £ at any point is a vector quantity 
whose direction is that of the force experienced by a positive charge placed 
at that point. A negative charge placed in an electric Md will experience 
a force whose direction is opposite to that of the electric field. 

The intensity of the electric field can be evaluated mathematically in 
many cases. For example, the intensity of the electric field m the space 
around a point charge Q can be found by imagining a small positive charge 
q placed at any point P a distance r from the point charge Q. The force 1 
experienced by this positive charge q is, from Coulomb’s law, 



F = 9l 

F hr 2 


(3) 


Substituting this value of F in equation (2), we get 



(4) 


for the intensity of the electric field E at a distance r from the charge Q. 
In the cgs electrostatic system of units, E is expressed in dynes per esu of 
charge, or dynes per statcoulomb. 

There is a convenient method for mapping the electric field in any 
region of space to show at a glance its magnitude and direction. If the in¬ 
tensity of the electric field is known at any point, we can imagine a unit 
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area drawn perpendicular to the direction of the electric field at this point 
and a sufficient number of lines drawn perpendicularly through this unit 
area so that the number of lines per unit area will represent the magnitude 
of the intensity of the electric field at this point, and the direction of these 
lines will represent the direction of this electric field. For example, the 
electric field around a point charge Q is radial, as shown in Figure 1-1. It 
can be shown that if one line of force per square centimeter is to represent 



Fio. 1-1. Radial Fio. 1-2. A uniform elec- 

clectric field around a trie field, 

small charge. 

an intensity of one dyne per esu of charge, then 4 *Q lines will have to be 
drawn radiating from the point charge Q. If the electric field is uniform 
throughout a given region of space, that is, if the intensity of the electric 
field has the same value throughout this region, then it would be repre¬ 
sented by a series of parallel, equally spaced lines as shown in Figure 1-2. 

1 -4. Potential Difference; Potential 

A charge q situated at any point in an electric field will experience a force 
F = Eq where E is the electric field intensity at that point. If this charge 
is moved from any point A to any other point B , in general work will 
have to be done in moving it against the forces of the electric field. The 
difference of potential V between A and B is defined as the ratio of the work 
done W to the positive charge q that is moved from A to B , thus 



(5) 


It follows directly from the principle of conservation of energy that the 
difference of potential between two points in an electrostatic field is inde¬ 
pendent of the path traversed in going from A to B. 

In the es system of units, the work W is expressed in ergs, and the 
charge q in es units of charge or statcoulombs. Hence the difference of po- 



Potential Difference; Potential 7 

tential V will be expressed in ergs per esu of charge. This is sometimes 
called a statvoU. In the practical system of units, IT is ex ^® sse m J ° U 
and q in coulombs; V in this system is expressed in volts, mus 

1 volt = 1 joule/coulomb. 


1 joule = 10 7 ergs 

1 coul = 3 X 10 9 statcoulombs, 

300 volts = 1 s tat volt. 

If point A is taken as the zero level of potential, then the difference 
of potential between A and B is also the potential of point B. In practice 
the ground is taken as the zero level of potential; the potential of any 
point is then its difference of potential with respect to ground potential. 
The potential of a point may be either positive or negative, since is 
defined in terms of the work done in moving a positive charge from one 

point to another. ... • . A 

Of particular interest is the evaluation of the potential at a point A 
in the neighborhood of a positive charge Q. The electric field intensity E 
at a distance r from Qjs, from equation (4), 


Since 

and 


E = 


Q_ 

hr 2 


(4) 


If a small positive charge q is moved through a distance dr against the 
forces of the electric field, the work done per unit charge, which is the 
difference of potential dV, is, from equation f5), 


dV = 


dW 

Q 


and since 


dW = —Fdr, 



- Edr . 


Substituting the value of E from equation (4), 


we get 


dV 



Let us take a point at infinity as our zero level of potential and imagine 
the small charge q brought from infinity to point A at a distance a from 
charge Q. The potential at A is then 


Q r dr 
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from which 



( 6 ) 


If we were to determine the potential at any other point B at a distance b 
from charge Q in a similar manner, we would get 



The difference of potential V between points A and B is 


V = Vff — Va 


so that 



(7) 


If the space around the charge Q is a vacuum, then k 
electrostatic system of units and equation (7) becomes 



1 in the cgs 


( 7 *) 


The work done in bringing a charge q to point A where the potential 
is Va is, from the definition of potential, simply 


W = V A q. 


Using the value of V A from equation (6) yields 



(•) 


for the work done in bringing two charges Q and q to within a distance a 
of each other. This work produces a change in the electrostatic potential en¬ 
ergy of the system; hence equation (8) is also the expression for the poten¬ 
tial energy & p of this system, with the zero level of potential energy taken 
when the distance a = ». In general, if r is the distance between two point 
charges Q and q , the potential energy of the system is 



(9) 
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If the charges are situated in a vacuum, or, as it is sometimes called, 
in free space, fc - 1 in the electrostatic system of units and equation W 

becomes 



( 10 ) 


1 -5. Work Done in Charging a Body 

The work done in adding a small charge dq to a body at some potential V is, 
by definition, 

dW = Vdq, 

and the total work done in adding a quantity of charge q to the body is 


W 




(ID 


In order to evaluate equation (11), it is necessary to know the relationship 
between the potential of the body and the charge on it. Such a relation¬ 
ship is given by the equation 


C 


i 

V 


( 12 ) 


where C is the capacitance of the body; the capacitance of a body is a 
constant determined by its geometrical configuration and the nature of the 
dielectric medium surrounding it. The work done in charging a body may 
now be evaluated with the aid of equation (12), yielding 

w = ; £ = \qV = \CV*. ( 13 ) 

2 C 


If the electric field in any region is uniform, the electric intensity E is 
constant throughout this region; the difference of potential V , that is, the 
work done in carrying a unit positive charge through a distance s parallel 
to this field is 

V = Edr = Es. ( 14 ) 


A very convenient way of obtaining a comparatively uniform electric 
field is to use a capacitor consisting of two large parallel plates a small 
distance $ apart. If the plates are kept at a difference of potential V by 
means of a battery, the electric intensity of the field between the plates 
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will be _ V 

E = -• ( 15 ) 

s 

The electric field will be uniform except at the edges of the plates. 

1 -6. Coulomb’s Law of Force between Magnetic Poles 

Permanent magnets have been known and used for centuries. If a thin 
steel rod which has been magnetized is suspended so that it can swing 
freely about a vertical axis, the steel rod will come to rest in a very definite 
position. If there are no other magnetic materials in the immediate neighbor¬ 
hood, the rod will set itself in an approximately north-south position. The 
end which points north is called the north-seeking pole , or, more briefly, 
the north pole of the magnet; the other end is called the south pole of the 
magnet. If the north pole of another magnet is brought near the north pole 
of the first magnet, a force of repulsion will be found to exist between them; 
similarly for the south poles of the two magnets. But if opposite poles are 
brought near one another, there will be a force of attraction between them. 

Coulomb investigated the law of force between magnetic poles and 
found that the force is proportional to the strengths of the magnetic poles, 
and inversely proportional to the square of the distance between them; or, 
in the form of an equation, Coulomb’s law states that 



where F is the force between the two poles, r is the distance between them, 
Pi and p 2 represent the strengths of the poles, and y is a constant of propor¬ 
tionality. The value of y depends upon the units used and the nature of the 
medium between the poles; y is called the permeability of the medium. If 
the magnets are placed in a vacuum, and F is measured in dynes and r in 
centimeters, then y can be set equal to unity. The definition of a magnetic 
pole of unit strength now follows directly from equation (16). A unit 
magnetic pole, or a pole of unit strength, is one which, when placed in a 
vacuum one centimeter away from a like equal pole, will repel it with a force 
of one dyne. The north and south poles of any one magnet are of equal 
strength. 

The system of units defined above is called the cgs electromagnetic 
system of units , or emu. There is no special name given to the unit of 
pole strength. 

1 -7. Intensity of the Magnetic Field 

The fact that a magnet will exert forces on other magnets suggests the 
idea that a magnetic field exists in the space around the magnet. This 
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magnetic field may be explored by placing the north pole of a long thin 
magnet at any point in the field and measuring the force experienced by it. 
The intensity of the magnetic field H at any point P is defined as the ratio 
of the force F to the magnitude of the pole strength p of this exploring 
magnet which is placed at this point, that is, 



0 *> 


The strength of the exploring pole must be sufficiently small so that the 
magnetic field is not materially altered by the introduction of this pole. 
If F is measured in dynes and p in unit poles, then // is expressed in oersteds. 

The intensity of the magnetic field H is a vector quantity whose 
direction at any point in space is that of the force experienced by the north 
pole of a magnet placed at that point. The south pole of a magnet, when 
placed in a magnetic field, will experience a force whose direction is opposite 
to that of the magnetic field at that point. For example, the intensity of the 
magnetic field at a point A, distant r from the north pole of a bar magnet of 
strength pi, can be found by imagining the north pole of another magnet 
of strength p placed at this point. The 
force between these two north poles is, 
from Coulomb’s law, 


The intensity of the magnetic field at A is 
then 



H = 


F _ Pi 
P »r 2 


Fig. 1-3. Couple acting on 
a bar magnet situated in uniform 
magnetic field. 


The direction of H is along a line from 

the pole pi to the point A. The intensity of the magnetic field at A due 
to the south pole of the magnet can be found in a similar manner. The 
resultant intensity of the magnetic field at A produced by the bar mag¬ 
net of pole strength pi will be the vector sum of the magnetic field in¬ 
tensities produced by the two poles. The magnetic field may be mapped 
in a manner analogous to that of the electric field. The number of mag¬ 
netic lines of force drawn perpendicularly through a unit area at any 
point in space represents the intensity of the magnetic field at this point 
and the direction of these lines represents the direction of this magnetic 
field. If the magnetic field is uniform throughout a given region of space, 
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then it would be represented by a series of parallel, equally spaced lines as 
shown in Figure 1-3. Such a field can be closely approximated experimen¬ 
tally, and has been used extensively in atomic investigations. 

1-8. Magnetic Moment of a Magnet 

A bar magnet whose diameter is small in comparison with its length can be 
specified by two quantities, its length L and the strength of either pole p. 
The product of the pole strength of a magnet and the length of a magnet is 
known as the magnetic moment , 3/, of the magnet; thus 


M = pL. 


( 19 ) 


If such a small bar magnet is placed in a uniform magnetic field of 
strength //, as shown in Figure 1-3, each pole will experience a force pH. 
The two forces on the poles of the magnet constitute a couple. The moment, 
T, of this couple is 

T = pH • L cos 0 = MH cos <t> , ( 20 ) 

where <t> is the angle between the magnet and a line perpendicular to the 
direction of the magnetic field //. The amount of work done, d\V t in rotat¬ 
ing this magnet through an angle d<t> is 

dir = MH cos 4xl<t>. 

If the magnet rotates through 90° from a position perpendicular to the field 
to one parallel to the field, the work done by the field will be 

fw/2 

W = MH J" cos <**/</>, 


from which 



( 21 ) 


Any magnetic substance may be considered as made up of a very large 
number of very small elementary magnets. When the substance is unmag¬ 
netized, these elementary magnets are oriented at random, but when an 
external magnetic field is applied to this substance, each elementary 
magnet experiences a couple tending to orient it parallel to the direction 
of the magnetic field. The degree of orientation of these elementary magnets 
determines the strength of the poles of a magnetized substance. It is thus 
clear that work must be done to orient the elementary magnets and hence 
to magnetize a subslance. 
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1 -9 Energy in Electric and Magnetic Fields 

It has been shown that work must be done to charge bodies electrically, 
and also to magnetise substances. A body which has been charged may 
considered to possess more energy in virtue of the work done in charg g . 
One point of view is to consider this energy as residing in the electric fie 
h rnnnd this charged body. Similarly, the work done in magnetizing a 
substance may be considered as having been transformed into the energy 
which resides in the magnetic field surrounding the magnetized substance 
Adopting this point of view, we may easily calculate the energy per 

volume in the electric field. . 

Consider, for example, a parallel plate capacitor consisting of two 
large metal plates separated by an insulating material ' vhose Je'ectnc 
constant is k. If q is the charge on either plate, V the differenceopotenta 
between the plates, and C the capacitance of the capacitor, the work done 
in charging this capacitor is 

IF = iqV = \CV*. <’ 3 > 

The capacitance of a parallel plate capacitor is given by 

C = — . <*» 

Its 


where A is the area of either plate and « is the thickness of the insulating 
material between the plates. Since the electric field between the plates is 
uniform except for end effects, which may be neglected, the electric intensity 
anywhere in the space between the plates is simply 

V 

E = — - O 5 ) 

s 


With the aid of the above equations, the work IF can be expressed as 




( 23 ) 


Assuming that the energy resides in the electric field between the plates of 
the capacitor in the volume sA, the energy per unit volume w in the 
electric field between the plates is 



( 24 ) 
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No generality is lost in deriving the above expression for the special 
case of a uniform electric field, for if the field is not uniform, we can consider 
a very small region of the field which is practically uniform and deduce the 
same result. . 

In a similar manner, the energy per unit volume in a magnetic field can 
be shown to be 

(25) 

where y is the permeability of the medium and H is the intensity of the 
magnetic field. 

1-10. The Electric Current 

The motion of a group of electric charges constitutes an electric current. 
The magnitude of the electric current, t, is the time rate of flow of charges 
through a given surface S. Thus 

(26, 

If q is expressed in esu of charge and t in seconds, then i is the esu of current. 
The practical unit of current is the ampere which is 3 X 10 9 times as bigas 
the esu of current. The esu of current is sometimes called the slatampere. 




Direction of the current 




-*-© ' 



©—*- 



Fig. 1-4. The direction of the current in the tube is the same as the direction of 
motion of the positive charges. 


The direction of the current is taken as the direction of motion of 
positive charges. If the current consists of the motion of negative charges, 
the direction of the current is opposite to the direction of motion of the 
negative charges, as shown in Figure 1-4. 


1-11. Magnetic Effect of an Electric Current 

Oersted (1820) discovered that a magnetic field exists in the neighborhood 
of a wire carrying current. Experiments with small magnets or iron filings 
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show that the magnetic field in the neighborhood of a straight wire carrying 
currentts circular^in a plane at right angles to the wire w.th the wire as the 

Cente H °A th Row C land S ( 1876) performed a famous experiment to show the 
pnuivalence of a moving charge and an electric current in so far as the 
magnetic effect was concerned. He used an ebonite disk ^vmg metalhc 
sectors distributed near its rim. The metallic sectors were cha^d elec 
trically • then the disk was rotated very rapidly. A magnetic needle near the 
disk was deflected by the magnetic field set up by the moving c argej 
When the direction of rotation of the disk was reversed, the defle t onof 
the magnetic needle was also reversed. R. C. Tolman (1929), using 
charged cylinder, showed that as far as the magnetic effect is concerned, an 
oscillating charge is equivalent to an alternating current. . 

The quantitative relationship between the intensity of the magnetic 
field at any point in space and the current in the wire was estabhshed em¬ 
pirically as a result of the experiments of Biot and Savart (1820), with long 
straight wires carrying current. If we consider a small section ds of a wire 
carrying current t, then the intensity of the magnetic field at any point 1 
distant r from this current element is given by the expression 



where dH is the magnetic field intensity at point P, 0 is the angle between r 
and the current in the element ds, and k is a constant of proportionality. 
The direction of the magnetic field at point P is perpendicular to the plane 
containing r and ds as shown in Figure 1-5. A convenient method for deter¬ 
mining the direction of the magnetic field intensity H, with reference to the 
direction of the current i producing it, is to use the right-hand rule. For a 
linear current, assume the thumb of the right hand points in the direction of 
the current; then the fingers of the right hand will curl in the direction of 
the lines of magnetic force representing H. 

The magnetic field due to a current provides one of the best methods for 
measuring the magnitude of the current. Instead of utilizing our previous 
definition of the electric current and then evaluating the constant k, a new 
unit of current may be defined in terms of its magnetic effect. I his is 
equivalent to replacing ki by a new symbol, i m , to be defined by means of 
equation (27), which now takes the form 
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As an aid in defining this new unit of current, let us calculate the 
magnetic field intensity, H, produced by a current i m flowing in a circular 



Fig. 1-5. The magnetic field at P is in a plane perpendicular to the plane contain¬ 
ing the current element ids. 


wire of radius r. The magnetic field intensity at the center of the circle, due 
to the current flowing in a small element of wire ds, is, from equation (28), 



since the angle 0 between ds and r is equal to r/2. Now, from Figure 1-6, 


ds = rd<f>, 


so that the magnetic field intensity at the center of the circle due to the 
entire circuit is 



The magnetic field at the center is perpendicular to the plane of the circle; 
if the current is in a counterclockwise direction, the magnetic field will be 
directed out of the plane toward the observer. The new unit of current, 
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known as the electromagnetic unit of current, can now be defined with the 
aid of equation (29). The unit current, in emu, is that current, which, 
flowing in the arc of a circle one centi¬ 
meter in length, the radius of the circle 
being one centimeter, produces a magnetic 
field of one oersted at the center of the 
circle. The electromagnetic unit of current 
is sometimes called the abampere. The 
practical unit of current, the ampere, is 
1/10 of tVe em unit of current. If a current 
i m flows in this circle of unit radius, the 
magnetic field intensity at the center of 
the circle is 

Fio. 1-6. The magnetic 
H i = 2 Tri m . (30) fie , d at the centcr of the circle is 

.... „ directed outward from the paper. 

If there are n turns of wire close together 
in a circle of radius r, each turn carrying 

current i m , the intensity of the magnetic field at the center of the circle is 

(31) 


The magnitude of a current may be expressed in either electrostatic 
units or electromagnetic units. Experiments show that the electromagnetic 
unit of current is about 3 X 10 10 times larger than the electrostatic unit of 
current. The most recent determination of this ratio yields the value as 
2.9979 X 10 10 . Furthermore, a comparison of the dimensions of these two 
units of current shows that the ratio is not a dimensionless constant, but 
that it has the dimensions of a velocity. This ratio will be denoted by the 
letter c where c = 2.9979 X 10 10 cm/sec. 

If a current, when expressed in electromagnetic units, has a value i mt 
then the numerical value of this current in electrostatic units is 

i, = ci m = 3 X 10 ,o i m . 

For example, a current of 5 abamperes is equal to 15 X 10 10 statamperes. 
Also, since 1 abampere is 10 amperes, the above current is equal to 50 
amperes. Within the limits of experimental error, c is equal to the velocity 
of light in a vacuum. This result was of great importance in enabling 
Maxwell (1865) to establish the electromagnetic theory of light. 

Every electric and magnetic quantity can be expressed either in em 
units or in es units. The ratio of the two units for any quantity always 
involves the constant c or c 2 . For example, to convert a charge q m expressed 
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in emu to one q, expressed in esu, we use the equation 

q, = cq m . 

1-12. Force on a Wire Carrying Current in a Magnetic Field 

Consider some point A in the neighborhood of a wire carrying current and 
imagine that the north pole of a long thin magnet of strength p be situated 
at this point. The intensity of the magnetic field at A due to any current 
element ids is given by 

ids sind 
dH = —^—* 


where i is expressed in emu, r is the distance of the current element from A , 
and 0 is the angle between ids and r. The north pole of the magnet will thus 
experience a force due to this current element given by 


dF = pdH 


pids sin d 


r 2 


(33) 


Assuming Newton’s third law, that to every action there is an equal and 
opposite reaction, the current element will experience an equal force in the 
opposite direction. In Figure 1-7, t\Vo planes are shown at right angles to 
each other. One plane contains the current element ids and r, the line joining 
point A to ids. A magnetic north pole of strength p at A will experience a 
force dF in a direction at right angles to the plane of ids and r. A second 
plane is drawn through r and dF perpendicular to the first plane. The force 
dF experienced by the current element ids is also in this second plane and 
is at right angles to the current element ids. 

Now, the magnetic field intensity H p , at the position of the current 
element ids at a distance r from the magnetic north pole of strength p, 
is, from equation (18), 


The direction of H p is along r from A to ids as shown in the figure. Replacing 
p/r 2 in equation (33) by its value, nH p . from equation (34), we get, for the 
force dF on the current element ids, 


dF = pH p ids sin d. 


(35) 


This force is at right angles to both the magnetic field intensity H p and the 
current element ids; \i is the value of the permeability of the medium at the 
position of the current element. By introducing a new concept called the 
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Fio. 1-7. The force dF on pole p at A is equal and opposite to the force dF on 
the current element ids at a distance r from A. 

magnetic induction, or the magnetic flux density, designated by the letter 
B and defined by the equation 

(36) 

equation (35) can be written in the form 

(37) 

In the cgs electromagnetic system of units, the magnetic induction is 
expressed in gausses, while H is expressed in oersteds. The value of B in 
ferromagnetic materials may be several thousand times that of H. In free 
space, or a vacuum, n = 1 in the em system of units so that B and H are 
numerically equal; sometimes they are even used interchangeably. 

It follows directly from equation (37) that the force on the current 
element is a maximum when 6 = t/ 2, that is, when the flux density B is 
at right angles to the current element ids. In the special case in which the 
current element is part of a straight w r ire of length L, situated in a uniform 
magnetic field of flux density B perpendicular to the length of the wire, 
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then the force experienced by the wire is, from equation (37), 
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(38) 

Figure 1-8 shows the respective directions of the three quantities, t, B , and 
F. If we use a right-handed system of axes, with i in the positive x direc¬ 
tion, and B in the positive y direction, F will be in the positive z direction. 


Fio. 1-8. The force F is at right 
angles to the plane containing B and iL. 


Rowland’s experiment showed that, as far as the magnetic effect is 
concerned, a moving charge is equivalent to a current. Suppose we have a 
motion of charges in any given direction with uniform velocity v. Let n be 


Fio. 1-9. 


the number of charges per unit volume moving in a tube of uniform cross- 
sectional area A, as in Figure 1-9. If the magnitude of each charge in emu 
is e, then the current in any section of the tube is i = nAev. If this tube is 
in a uniform magnetic field of flux density B perpendicular to the direction 
of motion, the force on the charges in a length L will be 

F = BneAvL. 

The charge q in a length L of the tube is 

q = ncAL 

~ihtorf 
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F = Bqv. 


(39) 


The force is perpendicular to both B and a. A single particle bearing a 
charge , and moving with a velocity * in a direct.on perpendiculato a 
magnetic field of flux density B will also expenence a force F - Bqv. this 
force will be perpendicular to both B and v. 


1 -13. Magnetic Moment of a Plane Circuit Carrying Current 

Any plane circuit carrying current i, when placed in a uniform magnetic 
field of flux density B, will experience a torque T. given by 

T = iAB cos <t>, (40) 


where 4> is the angle between the plane of the circuit and the direction of 
the magnetic field. This torque will be a maximum when the plane of the 
circuit is parallel to the field, and will be zero when the plane circuit is at 
right angles to the field. If left free to rotate, a plane circuit will always set 
itself at right angles to the direction of the external magnetic field. 1 his 
follows directly from the application of equation (35) to each element of the 
plane circuit. It is left as an exercise for the student to carry out this cal¬ 
culation for some simple geometrical figure such as a rectangle or a circle. 

The expression for the torque on a plane circuit carrying current as 
given by equation (40) can be compared with the expression for the torque 
on a bar magnet of magnetic moment M when placed in the same magnetic 
field. The latter is given by equation (20). In making this comparison, let 
us consider the plane circuit in a vacuum, in which case m = 1 and B = //; 
it then follows that a plane circuit of area A carrying current i may be 
assigned a magnetic moment M given by 



(41) 


where i is expressed in emu. 

1-14. Electromagnetic Induction 

Michael Faraday in England and Joseph Henry in the United States dis¬ 
covered the phenomenon of electromagnetic induction at about the same 
time, in 1831. They found that whenever the magnetic field around a circuit 
is changed , an electromotive force is induced in this circuit. The magnetic 
field may be changed in any number of ways, for example by moving a 
permanent magnet relative to the circuit, or by bringing another circuit 
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carrying current near the first one, or by varying the current in a neighbor¬ 
ing circuit, or by varying the current within the circuit under investigation. 
It is found experimentally that the magnitude of the electromotive force 
induced in any circuit is proportional to the time rate of change of the 
magnetic field around the circuit. 

The relationship between the induced electromotive force and the 
changing magnetic field can best be put in quantitative form by considering 
the changes in the total magnetic flux through the circuit. If we consider 
any small area dA in a region of permeability u in which there is a magnetic 
field of intensity H, the magnetic flux rf<t> through this small area is defined 
by the equation 

= IlHndA (42) 

in which //„ is the component of the magnetic field intensity perpendicular 
to the element of area dA. The total magnetic flux <J> through the area A 
enclosed by any circuit is then 


<t> 



(43) 


In the particular case in which the magnetic field intensity is uniform and 
perpendicular to the area A, the total magnetic flux is simply 

<f> = >iHA. (44) 

The magnetic flux density, denoted by B, is defined by the equation 

B = pH. (45) 

In the particular case in which the field is uniform and perpendicular to 
the area A , the flux is 

4> = BA. (46) 


In the electromagnetic system of units, H, as we know, is measured in 
oersteds: the magnetic flux density B is measured in gausses. The total 
magnetic flux 4> is measured in maxwells: thus a gauss is also a maxwell per 
square centimeter. 

Applied to any plane coil consisting of a single turn enclosing an area 
A, Faraday’s law states that the induced electromotive force V in this 
circuit is equal to the time rate of change of the magnetic flux through the 
coil or 



(47) 


The minus sign is used to indicate that the direction of the induced elec- 
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tromotive .«» i, — - » ™ U£ — ^ 

effect, will oppose the change mducmg the current.J h.^ by 

of the principle of conservation of energy 

^‘fqStion (47) 11 ,».»«- are . W r««d 1" * "X* 
units. If V is to be expressed in volts when 4> is m maxwells and t 

then the equation takes the form 

<“> 

‘uduc^mone^m^ genera l and is independent of the•™‘*rial 

of whfch the coil is made. Thus an emf will be induced in say closed path 

surrounding a changing magnetic field whether ^ree spacL 

of a conductor or is merely an imaginary closed path in free space. 
Induced electromotive force in any closed path implies the existence 
electric field E which is tangent to the path at every point, that is, 

( 49 ) 


. f Eds 


where s is measured along the closed path. . . 

The phenomenon of electromagnetic induction is the basis for many 

of our most practical devices such as the electromagnetic generator, the 

transformer, the induction coil, and the electric motor. 


1-15. The mks System of Units 

In addition to the cgs electrostatic and electromagnetic systems of units 
defined in this chapter, there is the mks system of units which is being 
widely used in physics, particularly in electricity and magnetism. There are 
two versions of the mks system in current use: one is called the rationalized 
system, the other, unrationalized. Only the latter will be briefly sketched 
here. The mks system is based upon the meter as the unit of length, the 
kilogram as the unit of mass, and the second as the unit of time. The unit 
of force is the newton, which is defined as the force necessaTy to give a 
mass of one kilogram an acceleration of one meter/sec 2 . It therefore follows 
that 

1 newton = 10 5 dynes. 

When applied to electricity and magnetism, the coulomb is used as the 
unit of charge. Hence, in using Coulomb’s law and the equations based 
upon it, the constant k cannot be assigned an arbitrary value for a vacuum 
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since the units for charge, force, and distance have already been chosen. 
Its value may be found by a direct experimental determination; however, 
for our purposes, it will suffice to assume that 

1 coulomb = 3 X 10° esu of charge 

and to evaluate the force between two positive charges, each of one cou¬ 
lomb, when placed one meter apart, first using equation ( 1 ) with elec¬ 
trostatic units and A* = 1, and then using equation (1) with mks units and 
setting k = A - 0 for its value in a vacuum. 

Since 1 coulomb = 3 X 10 9 statcoulombs 


and 1 meter = 100 cm. 

application of equation ( 1 ), using the cgs electrostatic system of units 
with k = 1 , yields 


or 


„ 3 X 10 y x 3 X 10 9 , 

F -(Too?- dynes 

F - 9 X 10° newtons. 


9 X 10 * 4 dynes 


If we use the mks system of units, then, setting k = A- 0 , 71 = q 2 = 1 cou¬ 
lomb, and F = 9 X 10 9 newtons in equation ( 1 ), we can solve for A 0 , 


thus 


9 X 10 9 newtons 


1 coul X 1 coul 
A 0 X lm 2 


from which 


l/*o 


9 X 10 9 


ntn • m 2 
coul 2 


or 



1.11 X 10“'° 


coul 2 
“ • 

ntn • m 2 


For any material medium k can be set equal to Kk 0 . In the mks system 
k is called the permittivity of the dielectric, A 0 is called the permittivity of a 
vacuum, and K is called the relative permittivity of the dielectric. 

In the es system of units, A 0 = 1, so that k = K, that is, the relative 
permittivity is equal to the dielectric constant. 

The unit of current in the mks system is the ampere, the unit of differ¬ 
ence of potential is the volt, and the unit of energy is the joule. The unit of 
magnetic field intensity, as can be seen from equation (31), is the ampere- 
turn/meter; this has the same dimensions as the ampere/meter. It follows 
from equation (31) that 


1000 amperes/meter = 1 oersted. 
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The unit, of magnetic flux is the weber, and the unit of magnetic flux denmty 
is the weber/meter 2 . The relationship between. the weber/meter and the 
gauss can be found by using equation (38), which shows tha 

1 weber/meter 2 = 10,000 gausses. 

A weber is a unit of magnetic flux such that a change in magnetic flux of one 
weber per second through a circuit will induce an emf of one volt m each 

tUm in the electromagnetic system of units the permeability of a vacuum M 
was set equal to one. Its value in the mks system can be determined fiom 
the defining equation 


B = yoH, 


(36) 


where w is the value of the permeability of a vacuum, by assuming the 
relationships 

1 weber/m 2 = 10,000 gausses 

1 ampere/m = 10“ 3 oersted 

and substituting these values into equation (36). 

Now, in a vacuum, when B = 1 gauss, // = 1 oersted; converting 

these to mks values, we get 

B = 10“ 4 weber/m 2 . 

II = 1000 amp/m. 

Substituting these values into equation (36) yields 

10“ 4 weber/m 2 = mo X 10 3 amp/m 
or M0 = 10“ 7 weber/amp • m 


as the value of the permeability of a vacuum. 

The permeability m of any medium may then be written as 

M = * mMO < 50 > 

where K m is called the relative permeability of the medium and is defined 
by equation (50). 

The relationship between the unit of pole strength in the mks system 
to that in the em system can be found with the aid of Coulomb’s law, equa¬ 
tion (16), by using the numerical value of mo shown above. Doing this, we 
find that 


1 mks pole = 10 8 em poles. 
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The conversion factors for some of the quantities for the three systems 
of units are listed in Table 1-1 for convenience. 

The general equations discussed in this chapter can be used with any 
consistent set of units. In most work in atomic and nuclear physics the cgs 
systems of units will be found more useful and are more generally used. A 
few additional units, such as electron volt, ev, and atomic mass unit, amu, 
which are peculiar to this subject, are widely used in the literature. Further, 
the theoretical equations applicable to this subject take a much simpler 
form when used with esu and emu because the constants k 0 and n 0 need not 
be incorporated in them, since, as we shall see, the atom consists of a group 
of particles situated in free space. Hence the mks system of units will rarely 
be used in the succeeding chapters. 


Table 1-1 

Conversion Factors 


Quantity 

mks Unit 

cgs es Units 

Force 

1 newton 

= 10 s dynes 

Energy 

1 joule 

* 10 7 ergs 

Electric charge 

1 coulomb 

= 3 X10 9 statcoul 

Electric current 
Potential 

1 ampere 

= 3 X10 9 statamp 

s tat volt 

300 

difference 

1 volt 

Electric field 
intensity 

1 newton/coulomb 

or 

1 volt/meter 

* —statvolts/cm 

3X10 4 

Resistance 

1 ohm 

= ^ 1 ■ statohm 
9X10" 

Magnetic pole 
Magnetic field 

1 mks pole 

• • • 

intensity 
Magnetic flux 

1 amp/m 

• • • 

density 

1 weber/m* 

• • • 

Magnetic flux 
Coefficient of 

1 weber 

• • • 

self-induct¬ 



ance 

1 henry 


Capacitance 

1 farad 

= 9X10" statfarads 


cgs cm Units 


10 s dynes 

10 7 ergs 

10“ 1 abcoulomb 
10 “' abampere 

10 8 abvolts 


10 s abvolts/cm 

10 9 abohms 
10 8 em poles 

10“ 3 oersted 

10 4 gausses 

10 8 maxwells 

10 9 abhenries 
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Problems 

H (a) Show that the potential of an isolated sphere of radius/eisequalto 
q/ R where , is the charge on the sphere, (b) Using theresultofpart (a.sho 
that the capacitance of an isolated sphere in a vacuum ,s equal to its rad,us. 

„ (a) Determine the potential «^d 

thispoint An,, (a) 0.096 statvolt; 28.8 volts. 

(b) -4.6 X 10-" erg. 

1 -3. (a) Determine the potential at a point 5 X 10- cm from a nucleus . ot 

charge +80c, where e is the electronic charge. Express the potcnt a in g 
units and in volts, (b) Determine the potential energy of an alpha part,cle 
position. The charge of an alpha .^article ,s +2^ ^ x ^ 

(b) 7.37 X 10-* erg. 

1-4 (a) An electron of a hydrogen atom moves in a circular orbit of radius 

0 53 X 10- cm with a frequency of 6.6 X 10” sec-. Determine the current 
this orbit, (b) Calculate the intensity of the magnetic field at the centei of 

thi80rbit ‘ Ans. (a) 1.05 X 10-amp. 

(b) 1.25 X 10‘oersteds. 

1-6. A capacitor, consisting of two parallel plates each of area 80 cm* separated 
a distance of 5mm, has a difference of potential of 300 volts maintained between 
its plates by means of a battery. Calculate (a) the intensity of the field between 
the plates, and (b) the energy per unit volume in this field, (c) A very small oil 
drop carrying a charge of 32 X lO’ 1 * coulomb is introduced between the plates. 

Calculate the force acting on this oil drop. 

Ans. (a) 600 volts per cm or 2 dynes per esu of charge. 

(b) 1 / 2 t erg per cm*. 

(c) 1.92 X 10 -8 dyne. 

1-6. (a) Show that the intensity of the magnetic field at any point distant r 

from a very long straight wire carrying current i is 

// = 2 i/r. 

(b) Calculate the intensity of the magnetic field at a distance of 10 cm 
from a very long straight wire carrying a current of 4 amperes. 

Ans. 0.08 oersted. 


1-7. (a) A rectangular loop of wire of length L and width 6 is placed in a 

uniform magnetic field of strength H with its plane parallel to the direction of 
the magnetic field. Show that when a current t is sent through the wire, the loop 
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of wire will experience a torque equal to iLb/i, where i is in emu. (b) A gal¬ 
vanometer coil consists of 600 turns of very fine wire wound on a rectangular 
frame 4 cm long and 1 cm wide, and is hung by means of a gold wire in a magnetic 
field of 500 oersteds. What is the torque on the galvanometer coil when a current 
of 10 -8 amperes flows through each turn? 

Ans. 12 X 10~ 4 dyne cm. 

1-8. With the aid of equation (35), calculate the torque on a circular coil of 
wire of radius R carrying current i in a uniform magnetic field of strength H 
parallel to the plane of the coil. Compare this result with equation (40). 

1-9. A circular coil of wire of 30 cm radius contains 750 turns wound close 
together. Determine the intensity of the magnetic field at the center of the coil 
when the current in the coil is 5 amperes. 

Ans. 78.5 oersteds. 

1-10. A stream of alpha particles, each carrying a charge of 3.2 X 10~ 18 coulomb, 
is sent through a uniform magnetic field of 30,000 gausses. The velocity of each 
particle is 1.52 X 10* cm/sec and is at right angles to the direction of the magnetic 
field. Determine the force on each alpha particle. 

Ans. 14.6 X 10 -7 dyne. 

1-11. A thin bar magnet 12 cm long has a pole strength of 500 unit poles. It is 
placed in a uniform magnetic field of 200 oersteds intensity with the length of the 
magnet, that is, its axis, at right angles to the direction of the magnetic field, 
(a) Calculate the torque on the magnet in this position, (b) Determine the work 
done by the field in rotating the magnet so that its axis is parallel to the field. 

Ans. (a) 12 X 10 5 dyne cm. 

(b) 12 X 10 6 ergs. 

1-12. A coil of fine wire of 8 cm radius has 500 turns. The magnetic field through 
the coil is increased at a uniform rate from zero to 12,000 gausses in 0.2 second. 
Determine the average value of the induced electromotive force in this coil. 

Ans. 60.4 volts. 

1-13. Calculate the magnetic moment of the plane circuit formed by the motion 
of an electron in an orbit of hydrogen of radius 0.53 X 10“ 8 cm with a frequency 
of 6.6 X 10' 5 sec“'. 

Ans. 9.27 X 10 -21 erg gauss. 

1-14. Calculate the average value of the emf induced in a plane circuit of one 
turn whose radius is 150 cm, if the magnetic field through it is changed from zero 
to 15,000 gausses in 1/240 sec. 

Ans. 2,540 volts. 
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Charged Atomic Particles 


2-1. Introduction: Atomic Weights 

The concept of atoms was introduced into chemistry as a hypothesis by 
Dalton (1802), to explain the formation of compounds from simpler sub¬ 
stances called elements. The atoms of any one element were assumed to be 
identical in all their properties including weight. Dalton also formulated 
the law of multiple proportions which states that if two elements combine 
in more than one proportion to form different compounds, the weights of 
one of the elements which unite with identical amounts of the second ele¬ 
ment are in the ratio of integral numbers. For example, 16 grams of oxygen 
combine with 12 grams of carbon to form carbon monoxide, CO, while 32 
grams of oxygen can also combine with 12 grams of carbon to form another 
compound, carbon dioxide, CO 2 . Shortly afterward, the law of definite 
proportions was established. This law states that, in any compound, the 
proportion by weight of the constituent elements is a constant. For ex¬ 
ample, when mercuric oxide is decomposed, for every 16 grams of oxygen 
liberated, 200.6 grams of mercury are liberated. When oxygen and mercury 
are combined to form mercuric oxide, their proportions by weight are 
always in the ratio of 16 to 200.6. 

Many of the elements and compounds were studied in the gaseous 
state: it was found that the volumes of the elements and compounds in¬ 
volved in a reaction, in which both the initial and final constituents were 
gases, were connected by very simple relationships. To explain the behavior 
of gases, Avogadro (1811) put forth the bold hypothesis that equal volumes 
of different gases, under the same conditions of temperature and pressure, 
contain equal numbers of molecules. Amp&re supported this hypothesis 
and pointed out that, if correct, it should lead to “a method for determining 
the relative masses of the atoms and the proportions according to which 
they enter into combination.” 

In the combination of hydrogen and oxygen to form water vapor, it is 
found that when measured at the same temperature and pressure, two 
liters of hydrogen and one liter of oxygen combine to form two liters of 
water vapor. The interpretation of this result on the basis of Avogadro’s 
hypothesis is that two molecules of hydrogen and one molecule of oxygen 
30 
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combine to form two molecules of water vapor. The chemical equation 
expressing this result is 

2H 2 + 0 2 = 2H 2 0. 

This equation also states that, in the free state, hydrogen and oxygen 
molecules are composed of two atoms each, and water vapor mo ecu ^ 
sist of three atoms, two hydrogen atoms and one oxygen atom ^ 
determination of the combining weights it has been found that g ■ 
oxygen combine with 2.016 grams of hydrogen to form 18 016 
water vapor. Since one atom of oxygen combines with Uo ato hyd 
gen to form water vapor, the relative atomic weights of oxygen and hyd 
gen are in the ratio of 16 to 1.008. The chemical system of atom* weights 
adopts as a standard 16.0D for the atomic weight of oxygen^ The atom 
weights of all the other elements are then stated in terms of 

1,16 Shmt^molecule of oxygen in the free state contains two atoms, the 

molecular weight of oxygen is 32.00. The molecular weight of hydrogen, 
H, is 2.016. A quantity of any substance whose mass, in grams, is numeri 
cany equal to its molecular weight, is called a mole. The volume occupmd 
by a mole of any gas is called a gram molecular volume. At 0 C and 76 cm 
pressure the gram molecular volume of any gas is 22.4 liters. On the ba ® is ° 
Avogadro's hypothesis, every mole of a substance contains the same 
number of molecules. The number, usually referred to as the Avogadro 


number , will be denoted by the letter A r o- 

From the above discussion, it is readily seen that, in the case of an 
element, a mass in grams equal numerically to its atomic weight must con¬ 
tain No atoms. For example, 16 grams of oxygen contain N 0 /2 molecules 
and hence contain N„ atoms. Similarly for any other diatomic molecule. 
For a monatomic molecule such as helium or neon, it is obvious, of course, 
that there are N„ atoms in a gram-atomic weight of the element. Hence, it 
the Avogadro number N 0 can be determined, the mass l.l grams of any 
atom will be known. Since we are evidently dealing with large numbers o 
atoms, the atomic mass determined in this manner may be only an average 
value. It has been found that in many cases the masses of the atoms of an 


element are not all identical. (See §2-8.) 

The Avogadro number N 0 can be determined by several methods. 
Two of these methods will be discussed in this chapter. One method is based 
upon a study of electrolysis; the other is based upon a study of the Brownian 
motion of particles suspended in a fluid. 


2-2. Electrolysis 

Solutions of acids, bases, and salts are known to be conductors of elec¬ 
tricity. The conductivity of these solutions is due to the presence of ions in 
the solution. An ion is an atom or a group of atoms charged electrically. 
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On the modern theory of the structure of the atom (§3-6), an atom consists 
of a positively charged nucleus surrounded by a number of negatively 
charged particles called electrons. In the neutral atom, the sum of all the 
electronic charges is equal, numerically, to the positive charge of the 
nucleus. An atom is said to be ionized if the total electronic charge is not 
equal numerically to the positive charge of the nucleus; similarly, a group 
of atoms is said to be ionized if the total electronic charge differs numeri¬ 
cally from the total positive charge of their nuclei. If there is a deficiency 
of electrons, the ion is positively charged, and if there is an excess of elec¬ 
trons, it is negatively charged. It has been found empirically that the charge 
on any ion can be expressed in terms of integral multiples of a fundamental 
quantity of electricity which has been shown to be equivalent to the charge 

of an electron (§2-4). If the charge on an 
ion is equivalent to one electron, it is said to 
have a valence of unity; if the charge on an 
ion is equivalent to two electrons, it has a 
valence of two, and so on. 

As a typical example of electrolysis, 
let us consider a chemical cell containing 
a solution of silver nitrate, AgN0 3 , a silver 
anode connected to the positive terminal of 
a battery, and a copper cathode connected 
to the negative terminal of the battery, as 
shown in Figure 2-1. The silver nitrate 
F, °- 2 - 1 . in the solution is dissociated into silver 

ions, Ag + , and nitrate ions, N0 3 . Under 
the action of the electric field between the electrodes, the Ag + ions 
migrate toward the cathode, and the NO 3 ions migrate toward the anode. 
If the chemical cell is examined after the current has been flowing in the 
circuit for some definite time, it will be found that a mass M of metallic 
silver Ag has been deposited on the cathode and an equal mass M of metallic 
silver has been removed from the anode, leaving the concentration of the 
solution unchanged. A simplified analysis of the action of this cell is as 
follows: when a silver ion, Ag + , reaches the cathode, it acquires an electron 
from it, thus forming a neutral atom which adheres to the cathode. At the 
anode a silver atom breaks up into a silver ion and an electron; the ion, 
Ag + , goes into solution to replace the one which was removed, while the 
electron is forced through the external part of the circuit. Thus an atom is 
removed from the anode for each atom deposited on the cathode. The silver 
ions are transferred through the solution and the electrons are transferred 
through the external metallic portions of the circuit. 

The behavior of electrolytic cells can be summarized in terms of two 
laws first formulated by Faraday. The first law states that the quantity of 
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any substance liberated from the solution depends only upon the total 
charge passing through the circuit, or 

(D 


where M is the mass of the material liberated at one electrode Q is the 
quantity of charge transferred, and k is a factor of proportionality called 
the electrochemical equivalent of the substance. From this equation, it is 
evident that k is the mass liberated per unit charge transferred, usually 
expressed in grams per coulomb. 

Faraday’s second law states that for any substance the mass liber¬ 
ated by the transfer of a quantity of electricity Q is proportional to the 
chemical equivalent of the substance, or 



where A/v, the ratio of the atomic weight to the valence of the element, 
is the chemical equivalent of the element, and F is a constant of propor¬ 
tionality known as the Faraday constant. 

From equations (1) and (2), it will be noted that 



The value of F can be determined from the results of the experiments on 
electrolysis. For the case of silver, where k = 0.0011180 grams per cou¬ 
lomb, A = 107.88 grams per gram-atomic weight, and v is unity, we get 

107 88 

F = - 1 - = 96.500 coulombs/gm-at wt. 

0.0011180 

Thus the transfer of 96,500 coulombs of charge will deposit a gram-atomic 
weight of a monovalent element. 

Since the valence of silver is unity, for every atom of silver deposited 
on the cathode, a charge equivalent to one electron has been transferred 
through the solution. If e is the charge of one electron, then -Vo^ is the 
total charge transferred when one gram-atomic weight of silver is deposited 
on the cathode. Or 



F = N 0 e = 96,500 coulombs/gm-at wt. 


(3) 
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The value of the Avogadro number can be determined from a knowl¬ 
edge of the value of the electronic charge. The present accepted value 
of e is 4.80 X 10" 10 statcoulomb or 1.60 X 10 -19 coulomb, so that 
N 0 = 6.025 X 10 23 atoms per gram-atomic weight. 

If the Avogadro number N 0 could be determined independently with 
the same degree of precision as the electronic charge e, it would be a check 
on the determination of e as well as additional confirmation of Avogadro’s 
hypothesis. The first direct determination of the Avogadro number was 
made by Perrin in 1908 in an investigation of the motion and distribution 
of very small particles suspended in a fluid. 

2-3. Brownian Motion 

If fine particles suspended in a fluid are examined in the field of a micro¬ 
scope, it will be observed that they are in constant haphazard motion. 
This random motion continues indefinitely and is found to depend upon 
several factors, such as the size of the particles, the viscosity of the fluid 
in which they are immersed, and the temperature of the system. The mo¬ 
tion of these particles was first observed by Brown in 1827. Many observ¬ 
ers recognized that these particles behave in the same way that molecules 
of an ideal gas are supposed to behave. The random motion of these par¬ 
ticles may be likened to the thermal motion of gas molecules. 

The explanation of the Brownian motion, first given by Einstein and 
Smoluchowski (1905), is based on the assumption that the particles in 
suspension are continually bombarded by the molecules of the fluid and 
that this bombardment produces an unbalanced force which accelerates 
the particle. The motion of the particle through the fluid is opposed by 
another force due to the viscosity of the fluid. From this theory the dis¬ 
tribution of particles in a field of force and their displacement in the course 
of time can be calculated. Perrin performed these two different types of 
experiments on Brownian motion, one on the vertical distribution of the 
particles in the fluid, the other on the displacement of the particles in a 
given time interval. As a result of many determinations of N 0 under dif¬ 
ferent experimental conditions, Perrin adopted 

No = 6.85 X 10 23 

as the best value for the Avogadro number, yielding the value 

e = 4.2 X 1(T 10 esu 


for the electronic charge. 

Later work by Millikan and Fletcher on Brownian motion in a gase¬ 
ous medium such as air yielded the value N 0 = 6.03 X 10 23 , while West- 
gren (1915), working with colloidal gold, silver, and selenium particles, 
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obtained the value N 0 = 6.05 X 10 23 . Avogadro’s hypothesis was thus 
confirmed experimentally about a century after it was formulated. 

R. T. Birge, who has been making a very exhaustive and critica 
study of the experimental determinations of the different fundamenta 
physical constants, considers recent determinations of the Avogadro num¬ 
ber to be among the most reliable of any of the physical constants. One 
method which has attained great precision and has yielded generally con¬ 
sistent results is the determination of the Avogadro number from measure¬ 
ments of the densities of crystals and their structure as determined by 

x-ray analysis (see §5-12). 

The present value of the Avogadro number is 

N 0 = 6.025 X 10 23 atoms/gm-at wt. 

When the above value is combined with the present value of the 

Faraday . . 

F = 9652.0 emu per gram-atomic weight, 

the value of the electronic charge becomes 

e = 4.803 X 10“ 10 esu of charge. 

(See Appendix 1.) 

2-4. Determination of the Charge of an Electron 

The earliest experiments on the determination of the electronic charge 
were performed by Townsend (1897) and J. J. Thomson (1898). Their 
method consisted in allowing water vapor to condense on ions, thus form¬ 
ing a cloud, and then determining the charge carried by the cloud. The 
number of individual droplets in the cloud was then computed by weigh¬ 
ing the water condensed from the cloud and dividing it by the average 
weight of a single droplet. The latter was determined by measuring the 
rate of fall of these droplets through air, assuming Stokes’ law to hold. 
On the assumption that each droplet was condensed on a single ion carry¬ 
ing charge e, they obtained values for e of the order of 3 X 10 10 esu. 

A very important by-product of this type of investigation was the 
discovery by C. T. R. Wilson (1897) of a method for producing these 
clouds. If air that is saturated with water vapor and ionized by some 
agency is expanded suddenly, the air is cooled and the water vapor con¬ 
denses on the ions in the air. 

H. A. Wilson (1903) made a decided improvement in the method for 
determining the electronic charge by forming clouds between two capacitor 
plates which could be connected to the terminals of a battery. The experi¬ 
mental procedure was first to determine the rate of fall of the top surface 
of the cloud under the influence of gravity alone, and then to produce a 
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second cloud and charge the capacitor plates so that the droplets would 
be urged downward by both gravity and the force due to the electric field. 
The numerical results for the electronic charge were about the same as 
those obtained by Townsend and Thomson. All of these experiments suf¬ 
fered from the fact that the weight of a drop of water did not remain con¬ 
stant during the time of observation. Further, the exact number of ions 
on which each drop was condensed was not known. 

Millikan, while repeating the experiments of H. A. Wilson, found that 
single drops of water could be held stationary between the two plates of 



Fig. 2-2. 


the capacitor by adjusting the voltage between the plates so that the 
weight of the drop could be balanced by the force due to the electric field 
between the plates. While working with these “balanced drops” he noticed 
that occasionally the drop would start moving up or down in the electric 
field. This drop had evidently captured an ion, positive in one case, nega¬ 
tive in the other case. This made it possible to determine the charge carried 
by an ion irrespective of the original charge carried by the drop of water. 
To avoid the errors due to evaporation Millikan decided to use drops of 
oil instead of water. 

The apparatus consisted essentially of two brass plates A and B 
about 22 cm in diameter and about 1.5 cm apart, as sketched in Figure 2-2. 
These plates were placed in a large metal box to avoid air currents. In this 
experiment small drops of oil are sprayed into the box by means of an 
atomizer. After a while one of these drops drifts through the pinhole C in 
the top of plate A and can then be observed with the aid of a telescope. 
Indirect illumination of the drop is provided by a lamp on the side. When 
there is no electric field between the plates, the forces acting on the oil 
drop are its weight m x g, the buoyant force, m 0 g , of the air, and a resisting 
force due to the viscosity of the medium. Let us set 


m \9 ~ wo g = mg, 


where mg is the effective weight of the oil drop in the air. From experiment 
it is known that the resisting force is proportional to the velocity of the 
oil drop. Equilibrium will be reached when the velocity of the drop reaches 
such a value that the resisting force becomes equal to the effective weight 
of the oil drop. The oil drop will then continue to move downward wi.h 
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uniform velocity. Calling this value of the velocity V\, we can write 

mg = Kv\, l«) 

where K is a factor of proportionality. For very small drops, this value of 
the velocity is reached very quickly. If the capacitor plates are now con¬ 
nected to the battery so that plate A is positive, the velocity of the oil 
drop will be changed suddenly. This change is due to the fact that the oil 
drop is charged when it comes from the atomizer. If q represents the charge 
on the oil drop, then the force on it due to the electric field is 



where V is the difference of potential between the plates and d is the 
distance between the plates. If the charge on the oil drop is negative, then 
the force due to the electric field will be upward and the new velocity v 2 
will be given by 

F — mg = Ki' 2 , (*) 

where v 2 is considered positive in the upward direction. Combining equa¬ 
tions (5) and (6), we get 

V 

— q — mg = K v 2 . (7) 

a 

In Millikan’s experiment the air between the capacitor plates was 
ionized by various methods such as allowing x-rays or the radiations from 
radioactive substances to pass through it. The oil drop occasionally ac¬ 
quired an additional ion, either positive or negative, and its velocity in 
the electric field was observed to change. Or it may have lost an ion in 
its passage through the ionized air. If v 3 represents its new velocity after 
the acquisition of an ion of charge q„ } then from equation (7) 

V 

-7 (<7 + q„) ~ mg = Kv 3 . (•> 

a 

Solving equations (7) and (8) for q n , we get 



(9) 


The experiment consists in determining q n , the charges on the ions 
captured or lost by the oil drop during the time of observation, which, in 
some cases, lasted for several hours. The velocity of the oil drop was meas¬ 
ured by timing the passage of its image between two cross hairs in the 
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telescope a known distance apart. The difference of potential V was of the 
order of several thousand volts. The only quantity left to be evaluated in 
the determination of q n is the factor K. If Stokes’s law for the velocity of 
spheres falling through a viscous medium holds, then K = G^a where v 
is the coefficient of viscosity of the air and a is the radius of the oil drop. 
A series of experiments was performed to verify the accuracy of Stokes’s 
law. It was found that for very small drops, Stokes’s law had to be modified, 
the correction being given with sufficient accuracy if K is written 


K 


Otijq 



i 


( 10 ) 


where p is the pressure of the air in centimeters of mercury and b is an 
empirically determined constant. The value of the coefficient of viscosity 
was determined in another series of experiments, and the value used by 
Millikan is rj = 0.0001825 cgs units. 

From many determinations of «?„, it was found that q n could always 
be represented by 

q n = ne, (n) 


where n is an integer and c represents the elementary charge equivalent 
to that of an electron. The value of the charge of an electron from Mil¬ 
likan’s work (1917) is 

c = 4.770 X 10“‘° esu of charge. 


It must be emphasized that the value of e is the same for both posi¬ 
tive and negative charges since q n , the ionic charge captured or lost by 
the oil drop, could be either positive or negative, depending on chance. 

Later experimental evidence, particularly from the study of x-ray 
wavelengths (§5-12), indicated that this value of e was too small. Shiba, 
in 1932, pointed out that the error in Millikan’s determination of e was 
probably due to an error in the determination of v. Many experiments 
have since been performed for the redetermination of this constant. The 
weighted average of seven different determinations of the coefficient of 
viscosity of air at 23°C is 

V = 1832.5 X 10” 7 cgs unit. 

When this value of tj is used with Millikan’s measurements, the value of 
the electronic charge becomes 

e = 4.8071 X 10' 10 esu of charge. 

An interesting modification of Millikan’s oil drop experiment was 
devised by Hopper and Laby (1941). In this experiment the oil drop was 
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allowed to fall through a horizontal electric field between two vertical 
elates. Under the action of its weight mg and the force due to the horizon¬ 
tal electric field, the oil drop moves at an angle to the vertical. Because of 
the resistance provided by the viscosity of the air, the oil drop quickly 
reaches the limiting velocity v at an angle 0 to the vertical. It then con- 



Fio. 2-3. Apparatus used by Hopper and I«aby for determining the electronic 
charge. B is a steel wire brush; R, a rotating bar; O, the opening for oil drops; C, capacitor 
plates; D, rotating metal disk; L, condenser lens system; M, microscope objective; 
P, photographic plate; T, thermocouple; and V, leads for applying voltage to capacitor 
plates. 

tinues to travel in a straight line with this uniform velocity v. For an oil 
drop of radius 5 X 10“ 4 cm, calculations show that it takes less than 
0.003 seconds to reach within 1 part in 10,000 of its terminal velocity. 

Hopper and L&by found that the most effective method for producing 
oil drops of the proper size was to place a drop of oil on the wires of a fine 
steel brush; a rotating bar (see Figure 2-3) first pushes the wires of the 
brush back and then suddenly releases them, producing a copious supply 
of oil drops of about the desired range of sizes. Drops of castor oil and 
apiezon oil were used in this experiment. These drops were produced in a 
box which was mounted vertically on a well-insulated copper box contain¬ 
ing the vertical plates of the capacitor. The tube connecting these two 
boxes was fitted with a tap which served to separate drops of different 
sizes, to protect the air in the copper box from external disturbances, and 
to allow the drops to enter so that they are in focus as they fall past the 
microscope objective. The temperature of the air in the copper box was 
controlled by means of a thermostat; the temperature was kept constant 
and slightly above room temperature. The drops were illuminated inter- 
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mittently at intervals of 0.04 second, each flash lasting for 1/1500 second. 
This was accomplished by allowing light from an arc to pass through a 
slot cut near the edge of a disk; this disk was rotated by means of a syn¬ 
chronous motor at a speed of 25 revolutions per second. A shutter in front 
of the condenser lens was kept open for two seconds, during which time 
the oil drops between the capacitor plates were illuminated fifty times and 
their images were recorded on. the photographic plate. 

In this experiment a drop is first allowed to fall between the two ver¬ 
tical plates without-an electric field and the successive positions of the 
drop are photographed at intervals of 0.04 second. The horizontal electric 
field is then applied and the successive positions of the drop are again 
photographed at intervals of 0.04 second. With no electric field on, the oil 
drop falls with uniform vertical velocity v u given by 

mg = Kv y . 

With the electric field on, the oil drop moves with uniform velocity v at 
an angle 0 to the vertical. The horizontal component of this velocity v z is 
given by .. 

v x = v sin 0. ( 12 ) 

The force due to the electric field is balanced by the horizontal component 
of the resisting force so that 

V 

-ne = Kv x , ( 13 ) 

where V is the difference of potential between the plates, d the distance 
between them, and ne the charge on the oil drop. From equations (12) 
and (13), we get 

d 

ne = — Kv sin 0. ( 14 ) 

Figure 2-4 is a typical plate showing the paths of both deflected and 
undeflected oil drops. The velocities v u and v can be calculated by measur¬ 
ing the distances between the images of the oil drop, and the angle 0 can 
be measured from the plate. Hence the total charge ne carried by the oil 
drop can be computed. This is another way in which this experiment dif¬ 
fers from Millikan’s experiment. The values of n in this experiment were 
rather large, from about 40 to 300. The larger the oil drop used, the larger 
was the value of n. 

Hopper and Laby did not measure the viscosity of the air in this 
experiment. Instead, they calculated the weighted mean of nine previ¬ 
ously determined values and adopted rj = 1830 X 10“ 7 cgs units for 
the viscosity of air at 23°C. With this value of n they obtained the value 
e = 4.802 X 10“' 0 esu for the value of the electronic charge. 
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Using the method of least squares averaging instead of arithmetical 
averaging of the differences in the positions of the oil drops, and the 
value v = 1832.5 X 10 -7 , R. T. Birge recalculated the value of e from 


Fio. 2-4. Photograph of de¬ 
flected and undeflected paths of oil 
drops (photograph retouched). 
(Courtesy of V. D. Hopper and 
T. H. Laby.) 



Hopper and Laby’s measurements, and obtained e = 4.8137 X 10' 10 es 
units for the electronic charge. 

In this book we shall adopt the currently accepted value 


e = 4.803 X 10 10 esu of charge 


( 15 ) 


for the electronic charge. (Sec Appendix I.) 

2-5. Electric Discharge through Gases 

The phenomenon of the discharge of electricity through gases has been 
known for many years and has been utilized for the study of many prob¬ 
lems connected with atomic structure. In its simplest form a discharge 
tube consists of a long glass tube with a circular electrode sealed into each 
end, as shown in Figure 2-5. A smaller side tube is sealed into it so that 
the pressure of the gas in the tube may be controlled by connecting it to a 
pumping system. 

Let us consider the phenomena when there is air in the tube. Elec¬ 
trode A is connected to the positive side of a source of high potential such 
as an induction coil, and electrode C is connected to the negative side. 
When the pressure of the air inside the tube is reduced to a few millimeters 
of mercury, the electric discharge fills the entire space between the elec¬ 
trodes with a pink or reddish glow. If the light from this tube is examined 









42 Charged Atomic Particles 


§2-5 


with a spectroscope, it will be found to consist of a series of lines charac¬ 
teristic of the gases within the tube. This type of discharge is frequently 
used in studying the spectra of various substances which can be obtained 
in the form of a gas or vapor. 

When the pressure of the air within the tube is reduced to about 
0.1 mm of mercury the appearance of the discharge is approximately as 
follows: there is a bluish velvety glow around the cathode C, called the 
cathode glow; then a dark space, called the Crookes dark space, then the 
negative glow, followed by the Faraday dark space, and thtn, filling the 
rest of the tube up to the anode, is the striated positive column, and just 
around the anode is the anode glow. 


Crookes dark Faraday dark Striated positive Anode 



The electric field is not uniform along the length of the tube but 
varies widely as we pass from one electrode to the other. The field is most 
intense in the Crookes dark space. The width of this dark space depends 
upon the pressure. As the pressure is reduced, this dark space widens out 
until at a pressure of about 0.001 mm, it fills the entire tube. At this pres¬ 
sure the positive column and negative glow have disappeared. 

The phenomena observed in the discharge tube may be explained 
qualitatively by assuming that neutral molecules or atoms are ionized by 
collisions with ions or free electrons, and also that positive ions recombine 
with free electrons or with negative ions to form neutral atoms or mole¬ 
cules. L nder the action of the electric field, the positive ions are accelerated 
toward the cathode, while the negative ions and electrons are accelerated 
toward the anode, and thus acquire considerable kinetic energy. A charged 
particle will lose some of its energy in a collision with a neutral atom or 
molecule if this collision results in the ionization of the neutral particle, 
since, in the process of ionization, work must be done to separate the posi¬ 
tive from the negative charges. On the other hand, energy will be released 
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when an electron and an ion recombine to form a neutral atom or mole¬ 
cule. Some of this energy may be emitted in the form of light characteristic 
of the gas in the tube. 

When the pressure of the gas is comparatively low, about 0.001 mm 
of mercury, the mean free path of the ions and atoms is very large, so that 
an ion or electron makes very few collisions in traversing the length of the 
tube. The positive ions, for example, will thus have a great deal of kinetic 
energy when they strike the cathode. The result of this bombardment of 
the cathode by the positive ions is that the cathode emits particles called 
cathode rays. These cathode rays travel away from the cathode in prac¬ 
tically straight lines perpendicular to the surface of the cathode since the 
direction of motion is determined almost exclusively by the very intense 
field in the immediate neighborhood of the cathode. 

These cathode rays can be deflected by electric and magnetic fields, 
and the direction of the deflection shows that they are negatively charged. 
Certain substances such as glass and zinc sulfide emit fluorescent radiations 
when bombarded by cathode rays. Cathode rays will also affect a photo¬ 
graphic plate. These effects may be used to detect and measure the cathode 
rays. 

2-6. Determination of e/m for Cathode Rays 

J. J. Thomson (1897) first successfully determined the nature of the 
cathode rays and showed that they are electrons; he was also the first to 
measure the ratio of the charge of the cathode ray to its mass, denoted by 
the symbol e/m. 

A typical cathode-ray tube, as shown in Figure 2-6, consists of a circular 
disk C as the cathode, and a cylindrical anode A with a small circular 
hole bored through it along the axis of the cylinder. Two parallel plates of 
length L separated a distance d are placed behind the anode and a zinc 
sulfide screen is placed at the end of the tube. A gas discharge is main¬ 
tained between the anode and the cathode by means of some source of 
high potential. Most of the cathode rays coming from C strike the anode. 
Some cathode rays, however, pass through the hole in the anode and 
proceed with uniform velocity v until they strike the fluorescent screen 
S at 0, producing a bright spot. 

If a difference of potential V is applied between the plates PP' , then the 
cathode rays will be deflected upward toward the positive plate by a force F, 
given by 

V 

F = - e = ma, ( 16 ) 

in which e \6 the charge on a cathode ray, and m is its mass. Since the electric 
eeld between the plates is uniform, the path of the cathode rays will be 
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parabolic in the region between the plates. After they leave this space, they 
will continue with uniform rectilinear motion until they strike the screen at 
O'. To determine e/m, the acceleration of the particle must be measured. 
This can be done indirectly by noting that the amount of the deflection xj 
parallel to the electric field between the plates is given by 

y = iat 2 . (W 

and that the time t during which the particle is accelerated is given by 

L 

t = - » (IB) 

V 

where L is the length of the plates and v is the velocity of the rays parallel 
to the plates. The velocity of the cathode rays can be found very simply 
with the aid of a magnetic field applied at right angles to the electric field 



Fio. 2-6. A cathode-ray tube. 


and acting over the same length of path L. This magnetic field may be 
supplied by an electromagnet having its N pole on the side toward the 
reader and its S pole on the side of the tube away from the reader. If the 
strength of the magnetic field is B, the cathode ray will experience an 
additional force P\ given by 

F\ = Be v. ( 19 ) 

The direction of the deflection due to the magnetic field will be down¬ 
ward; this field can be adjusted so that the cathode rays are not deviated 
from their original path, as is evidenced by the return of the fluorescent 
spot to point 0. This will occur when the forces due to the electric and 
magnetic fields are equal, in which case 
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from which 



( 21 ) 


The expression for e/m thus becomes 


e 

m 


2 dB 2 L 2 V 


( 22 ) 


All the quantities on the right-hand side of the equation are measurable 
quantities. The deflection y at the end of the path in the electric field is 
proportional to the distance 00' which is measured on the fluorescent 

screen. . . 

A consistent set of units must be used for all the quantifies in equa¬ 
tions (16) to (22). If e, V. and B are expressed in the em system of units, 
and the other quantities in cgs units, the value of e/m will be expressed 
in emu of charge per gram. The present accepted value of e/m is 


- = 1.7589 X 10 7 emu/gm. 
m 


(23) 


Measurements of e/m with electrons from other sources (for example, 
electrons emitted by hot filaments and electrons ejected from metallic 
plates by the action of light) all yield the same value within the limits of 
experimental error. The value given above is the weighted average of 
many such determinations. 

The mass of an electron may now be computed using the above value 
of e/m and the known value of e. Using e = 1.602 X 10" 20 emu, we find 
the mass of an electron to be 


= 9.107 X 10" 28 gm. 


(24) 


It is instructive to compare the mass of an electron with that of the 
hydrogen atom. Since a gram-atomic weight of hydrogen contains No 
atoms, the mass of a hydrogen atom is 


M 


H 


1.008 

6.025 X 10 23 gm ' 


from which A/ H = 1-673 X 10" 24 gm. (25) 

The ratio of the mass of a hydrogen atom to that of an electron is thus 


A/h/ m,. = 1837. 


( 26 ) 
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2-7. Variation of Mats with Velocity 

One of the predictions of Einstein's special theory of relativity is that the 
mass of a particle should vary with its velocity according to the equation 





where m 0 is the mass of the particle when at rest, m its mass when it is 
moving with velocity v, and c the velocity of light. This prediction can be 
tested by determining the masses of electrons which are moving with 
speeds comparable with the speed of light. Convenient sources of high¬ 
speed electrons are available in the form of certain radioactive elements 
which emit such electrons continually. These electrons are sometimes 
called beta rays or beta particles. The electrons which are most suitable for 
these experiments are those which are emitted with definite velocities 
characteristic of the emitting elements; they form the so-called “sharp 
lines” in the beta-ray spectra of the radioactive elements (see §10-8). 
Kaufmann, Bucherer, and others performed a series of experiments on 
the determination of e/m of beta rays of different speeds. Assuming, as a 
consequence of the laws of electrodynamics, that the total charge on a 
particle is conserved, then any variation in the value of e/m with the speed 
of the particle should be due to the variation in mass according to the 
equation 



In Bucherer’s experiment, a small grain of radium fluoride R was 
placed between two parallel circular disks A B at their centers, as shown 
in Figure 2-7. The spacing between the disks was about 0.25 mm. A photo¬ 
graphic film P was bent in a cylindrical form concentric with the disks AB. 
This apparatus was placed in a vacuum chamber. An electric field Y was 
maintained between the plates by means of a battery. The whole apparatus 
was placed in a uniform magnetic field of strength B parallel to the planes 
of the disks. The beta particles coming out radially from the source R 
experienced a force Ye due to the electric field, and a force Bev sin 0, due 
to the magnetic field, where 0 is the angle between v and B. If the resultant 
force on a beta particle was not zero, it was deflected either up or down 
and could not escape from the narrow space between \he disks. If, how¬ 
ever, the force on any of the beta rays due to the magnetic field was equal 
and opposite to that due to the electric field, then these particles traveled 
radially from R and struck the photographic film P. For these beta particles 

Bev sin 0 = Ye, (29) 
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from which 


sin d = 


Bv 


( 30 ) 


Since both Y and B are in em units, the ratio Y/B has the dimensions 
of a velocity. In one of Bucherer’s experiments, the ratio Y/B was made 
equal to %c. Since on the basis of the relativity theory the velocity of a 
beta particle cannot exceed the velocity of light, hence by setting v = c, 


Fio. 2-7. Simplified 
diagram of the apparatus 
used in Bucherer's experi¬ 
ment. The magnetic field is 
perpendicular to the plane of 
the paper and directed to¬ 
ward the reader. 


we obtain the limiting value of sin 0 , which is £, so that 0 = 30° or 150°. 
In this case only those beta particles which were projected initially at 
angles with the magnetic field lying between 30° and 150° could get to the 
photographic film. 

After leaving the region between the disks, the beta particles contin¬ 
ued traveling in the magnetic field until they reached the film. In general 
these particles moved in helical paths, but those coming out perpendicular 
to the magnetic field moved in circles of radius r given by 

Bev = mv 2 /r ( 31 ) 

from which e/m could be calculated. Putting this value of e/m in equa¬ 
tion (28) should give the constant value e/m 0 for all values of v. A typical 
set of Bucherer’s experimental results is given in the following table: 


Table 2-1 


v/c 

emu 

e/m 0 

gm 

0.3173 

1.752 X 10 7 

0.3787 

1.761 

0.4281 

1.760 

0 5154 

1.763 

0.6870 

1.767 
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These values of e/m 0 are constant within the limits of experimental 
error. The results are thus in good agreement with equation (27) derived 
on the basis of the special theory of relativity. 

One criticism of Bucherer’s experiment is that it lacked the precision 
claimed owing to the fact'that, in the arrangement used, the electrons 
were not focused by the magnetic field and hence the resolving power was 



Fio. 2-8. Electrons travel in a 
circular path in the radial electric field 
between the two concentric plates P i 
and Pt. 


very poor. A more precise determination of the variation of mass with 
velocity was made by M. M. Rogers, A. W. McReynolds, and F. T. Rogers, 
Jr., in 1939 using the electrons which form the sharp lines of the beta-ray 
spectra of radium (B + C). The momenta of these electrons were first 
determined by subjecting them to a magnetic field B at right angles to 
their velocities. The force on each electron is 

mv 2 

Be v = - (32) 

r 


mv = Ber. 


(33) 


so that 
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There are three sharp lines in the beta-ray spectra of Ra (B + C) cor¬ 
responding to the three values of Br = mv/e listed in Table 2-2. 

These magnetic deflection experiments were then followed by electric 
deflection experiments. Referring to Figure 2-8, we find that S is the source 
of the electrons and consists of a platinum wire coated with Ra (B + C). 
The electrons from S travel through a radial electric field in the space be¬ 
tween two concentric plates P X P 2 of a cylindrical capacitor. The electrons 
enter this field through a narrow slit A y are deflected in a circular path of 
radius R by the radial electric field of intensity Y and leave through the 
slit B. They are detected by a Geiger counter C. (See §3-4.) 

The force on each electron in the radial electric field is 


from which 


e 


(34) 


The potential difference between the plates at which the largest num¬ 
ber of electrons was recorded was taken as that required to produce the 
electric field Y which caused these particles to move in the circular path 
of radius R. The three values of YR obtained in these experiments are 
listed in Table 2-2. 

The velocity v of each of these three groups of electrons forming the 
beta-ray lines could be calculated by using equations (33) and (34), which 
yield 

YR 

,= — • 05, 


These equations also yield 


m 

e 


(Br) 2 

YR 


(36) 


W 0 

Assuming that m = —==== 

v 1 - v/c l 


(27) 


and 


m m 0 1 

« ” ' * Vl - v 2 /c* * 


(37) 


it is possible to compare the measured value of m/e with the accepted 
value of w 0 /e, obtaining the values of m/m 0 for the three different groups 
of electrons listed in the table. The values of m/m 0 calculated from equa¬ 
tion (27) for the measured values of u are given in the last column of 
Table 2-2. 
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Table 2-2 


Line 

Br in 

gausses-cm 

V in 
volts 

YR 

emu-cm 

v in 
cm/sec 

v/c 

m 

PU> 

(Obs.) 

m 

m 0 

(Calc.) 

1 

1406.0 

9,970 

2.671 X 10 ,s 

1.8998 X 10*° 

0.6337 

1.298 

1.293 

2 

1671.1 

13,017 



0.6961 


1.393 

3 

1931.5 

16,200 



0.7496 

1.507 

1.511 


The correctness of the prediction that the mass of a particle varies 
with its velocity according to equation (27) is thus amply verified. It has 
also been verified in many other experiments involving not only electrons 
but other particles as well, and is always taken into account in the design 
of instruments, such as high energy particle accelerators, for both posi¬ 
tively and negatively charged particles. We shall consider the significance 
of the variation of mass with velocity and the relationship of mass and 
energy in §§2-14 and 2-16. 

2-8. Isotopes 

One of the hypotheses introduced by Dalton into atomic theory was that 
all of the atoms of any one element were identical in all respects, including 
that of mass. On this basis, the numbers representing the weights of the 
elements would give the relative masses of the atoms of these elements. 
Others, however, suggested that the atoms of any one element need not 
be identical in mass, that the numbers representing the chemical atomic 
weights are only average values of the different weights of the atoms of the 
particular element. The basis of this suggestion was the hope that the 
weights of all atoms could be expressed by integral numbers. Prout (1815) 
first formulated this idea in his hypothesis that the atoms of all the ele¬ 
ments are made up of hydrogen atoms. If this hypothesis were correct, 
the weights of all the atoms would be expressed as integers with that of 
hydrogen as unity. Careful determinations of atomic weights, however, 
showed that the atomic weights of many elements were not integral num¬ 
bers relative to that of hydrogen. By the latter half of the nineteenth 
century Prout’s hypothesis had been discarded in favor of Dalton’s hy¬ 
pothesis. But with the discovery of radioactivity at the end of the nine¬ 
teenth century and the study of the radioactive elements produced in the 
process of natural radioactive disintegration (§10-2), sufficient experimental 
evidence was presented to support the suggestion that the atoms of an 
element need not be identical in mass, and renewed efforts were made to 
determine whether atomic masses could be represented by whole numbers. 
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Several groups of elements having identical properties but different atomic 
weights are formed in the jfrocess of radioactive disintegration. This means 
that the elements within any one group must occupy the same place in 
the periodic table of the elements (Appendix III). Soddy suggested the 
name isotopes for the elements occupying the same place in the periodic 
table. 

The search for isotopes among the nonradioactive elements was begun 
by J. J- Thomson about 1910. The first element successfully investigated 
was neon. It is the lightest element whose atomic weight, 20.2, differs ap¬ 
preciably from an integral number. The method used was the determination 
of the ratio of the charge to the mass of the positive ions formed in an 
electrical discharge tube containing neon gas. 



2-9. Positive-Ray Analysis 

In Thomson’s method of positive-ray analysis, positive ions are formed in 
the gas in the space between the anode A and the cathode C of the tube B, 
sketched in Figure 2-9. The tube is operated at a voltage of about 50,000 
volts. The cathode consists of a long cylinder about 7 cm long with a hole 
less than a millimeter in diameter along the axis of the cylinder. Those 
positive ions which travel along the axis of the tube pass through the hole 
in the cathode and emerge as a very narrow beam. When there is no elec¬ 
tric or magnetic field acting on these ions, they strike the fluorescent screen 
or photographic plate S at point 0. 

In analyzing the beam, both electric and magnetic fields are used. 
The pole pieces PP' of an electromagnet are placed outside the tube just 
behind the cathode. These pole pieces are insulated from the rest of the 
electromagnet by means of thin mica sheets NN', so that the pole pieces 
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can be used as the plates of a capacitor by being connected to a battery. 
The electric and magnetic fields are paralleled act simultaneously on 
the beam of positive ions passing through them. 

Assume that the beam move^n the x direction and that the electric 
and magnetic fields are in the positive y direction. Because of the action 
of the electric field alone, the positive ions will be accelerated in the y 
direction by a force 

F„ = YE = Ma y , 08 ) 


where Y is the electric field intensity due to the difference of potential 
across the capacitor plates, E the charge carried by the positive ion, M 
its mass, and a v its acceleration in the y direction. The deflection of the ion 
in the y direction will l>e 


# 


y = W 2 


1 YEL* 

2 .1/ v 2 


(39) 


where Z*s the length of the capacitor plates and v is the original velocity 
of the ion in the x direction. 

The force on an ion due to the magnetic field is perpendicular to both 
B and v, and for small deflections this force may be considered as acceler¬ 
ating the ion in the z direction. This force is 


F t = BEv = Ma t , 


(40) 


where B is the strength of the magnetic field and a x is the acceleration of 
the ion in the z direction. The deflection in the z direction is given by 


z 


1 ,2 1 BE & 

w -i? 7 


(41) 


It will be noticed that the deflection produced by the magnetic field varies 
inversely as the first power of the velocity, while the deflection produced 
by the electric field varies inversely as the second power of the velocity. 
Eliminating v from the equations (39) and (41), we get 


* 2 


2 Y M V 



(42) 


which is the equation of a parabola, since C = 


L 2 B 2 
2 Y 


is a constant in 


any 


one experiment. All positive ions with the same value of E/M will form a 
single parabola; those moving with the greatest velocity will be deflected 
least and will be closest to the origin, which is the original undeflected 
position 0. If the direction of the magnetic field be reversed during one 
half of the exposure, the negative half of the parabola will be obtained 
and thus give a convenient method for determining the position of the y 
axis on the photographic plate. 
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The first element to be analyzed by the parabola method was neon 
of atomic weight 20.2. Two parabolas were identified as due to two iso¬ 
topes of neon of atomic weights 20 and 22, respectively. These parabolas 
are represented in the graphs in Figur^-10. Several other elements were 
analyzed by this method and found to consist of several isotopes each. 
While the parabola method was capable of showing the existence of iso¬ 
topes, it was not sufficiently accurate for the precise determination ot the 


Fig. 2-10. Graph show¬ 
ing the two parabolas of the neon 
isotopes. The points of intersec¬ 
tion of the line AB with the 
parabolas represent the posi¬ 
tions of the ions of maximum 
energy; all other ions reach 
points above AB. 



masses of these isotopes. Aston redesigned the instrument so that it be¬ 
came an instrument of precision for the determination of the masses of 
isotopes and their relative abundance in a given sample of material. This 
instrument has received the name of mass spectrograph. Mass spectro¬ 
graphs of somewhat different designs were developed by Dempster, Bain- 
bridge, Mattauch, Nier, and other experimenters. 


2-10. Aston's Mass Spectrograph 


Aston’s method is an improvement on J. J. Thomson’s method in that all 
positive ions of the same mass fall on a single line on the photographic 
plate instead of being spread out into a parabola. The stream of positive 
ions coming through the hole in the cathode of the discharge tube passes 
through two defining slits S\ and S 2 , as shown in Figure 2-11, and then 
into the electric field between the capacitor plates P\P 2 . The deflections 
of the ions depend upon their energies. Those of kinetic energy \Mv 2 and 
charge E are deflected parallel to the electric field Y between the plates 
by an amount 


J 1 YE L 2 

dl = 2 HV 


(43) 


where L is the length of the path between the plates. The diaphragm D 
is placed behind the plates so as to permit only those ions which have been 
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deflected through the same distance d\ to pass through its opening. This 
narrow bundle of rays which has been deflected through a small angle 6 is 
allowed to pass through the diaphragm D into the magnetic field B at 
right angles to the plane of the paper. This magnetic field is produced by 
a large electromagnet, the position of the pole pieces being indicated by 



Fig. 2-11. Diagram of Aston’s mass spectrograph. 


the large circle in the diagram. This magnetic field deflects the ions in a 
direction opposite to that due to the electric field by an amount 


J b 2 BE 

d * = ¥vlf’ 


(44) 


where b is the length of the path in the magnetic field. 

Those positive ions which pass through the diaphragm D have a 
small range of energies depending upon the size of the slit in the diaphragm 
and the position of this slit. As shown by equation (43), the ions with 
smaller energies are deflected downward more than the ions of larger en¬ 
ergies; that is, the deflection in the electric field is inversely proportional 
to the square of the velocity of the ion. The magnetic field is directed so 
as to deflect the particles upward, and the amount of this deflection varies 
inversely as the first power of the velocity of the ions as shown by equa¬ 
tion (44). The paths of the slow-moving ions will therefore intersect those 
of the faster-moving ions at some point F which is determined by the 
geometry of the apparatus. Thus ions having the same value of E/M but 
slightly different energies are brought to a single focus on the photographic 
plate GF. Other ions having the same range of energies but a different 
value of E/M are brought to a focus at a different point on the photo¬ 
graphic plate. It can be shown that these foci for different values of E/M 
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lie along a line ZF passing through the center Z of the plates of the capac¬ 
itor and that the angle between ZF and the original path of the ions is 
equal to 0. The photographic plate is placed along this line to detect the 

P Each line on the photographic plate represents a definite value of 
E/M. Several different methods are used for the determination of the 
masses. In general, substances whose masses are accurately known are 
mixed with elements whose isotopes are to be determined. The positions 
of the lines representing the known masses are then used as reference 
points in measuring the masses of the isotopes. 

Aston later (1925) improved the design of his spectrograph so that it 
became an instrument of very great precision. It was used forthe discovery 
of isotopes, for the accurate determination of their atomic masses, and for 
the determination of the relative abundance of the different isotopes of a 
given element. 

2-11. Dempster's Mass Spectrometer and Spectrograph 

A. J. Dempster was among the early pioneers in mass spectroscopy. His 
first instrument was a spectrometer rather than a spectrograph. In this 
spectrometer the positive ions all acquire practically the same energy be¬ 
fore entering the magnetic field. The magnetic field is large enough and 
the path through it long enough to deflect these ions through 180°. The 
source of positive ions is usually a salt containing the element to be in¬ 
vestigated. This salt is deposited on the anode. When the anode is heated 
by an electric current, or by the bombardment of electrons from a filament, 
positive ions are liberated from the anode. In later work with metallic ele¬ 
ments, the metal itself was vaporized and the vapor then ionized by bom¬ 
bardment with electrons. The positive ions pass through a hole in an iron 
plate P, shown in Figure 2-12, and are accelerated to the slit S\ by a dif¬ 
ference of potential V between P and S\. The energy acquired by the ions 
in going from P to Si is 

VE = \Mv 2 . (45) 

The ions entering through S\ are bent in the form of a semicircle by a mag¬ 
netic field B perpendicular to the plane of the paper, and focused upon the 
second slit S 2 . The radius R of the semicircular path traversed by these 
ions is given by 

BEv = — • (46) 

R 


The value of E/M for the ions which reach S 2 is then given by 
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The ions which pass through S 2 are detected and measured by the charge 
deposited on the plate connected to the electrometer. 

One of the advantages of this instrument is that even though the 
beam of ions which enters the slit Si is slightly divergent, the effect of the 
magnetic field is to reconverge the beam after deflecting it through 180°. 
It can be shown that if a divergent beam of ions is sent perpendicularly 



Fig. 2-12. Diagram of Dempster’s mass spectrometer. 


through a magnetic field in such a way that the central part of the beam 
enters and leaves the magnetic field normal to the edges of the pole pieces 
producing the magnetic field, then the beam of ions will be brought to a 
focus on a line which extends from the source through the center of curva¬ 
ture of the central beam. The magnetic field thus acts as a lens and forms 
an image of »he slit through which the ions pass. 

In practice, the magnetic field is kept at a constant value and the dif¬ 
ference of potential V between P and S\ is varied. The number of ions 
passing through *S 2 is then measured by the electrometer for different val¬ 
ues of the potential V’. A typical curve giving the results of the experiment 
on potassium is shown in Figure 2-13. The two peaks correspond to two 
isotopes of potassium of mass numbers 39 and 41. 

Dempster also designed a mass spectrograph in which the positive 
ions coming through the slit S pass through a radial electric field between 
two cylindrical capacitor plates C\ and C 2 , as shown in Figure 2-14, and 
then enter the magnetic field perpendicular to the plane of the diagram. 
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Mass Number 

Fig. 2-13. Curve obtained by Dempster showing two of the isotopes of potassium 
of mass numbers 39 and 41. 


Fig. 2-14. Dempster’s mass 
spectrograph utilizing cylindrical ca¬ 
pacitor plates. 
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The ions are recorded on a photographic plate PP'. The advantage of this 
arrangement is that ions of the same mass but of slightly different veloci¬ 
ties are focused at the same place on the photographic plate. A typical 
mass spectrogram obtained with this apparatus is illustrated in Figure 2-15, 
which shows the different isotopes of the element ytterbium. 


168 170 172 174 176 



Fig. 2-15. A photograph of a spectrogram obtained with Dempster’s mass spec¬ 
trograph in a study of the isotopes of ytterbium. The numbers above the lines arc tho 
mass numbers of the isotopes of ytterbium. (Reprinted from a photograph supplied 
to the author by Professor A. J. Dempster.) 

2-12. Bainbridge's Mass Spectrograph 

In the mass spectrograph designed by Bainbridge, the positive ions pass 
through the narrow slits «S'i and S 2 and then into a velocity selector so that 
the ions coming through S 3 arc homogeneous in velocity but not in energy. 



Fig. 2-16. Bainbridge’s 
mass spectrograph utilizing a ve¬ 
locity selector. 


The velocity selector consists of a set of capacitor plates P 1 P 2 , as shown in 
Figure 2-16, connected to a battery, and a magnetic field perpendicular to 
the plane of the paper. The electric and magnetic fields acting on the ions 
moving between the plates will permit those ions to pass through which 
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satisfy the condition that 
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v = 


dB 


( 21 ) 


where v is the velocity of the ions, V/d the intensity of the electric field 
between the plates, and B the flux density of the magnetic field in this 
region. The ions which pass through slit S 3 are now acted upon by a sec¬ 
ond magnetic field B x perpendicular to the plane of the paper. The force 
acting on each ion is given by 


from which M = —R - KR. (*•) 

The ions travel in a circular path for 180° and then strike a photo¬ 
graphic plate. Since the ions all have the same velocity, the masses of the 
ions are directly proportional to the radius R of the circular path. Thus 
the mass scale of this instrument is linear. 



Fig. 2-17. The mass spectrograph developed by Bainbridgc and Jordan. 


A mass spectrograph of high precision and resolving power has been 
developed by Bainbridge and Jordan, as sketched in Figure 2-17. In this 
apparatus a beam of ions from the gas discharge tube A passes through a 
narrow slit S\ at the end of the tube, and enters a radial electric field 
through a second slit, S 2 . The ions are bent through an angle of 7 t/V 2 
radians by the radial electric field and emerge through the slit S 3 . They 
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then continue in straight lines until they reach the magnetic field where 
they are bent through an angle of x/3 radians, after which they travel in 
straight lines to the photographic plate. In this arrangement of electric 
and magnetic fields, ions with the same value of E/M and a distribution 


Fig. 2-18. A photograph of a spectrogram obtained by Bainbridge and Jordan, 
showing the ten isotopes of tin and one of iodine. The mass numbers of the isotopes are 
given in the figure. (From a photograph supplied by K. T. Bainbridge and E. B. Jordan.) 


wmmm 


lodi 


of velocities within a certain range are focused at a single place on the 
photographic plate. The mass scale is linear over a large portion of the 
plate. 

The mass spectrogram of tin, Figure 2-18, showing its ten isotopes, 
is typical of the results obtained with this instrument. The relative abun- 
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Fig. 2-19. Photograph obtained with the Bainbridge 
and Jordan mass spectrograph showing the separation of 
the ions of CO and N*. Enlarged 5X. (From a photograph 
supplied by K. T. Bainbridge and E. B. Jordan.) 


dance of the different isotopes can be obtained from measurements of the 
densities of the different lines. An indication of the resolving power of the 
instrument can be obtained from Figure 2-19, which shows the separation 
of the ions CO and N 2 , whose masses differ by 1 part in 2500. 1‘igure 2-20 
shows the separation between the ion of deuterium, H 2 , and the molecular 
hydrogen ion, Hj, whose masses are 2.014741 and 2.016290, respectively. 

2-13. Isotopic Masses and Nuclear Constitution 

As the result of the investigations with the mass spectrograph, it has been 
established that about 280 different isotopes occur in nature. The atomic 
weights of these isotopes differ very little from whole numbers. The num¬ 
ber of naturally occurring isotopes per element varies from one for ele¬ 
ments fluorine and gold, to ten for the element tin. Since there are about 
100 different elements, there are, on the average, about 3 isotopes per ele¬ 
ment. A table of naturally occurring isotopes and their relative abundance 
is given in Appendix V. 
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It is now well established from experiments on the scattering of alpha 
particles (§3-7), and from the study of x-ray spectra (§9-1), that an atom 
consists of a very small nucleus with a net positive charge, surrounded by 
a sufficient number of electrons so that the normal atom is electrically 
neutral. The results of these experiments lead to the conclusion that the 
charge of the nucleus of an atom can be represented by Ze, where e is 


Fio. 2-20. Photograph obtained with 
the Bainbridge and Jordan mass spectro¬ 
graph showing the separation of the ions of 
deuterium, H 2 , and molecular hydrogen, II 2 . 
(From a photograph supplied by K. T. Bain- 
bridge and E. B. Jordan.) 



numerically equal to the charge of an electron but positive in sign, and Z 
is an integer. There are also Z electrons outside the nucleus of a neutral 
atom. The number Z is called the atomic number of the element. The atomic 
number Z ranges in value from 1 to 100 for presently known elements. 

The isotopes of any one element, though they have different atomic 
weights, all have the same atomic number Z. One conclusion from this fact 
is that the atoms of the various isotopes of any element have exactly the 
same number of extranuclear electrons. The chemical properties of an ele¬ 
ment must therefore be ascribed mainly to the arrangement and action of 
the electrons outside the nucleus. Differences in atomic weights among 
isotopes of the same element must therefore be due to differences in nu¬ 
clear structure. 

The results of the measurements of isotopic masses with mass spectro¬ 
graphs show that the atomic masses of all the isotopes are very nearly 
integers on a scale in which the atomic mass of the most abundant isotope 
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of oxygen is assigned the value of 16 exactly. This is called the physical 
scale of atomic masses; a table of values of isotopic masses is given in Ap¬ 
pendix IV. It will be convenient to introduce the term mass number for 
the integer A nearest the atomic mass of an isotope. The unit of atomic 
mass, that is, one amu, is thus one sixteenth the mass of the oxygen atom 
of mass number 16. We know that N 0 atoms of this isotope have a mass 
of 16 grams. Hence 1 atom of mass number 16 has a mass of 16 gm/N 0 . 

1 16 gm 

Therefore 1 amu = — ——— 

16 N 0 


or 


1 


amu 


1 gm 



(49) 


so that 


1 amu 


1 

6.025 X 10” gm ’ 


or 1 amu = 1.66 X 10 24 gm. (49a) 

The fact that the atomic masses of all isotopes are very nearly integers 
suggests the idea that nuclei are made up of particles, called nucleons, each 
of mass number A = 1. At present two particles of nuclear size and of 
mass nearly unity are known. These are the proton and the neutron. The 
proton is the positively charged nucleus of the hydrogen atom of mass 
number 1. This hydrogen atom consists of a positively charged nucleus, 
called the proton, and an electron outside the nucleus. Since the mass of 
the hydrogen atom is about 1840 times the mass of the electron, practically 
the entire mass of the hydrogen atom is due to the proton. The mass of 
the proton in atomic mass units is 1.007595. The other nuclear particle of 
unit mass number was discovered experimentally in 1932 by Chadwick as 
a result of experiments on artificial disintegration (§11-1). The neutron 
has no electric charge and its mass is 1.008987 amu. 

Prior to the discovery of the neutron, the nucleus was supposed to be 
made up of protons and electrons. With the tremendous amount of new 
experimental data on nuclear phenomena which became available after 
the discovery of the neutron, it became necessary to discard the older 
hypothesis in favor of one in which the nucleus consists of protons and 
neutrons. There are several arguments against the existence of electrons 
in the nucleus. Some of these arguments will be presented in the appropri¬ 
ate places in the text. 

On the hypothesis that a nucleus of an atom consists of protons and 
neutrons, the mass number A represents the total number of particles in the 
nucleus. The atomic number Z is the number of protons in the nucleus, and 
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N = A — Z is the number of neutrons in the nucleus. N is sometimes called 
the neutron number of the isotope. The isotopes of any one element differ 
only in the number of neutrons in the various nuclei. The convention 
adopted for representing this information can be illustrated with a typical 
case such as oxygen. The atomic number of oxygen is 8; there are three 
known stable isotopes of oxygen of mass numbers 16, 17, and 18. These 
are represented by the symbols sO 16 , sO 17 , and s0 18 » respectively, the 
atomic number being written as a subscript on the lower left-hand side of 
the chemical symbol of the element, and the mass number as a superscript 
on the upper right-hand side of the chemical symbol. The atomic number 
is sometimes omitted, since the chemical symbol uniquely determines it. 
Thus the isotopes of oxygen will sometimes be designated as O 16 , O 17 , O 18 . 

2-14. Mass and Energy 

It might at first be supposed that the mass of a nucleus should be the 
sum of the masses of its constituent particles. A survey of the data, how¬ 
ever, shows that the mass of a nucleus is, in general, less than the sum of 
the masses of its constituent particles in the free state. To account for this 
difference in mass, use is made of the principle of equivalence of mass and 
energy , a principle first developed by Einstein in his theory of relativity. 
Einstein’s principle states that a mass m is equivalent to an amount of 
energy &, and the equation relating these quantities is 


& = me 2 , 


( 50 ) 


where c is the speed of light. 

Thus c 2 may be considered as the conversion factor in changing a 
quantity of energy from mass units to the more conventional energy units. 
For example, if m is expressed in grams and & in ergs, then c must be ex¬ 
pressed in cm/sec. Taking c = 3 X 10 10 cm/sec, a mass of 1 gram is 
equivalent to 

& = 1 gm X (3 X 10 10 cm/sec) 2 
= 9 X 10 20 ergs. 

Similarly a mass of 1 kilogram is equivalent to 

& = 1 kg X (3 X 10 8 m/sec) 2 
= 9 X 10 16 joules. 

Energy units other than the erg or the joule have been found to be 
more convenient and more useful in atomic and nuclear physics. Among 
these are the atomic mass unit , amu, and the electron volt , ev. The atomic 
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(51) 

Using the precise value of c = 2.99793 X 10 10 cm/sec in equation (50), 
we get 

( 52 ) 

The other convenient energy unit, the electron volt , is the kinetic energy 
an electron acquires when it is accelerated in an electric field produced by 
a difference of potential of one volt. Since the work done upon an electron 
by a difference of potential V is Ve, 

(53) 

Multiples of this unit frequently used are 

1 kev = 1000 ev 
1 Mev = 10 6 ev. 

The conversion factor for amu to Mev is 






The mass of an electron, for example, is frequently expressed in terms 
of its energy equivalent in electron volts. Since its mass is 

m e = 9.109 X 10" 28 gm, 

its energy in ergs is from equation (50) 

& = 8.185 X 10" 7 erg 

which is equivalent to 

& = 0.511 Mev. ( 55 ) 

The energy of an electron at rest, in amu is 

& = 0.000548 amu. (56) 

If Am is the decrease in mass when a number of particles combine to 
form the nucleus of an atom, then the principle of equivalence of mass 
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and energy states that an amount of energy 

A& = Amc 2 ( 57 ) 

is released in this process. This amount of energy represents the binding 
energy of the particles in the nucleus. 

To illustrate the relationship between mass and energy and the mean¬ 
ing of binding energy of a nucleus, let us consider the isotope of lithium of 
mass number 7. Since its atomic number is 3, the lithium nucleus is com¬ 
posed of 3 protons and 4 neutrons. The masses of these particles, including 
one electron with each proton and three electrons with the lithium nucleus, 
are 

40ft 1 = 4 X 1.008987 = 4.03595 
3iH* = 3 X 1.008145 = 3.02444 
4 0 n* + 3,H‘ = 7.06039 
3 Li 7 = 7.01822 
Am = 0.04217 amu 

or A m = 39.27 Mev. 

In subtracting, the masses of the electrons cancel out. The difference in 
mass between these particles in the free state and in the nucleus of lithium 
is 0.04217 amu, or the binding energy of the 3 Li 7 nucleus is 39.26 Mev. The 
nucleus of 3 Li 7 thus has a very stable structure. In any attempt to disrupt 
this nucleus, energy will have to be supplied from some external source. 

It may be noted that the use of atomic masses rather than nuclear 
masses in calculations of nuclear energy changes is correct in all cases 
except the one in which a nuclear transformation takes place with the 
emission of a positron (§11-5). 

2-15. Binding Energies of Nuclei 

The results of the measurements of the atomic masses of the isotopes can be 
presented in a variety of ways, each instructive and useful in its own 
manner. One method is in terms of the binding energies of the different 
nucleons. The binding energy of a nucleus is defined as the difference 
between the sum of the masses of the Z protons and N neutrons in the free 
state and the mass of the nucleus containing the A = Z + N nucleons. In 
performing the calculation, the mass of the neutral atom of iH 1 can be 
used instead of the mass of the proton, and the mass of the appropriate 
neutral atom of mass number A can be used instead of the mass of the 
nucleus since the masses of the electrons will cancel,out* Thus the binding 
energy of a nucleus is given by the equation: . 
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where Mh is the atomic mass of hydrogen of mass number 1, M n is the mass 
of the neutron, and M is the atomic mass of the isotope of atomic number Z 

6 b in Mev 



Fio. 2-21. Binding energy of nuclei, in Mev, as a function of the mass number A. 
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Fio. 2-22. The binding energy per nucleon in Mev, as a function of the mass number A. 



and mass number A. The binding energy may either be expressed in amu or 
converted to Mev. Figure 2-21 is a graph of the binding energies of the 
nuclei, expressed in Mev, as ordinates, against the mass numbers A as 
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abscissae. To a first approximation, the binding energy increases practically 
linearly with the mass number. Figure 2-22 shows the binding energy per 
nucleon, &b/A, plotted against the mass number A. The graph shows that 
for values of A greater than about 20, the binding energy per nucleon 
increases slowly from about 8 Mev to 8.5 Mev in the neighborhood of 



0 20 40 60 60 100 120 140 160 180 200 220 240 


Mass number A 

A ^ 60, then decreases slowly to about 7.5 Mev for the heaviest elements. 
For values of A between 1 and 20, the variations in &b/A are considerable. 
In any study of nuclear forces, stability of nuclei, and other nuclear 
properties, the variations of and &b/A for different values of A may be 
very significant. We shall postpone such a discussion until Chapter 10, 
after we have investigated in greater detail some of the nuclear properties 
and nuclear processes. 

Other convenient ways of presenting the data obtained from atomic 
mass determinations are in terms of the mass defect and the packing fraction 
of the individual nuclei. The mass defect A is defined as the difference 
between the atomic mass M of an isotope and its mass number A , thus 
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The packing fraction F, a term first introduced by Aston, is defined as the 
mass defect of the whole atom per nucleon, that is 

( 60 ) 

The curve of packing fractions against mass numbers is shown in 
Figure 2-23. For mass numbers between about 20 and 180, the packing 
fractions have small negative values with minimum values in the region of 
A — 60. For values of A above 180, the packing fractions are positive and 
increase in value with increasing mass number. For the very light elements, 
the packing fractions are comparatively large with large variations among 
them. The packing fraction of 0 ,G is zero by definition. 

2-16. Energy and Momentum of a Relativistic Particle 

A particle of rest mass mo moving with a velocity v comparable with the 
velocity of light c is termed a relativistic particle. The momentum p of a 
relativistic particle is given by 

p = mv ( 61 ) 

where m is its relativistic mass; the latter is related to its rest mass by 
the equation 



The relationship between the total energy & and the total mass m of 
the particle is 

& = me 2 . (so) 

In describing a relativistic particle, it is a common practice to state 
its momentum and kinetic energy, or its momentum and total energy. 
A very useful equation is one between the momentum and the total energy 
6. By eliminating v and m from equations (27), (50), and (61), we get 


( 62 ) 


( 63 ) 
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If the total energy of a particle consists simply of its kinetic energy 
6 k and its rest mass energy, m 0 c 2 , then 

6 = 6k + niQ c 2 , 

or 6k = 6 — moc 2 , 

so that 6k — me 2 — moc 2 , 


from which 



( 64 ) 


The relativistic expression for the kinetic energy of a particle will 
reduce to the more familiar nonrelativistic expression when v «: c. This 
can be seen by expanding the first term in the bracket of equation (64) by 
the binominal theorem, thus: 



v 2 

l+ 2? + " 


neglecting terms in v/c above the second power. Then equation (64) 
becomes 



or 6k = \m 0 v 2 . 

In dealing with high energy particles it is a common practice to express 
the energy of a particle in Mev. Since the product pc has the dimensions of 
energy, the momenta of such high energy particles are customarily ex¬ 
pressed in terms of the energy unit divided by c, that is as Mev/c. For 
example, if the total energy of an electron is 1.5 Mev, then its momentum p 
is, from equation (63), 


[(1.5) 2 - (0.5) 2 ] H Mev 


since its rest mass is approximately 0.5 Mev. 
Solving for p yields 

p = 1.4 Mev/c. 


2-17. Radius of »he Electron 

There is no definite information concerning the structure or shape of the 
electron, though experimental evidence indicates that it cannot be infin- 
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itesimal in size but must have some finite size. The simplest assumption is 
that the electron is a sphere of radius a. Various methods have been sug¬ 
gested for evaluating the radius of the electron, all leading to results of the 
same order of magnitude. 

One method for assigning a radius to an electron is to equate its elec¬ 
trostatic energy to its rest mass energy, that is 

e 2 « 

— = m 0 c ( 65 ) 

a 


from which 



( 66 ) 


Substitution of the values of e, m 0 , and c yields 

a = 2.82 X 10" 13 cm 
for the radius of the electron. 

Problems 


2-1. The following data were recorded during a performance of an oil drop 
experiment: 

plate distance 1.60 cm 

distance of fall 1.021 cm 

potential difference 5085 volts 

viscosity of air 1.824 X 10 -4 gm/cm sec 

density of oil 0.92 gm/cm 3 

average time of fall 11.88 sec 

successive times of rise 22.37 sec 

34.80 sec 
29.25 sec 
19.70 sec 
42.30 sec 

Calculate the successive changes in charge on the oil drop and obtain an average 
value of e from these data. Assume b/pa = 0.03. 

2-2. (a) Prove that Y, the distance between 0 and O' on the fluorescent 

screen of Figure 2-6 is given by 



where D is the distance from the center of the plates to the screen. 




Problems 7 1 


The following are the important dimensions of a cathode-ray tube: 


distance from anode to screen 
length of plates 
distance between plates 


33.0 cm 
7.8 cm 
2.4 cm 


The plates are placed close to the anode. , .. 

P (b) In the balance method of determining e/m, the voltage across the 

plates was 2800 volts and the magnetic field was 8.20 gausses, When on y e 
magnetic field was on, the deflection on the fluorescent screen was 2.40 cm. 

CftlCU (c) With the same tube but using the magnetic deflection only, when the 
accelerating potential between the anode and the cathode was 32,500 volts, a 
magnetic field of 5.6 gausses produced a displacement of 2.10 cm on the fluo¬ 
rescent screen. Calculate the value of e/m. 

2-3. Using the data on the masses of isotopes from Appendix IV, calculate the 
binding energy of a neutron in a 3 Li 7 nucleus. Express the result in both amu 

^ MCV ‘ Ans. 0.00774 amu or 7.20 Mev. 


2-4. An electron emitted from a heated filament is accelerated to the anode by 
a difference of potential of 300 volts between the filament and the anode. Calcu¬ 
late (a) its kinetic energy in ergs, (b) the velocity of the electron when it reaches 

the “ 0de - An, (a) 4.8X10-erg. 

(h) 1.03 X 10 9 cm/sec. 


2-6. An electron moving with a kinetic energy of 5000 ev enters a uniform 
magnetic field of 200 gausses perpendicular to its direction of motion. Determine 
the radius of the path of this electron. 

Ans. 1.20 cm. 


2-6. Singly charged lithium ions of mass numbers and 7, liberated from a 
heated anode, are accelerated by means of a difference of potential of 400 volts 
between the anode and the cathode and then pass through a hole in the cathode 
into a uniform magnetic field perpendicular to their direction of motion. If the 
magnetic flux density is 800 gausses, determine the radii of the paths of these 
ions. 

Ans. 8.83 cm and 9.54 cm. 


2-7. One method of actually determining masses of isotopes with a mass 
spectrograph is to take a series of doublets, that is, ions differing slightly in mass 
(see Figure 2-19), and then determine the difference between their masses. Three 
such doublet measurements are given below: 

Hi - H 2 = 1.53 X 10- amu 
Hi - = 42.19 X 10- amu 

C u Hl - O 16 = 36.49 X 10— amu 
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The term “^C” means that the carbon was doubly ionized while the others 
were all singly ionized. From the above data determine the masses of the isotopes 
H 1 , H 2 , and C 12 . 

Ans. H‘ = 1.00813. 


H 2 = 2.01473. 
C 12 = 12.00398. 


2-8. Plot a graph of the momentum of a relativistic particle as a function of the 
total energy. Use a scale for energy in which the rest mass energy of a particle is 
unity. Determine, from this graph, (a) the momentum of an electron, in Mev/c, 
whose total energy is 200 Mev; (b) the momentum of a proton whose total 
energy is 4600 Mev. 

2-9. A /(-conversion electron emitted by Cs 137 as a sharp line of its beta-ray 
spectrum has a magnetic rigidity, Br, as measured by the curvature of its path in a 
magnetic field, of 3380 gausses cm. Express its momentum (a) in cgs units and (b) in 
units of Mev/c. Determine (c) its total energy, and (d) its kinetic energy, in Mev. 

Ans. (a) 5.41 X 10" 17 gm cm/sec. 

(b) 1.01 Mev/c. 

(c) 1.135 Mev. 

(d) 0.624 Mev. 

2-10. (a) Show that the velocity of a relativistic particle is given by 

P 

’ Vp’ + mjc’ 

where p is its momentum. 

(b) Determine the velocity of an electron whose momentum, when 
determined by the curvature of its path in a magnetic field, is quoted at 
2500 gausses cm. 

(c) Determine the momentum of this electron in units of Mev/c. 

2-11. (a) Show that the velocity of a relativistic particle of rest mass m 0 and 

total energy 6 is given by 



(b) Determine the velocity of a particle whose total energy is twice its rest mass 
energy, (c) Determine its kinetic energy. 

Ans. (b) 0 .866c 
(c) moc 2 . 

2-12. A stream of electrons is projected with a velocity v from a point source at 
an angle 0 to the direction of a uniform field of strength B. (a) Describe the paths 
of these electrons, (b) If 0 is the semi vertex angle of a cone, show that the electrons 
will meet, or be focused, at the end of each cycle of its motion. 

2-13. Uranium isotopes of mass numbers 235 and 238 are to be separated from a 
piece of uranium by using a mass sDectrometer which will deflect them through 
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180° into two collectors 4.0 cm apart. If the singly charged ions have energies of 
2000 ev when entering the magnetic field, calculate (a) the magnetic flux den¬ 
sity necessary to achieve this separation and (b) the radii of the paths of the 
ions. 

2 - 14 . The following mass doublet separations were obtained by A. O. Nier in a 
recent investigation with the double-focusing mass spectrometer: 


Doublet 

AM X 10* amu 

a. (C“)4 - S"0“ 

331.82 

b. C ,2 (0“) 2 - C ,2 S« 

177.82 

c. (C l2 ) 3 (H‘) 8 - C‘ 2 (0“), 

729.67 

d. (C' 2 )e(H»)4 - C^S 32 )* 

873.26 


Using 0 ,e as the standard, determine the atomic masses of H 1 , C 12 , and S 32 . 
Compare these results with the values given in the table of Appendix IV. 

2-16. Calculate the rest mass energy of a proton in Mev. 

2-16. Assume that the curve for binding energy against mass number is a 
straight line for values of A greater than 30. Determine the slope of this line. 
Interpret the significance of the value of this slope. 

2-17. (a) Using equations (58) and (60), show that the binding energy per 

nucleon is given by 

~ = 7 (Mh - tin) + (Mn - 1) - F 
A A 

where F is the packing fraction. 

(b) The packing fraction of lead, Z = 82, A = 206, is 2.22 X 10~ 4 amu. 
Determine the binding energy per nucleon for this isotope. Compare the result 
with the value obtained from Figure 2-22. 
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The Nuclear Atom 


3-1. Discovery of Natural Radioactivity 

The discovery of radioactivity by Henri Becquerel in 1896, shortly after 
the discovery of x-rays by Roentgen in 1895, marked the beginning of the 
modern approach to the study of the structure of the atom. Becquerel was 
interested in determining whether there was any relationship between the 
phosphorescence of certain salts after irradiation by ordinary light and the 
fluorescence of the glass of an x-ray tube which was emitting x-rays. One 
of the salts used was the double sulfate of uranium and potassium. He 
wrapped a photographic plate in very thick black paper, placed a crystal 
of the uranium salt on it and exposed the whole thing to sunlight. When 
the plate was developed, a silhouette of the phosphorescent substance ap¬ 
peared in black on the negative, showing that radiations came from the 
uranium salt. He then varied this experiment by placing a coin, or a metal¬ 
lic screen pierced with an open-work design, between the uranium salt and 
the photographic plate, and, on developing the plate, found the image of 
each of these objects on the negative. 

In attempting to repeat the above experiments, Becquerel ran into 
some cloudy weather; he put all the materials away in a drawer and waited 
for a sunny day. A few days later, he developed this photographic plate 
and found that the dark silhouettes again appeared with great intensity, 
even though the salt had not been exposed to much sunlight. To make 
certain that this activity goes on without the aid of an external source of 
light, he built a light-tight box and performed a series of experiments with 
the photographic plate at the bottom of the box. In one experiment ura¬ 
nium salt crystals were put directly on the photographic plate; he obtained 
very dark silhouettes of the crystals. In another experiment he put a piece 
of aluminum between the salt crystals and the photographic plate; he 
again obtained silhouettes, but these were slightly less intense than those 
obtained without the aluminum plate. He then concluded that the active 
radiations came from the uranium salt and that the external light had no 
influence whatever on this activity. 

Becquerel then proceeded to experiment with different compounds of 
uranium, both in crystalline form and in elutions, and found that radia- 
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tions were emitted by all of them, whether they did or did not phospho¬ 
resce. He was thus led to the conclusion that it was the element uranium 
which was responsible for these radiations. He confirmed this conclusion 
by repeating the above experiments with some commercial powdered ura¬ 
nium. Further experiments showed that the radiations from uranium 
would also cause the discharge of electrically charged bodies. Shortly there¬ 
after, Rutherford investigated the penetrating power of the radiations 
from uranium and showed that they were of two types, a very soft radia¬ 
tion easily absorbed in matter which Rutherford called alpha rays, and a 
more penetrating type of radiation which he called beta rays. It is apparent 
now that the radiation which affected the photographic plate in Becquerel’s 
experiment consisted of beta rays. 

The method used by Rutherford in studying these radiations was an 
electrical method based upon the ionization produced by the radiation in 
its passage through a gas. The ionization currents so produced can be used 
for quantitative measurements. Using such a method, Mme Curie showed 
that the activity of any uranium salt was directly proportional to the 
quantity of uranium in the salt, thus demonstrating that radioactivity is 
an atomic phenomenon. 

M. and Mme Curie subjected uranium pitchblende to a systematic 
chemical analysis, and, using an electrical method, measured the activity 
of the different elements obtained from the pitchblende. In 1898 they suc¬ 
ceeded in discovering two new radioactive elements, polonium and radium. 
Radium was precipitated in the form of radium chloride. The activity of 
radium was found to be more than a million times that of a similar quantity 
of uranium. In 1910, Mme Curie and Debierne obtained pure radium metal 
by means of electrolysis of the fused salt. The atomic weight of radium as 
. determined by Hoenigschmidt is 225.97. Radium fits in at the end of the 
second group in the periodic table; it is chemically similar to calcium, 
strontium, and barium. Many more radioactive substances have been dis¬ 
covered since then, thus filling many of the gaps which existed in the peri¬ 
odic table prior to the discovery of radioactivity. 

3-2. Radiation Emitted by Radioactive Substances 

In addition to the alpha and beta rays, naturally radioactive substances 
emit a third type of radiation called gamma rays. The existence of these 
three distinct types of radiation can be demonstrated very simply. A small 
quantity of some radioactive salt is placed at the bottom of a long narrow 
groove in a lead block, Figure 3-1. A fairly parallel beam will come from 
the radioactive material R through the slit S. Rays going in all other direc¬ 
tions will be absorbed by the lead. This lead block is placed in an airtight 
chamber and a photographic plate P is placed a short distance above it. 
To avoid absorption of the rays, the air is pumped out of the chamber. A 
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strong magnetic field is applied at right angles to the plane of the paper. 
After a reasonable exposure, three distinct lines will be found on the pho¬ 
tographic plate. If the magnetic field is directed away from the reader, 
the positively charged particles or alpha rays will be deflected to the left 
in the figure, the negatively charged particles or beta rays will be deflected 
to the right, and the neutral rays or gamma rays will not be deviated at all. 


Fio. 3-1. Paths of the rays 
from a radioactive substance R in a 
magnetic field perpendicular to the 
plane of the paper. The magnetic field 
is directed into the paper. 



In very early experiments Henri Becquerel was able to show that the 
beta particles were similar to cathode rays moving with very great veloc¬ 
ities. He succeeded in deflecting them first in magnetic fields and then in 
electric fields, using photographic methods of detection. From the results 
of these experiments he determined the value of e/m for some of the slower 
speed beta rays and found this ratio to be about the value then known for 
electrons. Since then more accurate determinations have been made (see 
§2-7) which show that beta particles emitted by naturally radioactive sub¬ 
stances are negatively charged electrons. 

3-3. Determination of E/M for Alpha Particles 

One of the best determinations of the ratio of the charge E to the mass M 
of the alpha rays was made by Rutherford and Robinson using the alpha 
particles emitted by the gas radon (Z = 86), and two of its products of 
disintegration, radium A and radium C'. In the apparatus sketched in 
Figure 3-2, the alpha particles coming from the radioactive materials con¬ 
tained in the thin-walled glass tube S pass between two silvered glass 
plates A and B, then through a narrow slit Si, and strike the photographic 
plate P placed about 50 cm from the slit. The photographic plate was 
wrapped in aluminum leaf to protect it from light and from the glow of 
the source S. \\ ith no difference of potential between the plates a thin 
stream of undeflected alpha particles passes through the narrow slit Si 
and strikes the photographic plate. When a difference of potential V is 
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maintained between the plates, the alpha particles travel in parabolic paths 
in the electric field. Only those alpha particles that enter the electric field 
at some suitable small angle 6 with the plane of the plates will be able to 
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Fig. 3-2. Diagram of the apparatus used by Rutherford and Robinson for the 
determination of E/M for alpha particles. 

get through the slit S\. After emerging from this slit they travel in a 
straight line, tangent to this parabola, until they strike the photographic 
plate. We have already shown that the deflection of a charged particle 
from its original line of motion produced by the action of an electric field 



Fig. 3-3. Lines on the photographic plate obtained by the electrostatic deflection 
of the alpha particles. (From Rutherford, Chadwick, and Ellis, Radiations from Radio¬ 
active Substances. Dy permission of Cambridge University Press, publishers.) 


is proportional to E/Mv 2 , where E is the charge of the particle, M its 
mass, and v its velocity. Hence, by measuring the displacement of the line 
on the photographic plate from the line produced by the undeviated par¬ 
ticle, the value of E/Mv 2 can be calculated. 

An enlargement of the photograph obtained by the electrostatic de¬ 
flection method is shown in Figure 3-3. Three distinct lines are visible on 
each side of the central line. The central line is due to the action of the 
alpha particles before the field is applied. Lines on both sides of the central 
line are produced by reversing the electric field. The outermost lines are 
due to the alpha particles of radon, the next pair of lines to the alpha par¬ 
ticles of radium A and the innermost pair to those from radium C'. 
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To determine the value of E/M of the alpha particles, it is necessary 
to perform another experiment to determine the velocity v of the alpha 
particles from the same source. This was done by subjecting the alpha 
particles from this source to a magnetic field B perpendicular to the direc¬ 
tion of their motion, that is, perpendicular to the plane of the figure, and 
having them strike another photographic plate placed at P. We have al¬ 
ready shown that the deflection produced by the magnetic field is propor- 



Fic. 3-4. Lines on the photographic plate obtained by the magnetic deflection of 
the alpha particles. (From Rutherford, Chadwick, and KWis, Radiations from Radio - 
active Substances. By permission of Cambridge University Press, publishers.) 


tional to E/Mv; the latter value can be determined by measuring the dis¬ 
placement of the line from the line produced by the undeviated particles. 
Figure 3-4 is an enlargement of the photograph obtained in the magnetic 
deflection experiment. By reversing the magnetic field, lines were obtained 
on the other side of the undeviated line. By combining the results of these 
two experiments, the value of E/M for the alpha particles was computed. 
The best value was determined from the measurements of the alpha par¬ 
ticles of radium C' and yielded 


E_ 

M 


4820 


emu 


gm 


3-4. Nature of the Alpha Particles 

The value of E/M for alpha particles having been accurately determined, 
a measurement of either E or M independently would give sufficient evi¬ 
dence as to the nature of these particles. One method of determining E is 
to count the number of alpha particles, N, emitted by some radioactive 
substance in a given time interval, and then determine the charge NE 
carried by these particles. Two methods frequently used for counting alpha 
particles are (a) the scintillation method, and (b) the Geiger counter 
method. 

In the scintillation method, alpha particles strike a screen containing 
a thin layer of powdered zinc sulfide. The energy of the alpha particle is 
transformed into energy of fluorescent radiation by the small crystals of 
zinc sulfide. This radiation is in the visible region of the spectrum. Each 
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alpha particle which strikes the screen produces a single scintillation. 
These scintillations may be viewed with a microscope and the number of 
alpha particles appearing in the field of view may be counted. 

One type of counter known as a Geiger counter consists essentially of 
a cylinder C and a fine wire \V mounted parallel to the axis of the cylinder 
and insulated from it, as shown in Figure 3-5. The cylinder contains a gas, 
such as air or argon, at a pressure of about 5 to 12 cm of mercury. A dif¬ 
ference of potential slightly less than that necessary to produce a discharge 
through the gas is maintained between the wire and the cylinder wall. 


C 



Fio. 3-5. Diagram of a Geiger counter. 

Alpha particles can enter the Geiger counter through the aperture A, 
which is usually covered with a thin sheet of mica, glass, or aluminum. 
An alpha particle ionizes the gas along its path; these ions are accelerated 
by the electric field and produce more ions by collision with neutral atoms 
and molecules so that the ionization current builds up very rapidly. A very 
high resistance is connected between the wire and ground so that the en¬ 
ergy due to the ionization current is rapidly dissipated. The effect is thus 
the production of a very large current lasting for a very short interval of 
time. This momentary current registers as a “kick” in an electrometer con¬ 
nected at G. This momentary current may be amplified so that it is capable 
of operating a loud-speaker, or a mechanical counter. By the proper choice 
of the value of the resistance R t the time constant of the circuit may be 
made sufficiently small so that each alpha particle which enters the cham¬ 
ber produces a momentary electrical surge which is recorded. 

By counting the number of alpha particles entering the aperture A 
from any source placed a convenient distance away, the total number of 
alpha particles emitted by the source in a given time may be computed. 
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Using this method Rutherford and Geiger found that 3.57 X 10 10 alpha 
particles per second are emitted by one gram of radium. The present ac¬ 
cepted value is 3.70 X 10 10 alpha particles per 


second. 

Knowing the rate at which alpha particles 
are emitted by a given mass of radioactive 
material, one may measure the charge on the 
alpha particles by allowing these particles to 
charge up a plate connected to an electrometer. 
Using the alpha particles from radium C, 
Rutherford and Geiger found the charge E to be 
9.3 X 10 _, ° esu, while Regener, using the alpha 
particles of polonium, obtained the value E = 
9.58 X 10 _, ° esu. Within the limits of experi¬ 
mental error, the charge on the alpha particle 
is equivalent to twice the electronic charge. 
Using the latter value of E and the previously 
determined value of E/M for computing the 
mass of the alpha particle, we get 

M = 6.G2 X 1<T 24 gm. 

Comparing this with the mass of the hydrogen 
atom, we get 

M _ 6.62 

M h ~ 1.67 “ 4 

The mass of the alpha particle is almost four 
times that of hydrogen, that is, it has the same 
atomic weight as helium (Z = 2). Since the alpha 
particle carries a charge of +2c and has a mass 
equal to that of the helium atom, it is probably 
the nucleus of a helium atom. To make this 
identification certain, Rutherford and Royds 
(1909) carried out a spectroscopic analysis 
with the aid of alpha particles emitted by 
radon. 



Fig. 3-6. Diagram 
of the tube used to show 
that alpha particles are 
helium nuclei. 


In this experiment (see Figure 3-6), some radon was put into the 
thin-walled glass tube A. This tube was placed in a thick-walled glass 
tube B that had sealed on to it a capillary tube C into which two elec¬ 
trodes were sealed. Tubes B and C were pumped out and the system was 
allowed to stand for a few days. The alpha particles emitted by the radon 
passed through the thin walls of tube A and collected in tube B. The gases 
collecting in tube B could be compressed and forced into the capillary 
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tube C by letting mercury in through a side tube. After six days enough 
gas was accumulated and forced into C so that a high voltage across its 
electrodes produced an electric discharge through the gas. The light com¬ 
ing from this tube was examined with a spectroscope which clearly showed 
the spectral lines of helium. Control experiments showed that ordinary 
helium gas could not penetrate through the thin walls of tube A. This 
spectroscopic evidence proves conclusively that alpha particles are helium 
nuclei. 

3-5. Velocities of the Alpha Particles 

The velocities of emission of alpha particles can be measured by allowing 
them to pass through a magnetic field perpendicular to the direction of 
motion. In the magnetic spectrograph used by Rosenblum, and sketched 


Fio. 3-7. Magnetic spectro¬ 
graph used for measuring the veloci¬ 
ties of alpha particles. The magnetic 
field is perpendicular to the plane of 
the paper and directed toward the 
reader. 



in Figure 3-7, the radioactive material R is deposited on a fine wire, and 
the alpha rays coming through the narrow slit S are bent in a circular 
path by the magnetic field B perpendicular to the plane of the figure. 
After traversing a semicircle, the alpha rays of any one velocity are fo¬ 
cused on the photographic plate P. The air in the chamber is pumped out 
to avoid loss of velocity by the alpha particles. The radius of the circle is 
given by the expression 


BEv 


Mv 2 


r 


where the radius of the circle, r, is half the distance from the source to the 
trace on the photographic plate, and v is the velocity of the alpha particle. 
The magnetic field in this experiment was about 36,000 gausses. Ruther¬ 
ford and his co-workers used a similar apparatus but substituted an ioni¬ 
zation chamber for the photographic plate. W. Y. Chang has recently 
(1948) remeasured the velocities of the alpha particles from polonium and 
other radioactive sources, using a large, semicircular focusing magnetic 
spectrograph. The radii of the alpha particle paths were of the order of 
30 cm in a magnetic field of the order of 11,000 gausses, giving greater 
resolution than in the earlier experiments. 
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The results of the experiments on the velocities of emission of alpha 
particles show that these velocities are of the order of 10 9 cm/sec. In many 
cases the velocity spectrum consists of only a single line, that is, all the 
alpha particles emitted from this type of element have exactly the same 
velocity. In another large group of elements, the velocity spectrum con¬ 
sists of two or more lines very close together. In a few cases there are sev¬ 
eral groups of lines covering a comparatively large velocity range. A few 
of the results of these measurements are given in Table 3-1. 


Table 3-1 


Velocities of Alpha Particles from Some Isotopes 

Isotope 

Velocity in cm/sec 

Actinium A 

1.882 X 10* 

Polonium 

1.597 

Radium a\ 

1.517 

at 

1.488 

Radium A 

1.699 

Radium C on 

1.628 

a 2 

1.623 

a 3 

1.603 

Radium C' 

1.922 

Radon 

1.625 

Thorium C on 

1.711 

a 2 

1.705 

<Xi 

1.665 

a a 

1.645 

a 6 

1.642 


3-6. Rutherford's Nuclear Theory of the Atom 

Rutherford, in 1911, proposed a nuclear theory for the structure of the 
atom. He was led to this theory by the results of an experiment by Geiger 
and Marsden on the scattering of alpha particles by matter. They ob¬ 
served that some of the alpha particles were scattered through angles 
greater than 90°, that is, they emerged on the side of incidence. To explain 
such large-angle scattering of fast-moving alpha particles, Rutherford as¬ 
sumed that there was an intense electric field within the atom and that 
the alpha particle was deflected by a single atom. To provide such an in¬ 
tense electric field, Rutherford assumed that the entire positive charge of 
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the atom was concentrated in a very small nucleus and that the electrons 
occupied the space outside the nucleus. 

In developing the theory of the scattering of alpha particles by atomic 
nuclei, Rutherford assumed that both the nucleus and the alpha particle 
behaved as point charges, that Coulomb’s law was valid for such small 
distances, and that Newtonian mechanics was applicable. To test this the¬ 
ory, he instituted a series of experiments on the scattering of alpha par¬ 
ticles by thin films of matter. These experiments were performed by Geiger 
and Marsdcn in 1913 and repeated with greater accuracy by Chadwick in 
1920. 1 hey verified Rutherford’s nuclear theory of the structure of the 
atom and showed that the charge on the nucleus of an atom is Ze , where 
Z is the atomic number of the element and e is the electronic charge. 


Fio. 3-8. 


3-7. Single Scattering of Alpha Particles by Thin Foils 

Consider a nucleus of charge Ze stationary at point C, and an alpha par¬ 
ticle of mass M and charge E approaching it along the line AB t as shown 
in Figure 3-8. The original velocity of the alpha particle in the direction 
of AB is V. There will be a force of repulsion between the two charges 
given by Coulomb’s law 



where r is the distance between the alpha particle and the nucleus. Be¬ 
cause of this force of repulsion, the alpha particle will be deflected from its 
original direction, and will move in a hyperbolic path with the nucleus at 
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the focus on the convex side of this branch of the hyperbola. When it 
leaves the region close to the nucleus, the alpha particle will be moving 
in the direction of OD, making an angle 0 with its original direction of 
motion, AB. It can be shown (see Appendix VI) that the angle of deflec¬ 
tion, 0, is given by 



MV 2 
ZeE P ’ 


( 2 ) 


where p is the distance from the nucleus at C to the original line of motion 
AB. In the actual experiments on the scattering of alpha particles, a large 
number of particles were directed against a thin metallic foil. It is there¬ 
fore necessary to calculate the number of alpha particles scattered through 
a given angle 0, or, what amounts to the same thing, the probability that 
an alpha particle will be deflected through this angle 0. We shall assume 
that the foil is so thin that the alpha particles suffer no loss in velocity in 
passing through it. 

Suppose that a stream of alpha particles is directed normally on a 
thin foil of matter of thickness t containing n atoms per unit volume. The 
number of atoms per unit area of this foil, and also the number of nuclei 
per unit area of foil, is nt. Any alpha particle whose initial velocity would 
bring it within a distance p of a nucleus will be deflected through an angle 
equal to or greater than 0 , where 0 is given by equation (2). To determine 
the probability that an alpha particle would come within this distance, 
imagine a circle of radius p drawn around each nucleus; then the area oc¬ 
cupied by all such circles in a unit area of foil is *p 2 nt. The probability 
that an alpha particle would come within this distance p of a nucleus is 
the ratio of the area irp-nt to unit area. Since every alpha particle which 
would come within a distance p of a nucleus will be deflected through an 
angle equal to or greater than 0, the probability that an alpha particle 
will be deflected through such an angle, or the fraction of the total number 
of alpha particles which will be deflected through an angle equal to or 
greater than 0, is given by 


, 2 , / ZeE \ 

f = *p z nt = irnt I — _ | 


\MV 2 ) 


cot 2 -» 


(3) 


using the value of p from equation (2). 

The probability that the original direction of motion of an alpha par¬ 
ticle would fall between the radii p and p + dp , or the probability that an 
alpha particle would be deflected through an angle lying between 0 and 
0 + d0 is 

df = 2npntdp 


or 


t (ZeE\ 2 0 0 

df= ~ mt \MV>) COt 2 CSC 2^ 


( 4 ) 
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In the experiments on the scattering of alpha particles, the scattered 
particles were detected by the scintillations produced on a fluorescent 
screen. To compare results for different angles of scattering, it is necessary 
to know the number of alpha particles falling on unit area of the fluorescent 
screen. To determine this number, consider a stream of alpha particles 
which are incident normally on the thin foil T as shown in Figure 3-9. The 



alpha particles which are scattered through an angle 0 will travel along 
the elements of a cone of semivertex angle 0. Similarly, the alpha particles 
which are scattered through an angle 0 + dd will travel along the elements 
of a cone of semi vertex angle 0 + d$. If the fluorescent screen is to be 
placed at right angles to the direction of motion of the scattered particles, 
its shape must be that of a zone of a sphere of radius r and width rd0. 
Since the radius of this zone is r sin 0, an element of area dA of the fluores¬ 
cent screen formed in this way is 

dA = 2 xr sin 0 • rd0 = 2wr 2 sin 0d0 
, . 0 0 , 

= 4?r; sin - cos - dB. ( 5 ) 


If Q is the total number of alpha particles incident on the foil, then the 
number striking unit area of the screen is, from equations (4) and (5), 


N 


imt 


(; 


ZtE \* e 2 fl 
— 2 ) cot - CSC 2 - de 


0 0 

4xr 2 sin - cos - d 0 
2 2 


so that 


N = 


Qnt(Ze) 2 E 2 
4r 2 (M V 2 ) 2 sin 4 ^ 


(*) 


A study of equation (6) shows that if Rutherford’s nuclear theory of 
the atom is correct, then the number of alpha particles falling on unit area 
of a screen at a distance r from the point of scattering must be propor¬ 
tional to 
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a. the reciprocal of sin 4 0/2 , 

b. the thickness t of the scattering material, 

c the reciprocal of the square of initial energy of the particle or 
’ l/(i MV*)\ 

d. the square of the nuclear charge, or ( Ze ) 2 . 

3-8. Experimental Verification of Rutherford's 
Nuclear Theory of the Atom 

Each of the above deductions was tested and verified experimentally in a 
series of experiments carried out in Rutherford’s laboratory. The angular 
distribution of the alpha particles scattered by a thin foil F, as shown in 
Figure 3-10, was measured by Geiger and Marsden. The alpha particles 
from a radon source R passed through a diaphragm D and were scattered 



by the thin foil F. The alpha particles which were scattered through an 
angle 0 struck a zinc sulfide screen S and the scintillations were viewed 
through the microscope M. The microscope and screen were rotated about 
an axis passing through the center of the foil F, and the number of par¬ 
ticles striking the screen in a given time was measured at different angles 
over a range of angles from 5° to 150°. Gold and silver foils were used in 
the experiment. Some of the results are given in Table 3-2 for gold as the 
scattering element. If the number of particles, N, scattered per unit time 
through an angle 0 is proportional to the reciprocal of sin 4 0/2, then the 
product AT X sin 4 0/2 should be a constant. The last column in Table 3-2 
lists the values of these products; these values are approximately constant 
and lie within the limits of error of the experiment. 

To test the dependence of scattering on the thickness of the foil, the 
angle of scattering was kept at about 25° and foils of different thicknesses 
and also of different materials were used. The alpha-particle source was 
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Table 3-2 


Scattering of Alpha Particles from Gold Foil 


Angle of 
Deflection 

0 

1 

Number of 
Scintillations 
in Unit Time 

N 

0 

A' X sin 4 - 
2 

o 

sin* - 
2 

150° 

1.15 

33.1 

28.8 

135° 

1.38 

43.0 

31.2 

120° 

1.79 

51.9 

29.0 

105° 

2.53 

69.5 

27.5 

75° 

7.25 

211 

29.1 

60° 

16.0 

477 

29.8 

45° 

46.6 

1435 

30.8 

30° 

223 

7800 

35.0 

15° 

3445 

132,000 

38.4 


radium (B + C). The results of the experiments are shown in Figure 3-11, 
in which the number of particles per minute, N t scattered through an 
angle of 25°, is plotted as ordinates, and the thickness, t, of the scattering 



Fig. 3-11. Curves showing that 
the number of alpha particles scat- 
tered through a given angle is directly 
proportional to the thickness of the 
scattering foil. Each curve is the result 
of an independent set of measure¬ 
ments. 


foil of a given material is plotted as abscissae. It is seen that for any one 
element, the number of particles scattered per minute is directly propor¬ 
tional to the thickness of the scattering foil. In the graph, the thickness of 
each foil is expressed in terras of an equivalent length of air path, that is, 
a thickness of air path which produces the same loss in energy of the alpha 
particle traversing it as that produced by the material under investigation. 
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In another series of observations, the velocity of the incident alpha 
particle was changed by placing absorbing screens of mica between the 
source and the scattering foil. The velocities of the alpha particles were 
determined empirically by first finding the range R of the alpha particles 
in air (§10-7), and then applying Geiger’s rule that 


R = aV 3 (7) 

where a is a constant. The results of the experiment are shown in Table 3-3. 


Table 3-3 


Variation of Scattering with Velocity 

Range of 

Alpha Particles 

Relative Values 

4 

Number of 
Scintillations 
in Unit Time 

N 

NV A 

5.5 

1.0 

24.7 

25 

4.76 

1.20 

29.0 

24 

4.05 

1.50 

33.4 

22 

3.32 

1.91 

44 

23 

2.51 

2.84 

81 

28 

1.84 

4.32 

101 

23 

1.04 

9.22 

255 

28 


If the number of particles scattered through an angle 0 is inversely 
proportional to the square of the energy of the particles, then the product 
NV 4 should be constant. The values of this product over a wide range of 
velocities are given in the last column of Table 3-3. These values are con¬ 
sidered constant within the limits of error of the experiment. 

The experiments of Geiger and Marsden have been interpreted as 
establishing the essential correctness of Rutherford’s nuclear theory of the 
atom. However, these experiments were not sufficiently accurate to pro¬ 
vide a reliable determination of the atomic number Z. It was not until 
1920 that Chadwick succeeded in measuring the nuclear charge directly. 
In the meantime, Bohr had adopted Rutherford’s nuclear hypothesis in 
his brilliant work on atomic spectra, and Moseley, from his work on x-ray 
spectra, was able to determine the nuclear charge and showed that it was 
equal to Ze. 
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3-9. Direct Determination of the Nuclear Charge 

In Chadwick’s experiment, alpha particles from the source R, as shown in 
Figure 3-12, were scattered by a thin foil A A' which was made in the form 
of an annular ring. The alpha particles which were scattered through an 
angle 0 were counted by the scintillations they produced on the zinc sul¬ 
fide screen placed at S on the axis of the cone RAA' such that RA = AS. 
The total number of alpha particles falling on the foil A A' could be deter¬ 
mined by counting the number reaching S directly from R, since the areas 
of the screen S and the foil A A' were known. When the scattered rays 
were investigated, the direct rays from R were cut off by means of the 
lead plate L. Account was taken of the fact that the annular ring was of 



Fio. 3-12. Diagram of the arrangement used by Chadwick in his experiments 
on the scattering of alpha particles. 

finite width. The results of Chadwick's experiments using platinum, silver, 
and copper foils are tabulated below: 


Table 3-4 


Element 

Nuclear Charge 

Ze 

Atomic Number 

Z 

Cu 

29.3e 

29 

Ag 

46.3e 

47 

Pt 

77.4e 

78 


Within the limits of experimental error, these results are in agreement 
with Rutherford’s nuclear theory of the atom and provide the only direct 
measurement of the nuclear charge. 
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3-10. Nuclear Sizes: Radii 

The results of experiments on the scattenngofslphapsrticlesmaybe 

used to calculate the distance of approach of the alpha P« r ^ le ‘ o th 
nucleus (GC in Figure 3-8). The distance of approach will be smallest 
when the scattering angle 6 is greatest, that is, 180 . For this case, the d.- 
rection of the initial velocity V’ is along the line jo.nmg the centers of the 
nucleus and the alpha particle. At the point of closest approach the alpha 
particle comes to rest momentarily, so that its energy at this point is 
simply the Coulomb potential energy ZeE/b where b is the distance o 
closest approach. Equating the potential energy to the initial kinetic en- 
ergy of the alpha particle, we get 


ZeE 




from which 


2 ZeE 
6 ~ MV 2 


(a) 


In the actual experiments the angle of scattering did not exceed 150 ; 
for this angle the distance of approach was 3.2 X 10“ 12 cm for gold and 
about 2 X KT 12 cm for silver. The distance of closest approach b would 
thus be somewhat smaller than these values. Considering the process of 
scattering as a type of collision between two particles, the alpha particle 
and the nucleus, the distance of closest approach gives an upper limit to 
the size of the nucleus. Thus the radius of the gold nucleus is less than 
3.2 X 10 -12 cm. Rutherford also performed experiments on the scattering 
of alpha particles by lighter nuclei such as aluminum and helium. For the 
case of helium, the closest distance of approach calculated from the re¬ 
sults of the experiment yielded a value of about 3 X 10 -13 cm. 

There are other experimental data from which estimates can be made 
of the sizes of nuclei. We shall discuss some of these experiments in Part III. 
These results can be expressed in the following empirical equation for the 
radius R of a nucleus of an isotope of mass number A: 


R = r 0 -4 1 /3 , 


(9) 


where r 0 is the radius parameter. Numerical values of r 0 vary from about 
1.2 X 1(T 13 cm to 1.5 X 10“ 13 cm. The latest data favor the value 
r 0 = 1.2 X 10” 13 cm and will be adopted for all numerical calculations in 
this book. 
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3-11. Nuclear Cross Section 

The concept of a nuclear cross section is a very useful one in nuclear phys¬ 
ics. One must not assume that a nucleus is necessarily spherical in shape, 
or that it behaves as a solid elastic sphere of radius R toward projectiles 
such as alpha particles. We sometimes talk of the “geometrical” cross sec¬ 
tion given by ir R 2 where R is the radius as given by equation (9). How¬ 
ever, a more useful concept is the cross section of a nucleus for a given process , 
such as the cross section for the scattering of charged particles, or the cross 
section for the absorption of certain particles or for the absorption of radi¬ 
ation such as gamma rays. The term cross section used in this sense is a 
measure of the probability of the occurrence of the given process. As an ex¬ 
ample of this let us refer once again to the single scattering of alpha par¬ 
ticles by nuclei, sometimes called Coulomb scattering. It was shown that 
the probability / that an alpha particle would be scattered by a nucleus 
through an angle equal to or greater than 0 is given by 

/ = wp 2 nl, (3) 

where n is the number of nuclei per unit volume, t is the thickness of the 
scattering material, and p is the impact parameter. We can now define a 
nuclear scattering cross section, <r 8 , as 



00 ) 


hence / = <r B nt. (n) 

The scattering cross section a. is thus proportional to the probability of 
scattering. 

If a beam containing N alpha particles is sent through the substance 
of thickness t, then the number N s of particles that will be scattered through 
an angle equal to or greater than 0 is 


A r , = fN = <r 9 ntN, 


from which 




Nnt' 


( 12 ) 


Equation (12) can be used for determining scattering cross sections 
from empirical data. 

The concept of a nuclear cross section can be extended to other types 
of nuclear processes. For example, if we are interested in the absorption 
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of certain particles by nuclei, then we can define the absorption cross sec- 
lion as 


<r* = 


iV a 


(13) 


Xnl 


where AT. is the number of particles absorbed by the nuclei when the in- 

cident beam contains N particles. 0 _ 24 cm 2 

A large number of nuclear cross sections are of the^ order oil ^ 

It has been found convenient to use a separate nam 

name adopted is a bam, that is, 


1 Korn ? 10 '* Cm ■ 


/m A \ 


3-12. Differential Scattering Cross Section 

0 and 0 + d0. Referring to equation (10), 

• „ 0°> 

therefore, . = ^ d P- (,5) 

In the case of the single scattering of alpha particles, it was shown 


that 


0 

cot- 


MV 2 

ZeE 


( 2 ) 


Introducing the value of 6 from equation (8), 

2 ZeE 

b = jiv 


we can write that 


6 0 

o C 0 t o' 


(«) 


(16) 


tru V 9 v - 

and hence do* = — cot - esc - dd. \ 

Referring to Figure 3-13, the particles which are scattered through an 
angle whose value lies between 0 and 0 + d0 are contained within a sohd 
angle do) whose value is 


do) = 2it sin 0d0. 


(18) 
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Fio. 3-13. The solid angle do) is that included between the two concentric cones 
of semivertex (plane) angles 0 and 0 + do corresponding to the solid angles o> and 
u + d<o, respectively. S is the source of alpha particles and T is the scattering substance. 


Substituting this value of dd in equation (17) yields 


wb 2 0 , 0 dw 

do . =-cot - esc - -—;— 

4 2 2 2*r sin 6 


from which 



(19) 


Equation (19) is simply the Rutherford scattering law and is to be 
compared with equation (4). The differential scattering cross section can 
be interpreted as a measure of the probability that a particle will be scat¬ 
tered within a solid angle whose value lies between w and w + do). Differ¬ 
ential cross sections for other types of nuclear processes can be defined in 
a manner analogous to that used in defining the differential scattering 
cross section. 


Problems 


3-1. (a) Show that the path of an alpha particle in the electrostatic deflection 

experiment performed by Rutherford for the determination of E/M (§3-3) is a 
parabola given by 


V 


x tan 6 
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where 6 is the angle which the initial velocity *o makes with the lin«» jmnins;the 
source 5 and the sUt S„ and V is the difference of potent,al betweenthe plates^ 

(b) Show that only those alpha particles which are directed initially 

angle 0 given by 

. V b L 

sin 20 = — — -j 
a M vo 

will get through the slit S,. L is the distance from S to S,. 

(c) Calculate the value of the angle 6 in this experiment for the alpha 
particles from radon when V = 2000 volts; the distance between the plates is 
4 mm and the length of each plate is 35 cm. 


3-2. Alpha particles from polonium are directed normally against a thin sheet of 
gold of thickness 10““ cm. The density of gold is 19.32 gm/cm*. Determine the 

fraction of the incident alpha particles scattered through angles greater than 90 . 

Ans. 8.5 X 10 . 


3-3. (a) Protons of 1 Mev energy are scattered by nuclei of gold. Assuming the 

Rutherford type of scattering, calculate the distance of closest approach, (b) Com¬ 
pare this distance with the radius of the proton, (c) Determine the distance of 

closest approach of deuterons of the same energy. 

Ans. (a) and (c) 11.4 X 10" 12 cm. 

3-4. Using the value of the radius of a nucleus given by equation (9), determine 
the average density of nuclear matter. 

Ans. 2.3 X 10 14 gm/cm 3 . 

3-6. Alpha particles from ThC' are deflected in a strong magnetic field. Their 
momentum, expressed in terms of the field strength B and radius of curvature r of 
the path, is found to be Br = 427.07 kilogausses cm. Determine (a) the kinetic 
energy of these alpha particles; and (b) their velocity. 

Ans. (a) 8.80 Mev. 

(b) 2.058 X 10 9 cm/sec. 

3-6. Alpha particles from a polonium source are deflected in a magnetic field 
B = 25,000 gausses and travel in a circular path of radius r, such that Br =331.76 
kilogausses cm. Determine (a) the radius of the path and (b) the kinetic energy 
of the alpha particles. 

Ans. (a) 13.27 cm. 

(b) 5.30 Mev. 

3-7. Thorium C emits alpha particles of two different velocities. When 
traversing a magnetic field of strength B = 20,000 gausses they travel in circular 
paths of radii ri and r 2 such that Br x = 354.34 kilogausses cm and Br 2 = 355.51 
kilogausses cm. Assuming that these alpha particles start from a point source 
and travel in semicircular paths, (a) determine the separation of the two alpha- 
particle lines in this spectrum; and (b) calculate their kinetic energies. 

Ans. (a) 1.17 mm. 

(b) 6.059 Mev; 6.098 Mev. 
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chapter 


Electromagnetic Radiation 


4-1. Early Theories of the Nature of Light 

Fver since the days of Newton and Huygens-that is, since the latter part 
J5JSiSih century there have been two fundamenUl y d.fferen 
theories concerning the nature of light. Newton proposed a corpuscular 
theory of light without specifying definitely the nature of these corpuscles 
Huygens proposed a wave theory to explain exactly the same phenomena 
that were explained by Newton on his corpuscular theory. In one importent 
case that of the velocity of light in material media, deductions from these 
tarn theories led to divergent results. On the basis of Newton’s corpuscular 
theory, light should travel faster in the denser medium, while on thebasis 
of the wave theory, light should travel slower in the denser medmm. It was 
not until the middle of the nineteenth century that the velocity of light n 
a dense medium, water, was determined by Foucault and Fizeau, and found 
to be less than that in a vacuum. By this time, the wave theory had become 
fairly well established, mainly because of the work of \oung, Fresnel and 
Arago on the phenomena of interference and diffraction of light, Further, 
the polarization of light by reflection, and by double refraction through 
crystals, could be explained on the assumption that light waves were 
transverse waves. The wave theory of light was the only one which could 
explain satisfactorily all the optical phenomena then known. 

4-2. Maxwell’s Electromagnetic Theory of Light 

Although the wave theory of light was definitely established, the nature of 
the waves remained a puzzle. It was at first thought that these waves were 
similar to the transverse waves which are propagated through an elastic 
solid. A luminiferous ether, filling all of space and having some of the prop¬ 
erties of an elastic solid, was postulated as the medium through which light 
waves were propagated. Maxwell, in his work on electricity and magnetism 
(1864), showed that a disturbance consisting of transverse electric and 
magnetic fields should be propagated through the ether with the speed of 
light. Hertz (1887) succeeded in producing electromagnetic waves by 
means of an oscillatory current and showed the correctness of Maxwell’s 
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theory. Modern wireless telegraphy and radio are practical developments 
based upon the work of Maxwell and Hertz. 

Serious difficulties arose in connection with the properties of the 
luminiferous ether through which these waves were assumed to be prop¬ 
agated. Einstein’s theory of relativity (1905) resolved these difficulties by 
showing that such an ether was not necessary for the propagation of elec¬ 
tromagnetic waves. As a consequence of this theory, light waves are now 
regarded as electromagnetic oscillations, consisting of variations in the 
intensities of transverse electric and magnetic fields, each of which may 
exist in free space, that is, space completely devoid of matter. 

On the basis of classical electrodynamics, it is shown that an accelerated 
charge radiates energy in the form of electromagnetic waves. The elec¬ 
tromagnetic wave consists of an electric field of intensity Y and a magnetic 
field of intensity // always at right angles to each other. The magnitudes 
of these electric and magnetic intensities at a distance r from a charge e are 
given by 


Y = H = — sin <*>, 


0 ) 


where a is the acceleration of the charge and <t> is the angle between r and 
the direction of the acceleration, as shown in Figure 4-1. Y and H are 



Fig. 4-1. The electric intensity Y and 
the magnetic intensity // are tangent to the 
surface of the sphere. 


numerically equal when >' is expressed in esu. H is expressed in emu, and 
the charge e is expressed in esu. Equation (1) holds only when the velocity 
of the charge is much smaller than the velocity of light. The electric and 
magnetic fields are always at right angles to the direction of propagation 
and move through space with the velocity of light. 

It has been shown that the energy per unit volume in an electric field 
m free space is equal to Y 2 JSir, and that the energy per unit volume in a 



r sin# 
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magnetic field in free space is equal to J/’/fa. The energy per unit volume, 

W in the electromagnetic wave is, therefore, 

Y*ai-Zi. ( 2 ) 

w = s + ^" 4- 

Since this energy is propagated with velocity c, the amount of energy, /, 
which flows in Sit time through unit area perpend>cular to the dnect.on o 

propagation is 

/ = e JL. <»> 

4ir 

Hence / represents the instantaneous value of the intensity of the elec¬ 
tromagnetic wave at any point in space. 

It will be noted, by referring to equation 
(1), that the intensity of the electro¬ 
magnetic wave produced by a charge 
which is accelerated along the axis is a 
maximum in a direction at right angles 
to the acceleration, and is zero in a direc¬ 
tion parallel to the acceleration. 

The rate at which energy is radiated 
from an accelerated charge can be calcu¬ 
lated by integrating the intensity / over 
the surface of a sphere of radius r con¬ 
taining the accelerated charge at its 
center. Referring to Figure 4-2, consider 
a small element of surface area included Fl0 4 _ 2 . 

between two small circles of radii r sin <t> 
and r sin (# + d</>), and of area 

dA = 2jit sin <t> • rd<t>. 

The amount of energy, dS, which passes through this element of surface in 
unit time is 

cY 2 

dS = IdA = — • 2*r 2 sin <t>d#. 

4jt 

Substituting the value of Y from equation (1), and integrating over the 
whole surface, we get 


SI! 
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In (his equation S represents the rate at which energy is radiated from 
the accelerated charge; it depends upon the square of the acceleration and 
also upon the square of the charge. It is thus independent of the direc¬ 
tion of the acceleration and of the sign of the charge. 

The simplest type of electromagnetic wave is a plane wave in which the 
electric field intensity is in one direction only, say the y direction, which 
vibrates with a single frequency, and which has a single wavelength X. 
Such a wave is called a linearly polarized monochromatic electromagnetic 
wave; the direction of polarization is taken as the direction of vibration of 
the vector representing the electric field intensity. In the example above the 
direction of polarization is the y direction. Since an electromagnetic wave is 
a transverse wave, its direction of propagation is at right angles to the direc¬ 
tion of vibration of the electric vector which represents the intensity of the 
electric field. A linearly polarized monochromatic electromagnetic wave 



Fig. 4-3. Graph showing the values of the intensities of the electric and magnetic 
fields in a plune electromagnetic wave at a given instant of time. 


consists not only of an electric field but a magnetic field as well. The 
magnetic field is always at right angles to the electric field, varying period¬ 
ically and always in time phase with the electric field. Such a linearly 
polarized electromagnetic wave traveling, say, in the x direction, can be 
represented by the following two equations: 

Y = T 0 sin y U - c 0 (*>) 


H = H 0 sin 


2w 

X 


(x - ct ), 


(5b) 


where Y is the electric intensity at any point in the path of the wave at any 
instant of time. H is the intensity of the magnetic field at the same point at 
the same time, but always at right angles to the electric vector T. Both T 
and // are in a plane at right angles to the direction of propagation. In 
Figure 4-3, Y is chosen parallel to the y axis and // parallel to the z axis. 
T 0 and H 0 are the amplitudes of the electric and magnetic intensities, 
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respectively. This plane wave is propagated in the * direction with the 

Vel0< The average intensity of the wave is the average value of the energy 
flowing through unit area in unit time. Since the rate atwhich electro¬ 
magnetic energy flows through unit area is given by / = c — , the average 

intensity can be obtained by averaging / over a convenient interval of time, 
say half a period, yielding 

i- - - isrt ^ 


or 



( 6 ) 


The average intensity of the electromagnetic wave is thus proportional to 
the square of the amplitude of the electric intensity, which, of course, is 
equal to the square of the amplitude of the magnetic intensity. 

In the case of light, a plane electromagnetic wave can be produced 
very simply by placing a small source of light at the focus of a converging 
lens or mirror and producing a parallel beam, that is, one in which the wave 
front is a plane. A linearly polarized plane wave can be obtained by passing 
a plane parallel beam of light through a Nicol prism, by reflecting the 
parallel beam from a glass plate set at the polarizing angle, or by passing 
the parallel beam of light through a sheet of Polaroid. Again the direction 
of polarization is the direction of vibration of the electric vector represent- 
ing the intensity of the electric field of the light wave. 

A Nicol prism may also be used as an analyzer to determine whether 
the beam is polarized. The Nicol prism is rotated about the beam of light 
as an axis, and, if a position of the prism can be found in which no light 
can pass through it, the beam is said to be linearly polarized. The direction 
of vibration of the electric vector is then easily determined since the Nicol 
prism does not transmit light in which the direction of vibration is parallel 
to the long diagonal of the face of the prism. 

An interesting and important type of polarization is produced when a 
linearly polarized beam of light is allowed to pass through a thin sheet of 
some doubly refracting crystal such as mica. If the linearly polarized 
monochromatic beam of light is incident on the thin sheet of mica with its 
direction of vibration at 45° to the axis of the crystal, then the electric 
vector will be resolved into two components at right angles to one another 
which travel through the crystal with different velocities. For a certain value 
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of the thickness of the crystal one beam will emerge a quarter of a period 
behind the other, that is, they will be out of phase by a quarter of a wave¬ 
length. A crystal of such thickness is called a quarter-wave plate. The 
vibrations of the electric vectors in the two beams are at right angles to one 
another and they differ in phase by a quarter of a period. Thus when one 
component is a maximum the other component is zero, yielding a resultant 
vector which describes a circle. Such a beam is said to be circularly polarized. 
The direction of rotation of the circularly polarized beam may be either 
clockwise or counterclockwise, depending upon the nature of the crystal and 
upon the angle between the electric vector of the incident beam and the 
crystal axis, i.e., whether the angle is +45° or —45°. When the circularly 
polarized beam is passed through a second quarter-wave plate with its axis 
parallel to the first one, the beam becomes linearly polarized again. 

4-3. The Zeeman Effect 

It is known that the light emitted by any element consists of sharp lines of 
definite wavelengths, and hence of definite frequencies characteristic of 
the element. The light evidently comes from the atoms of the element and, 
on the classical theory, is due to the periodic motions of the charges within 
the atom. Since moving charges are affected by electric and magnetic fields, 
it should be possible to produce changes in the emitted light by subjecting 
the source of radiation to electric and magnetic fields. Faraday attempted 
to find such an effect by placing a sodium flame in a strong magnetic field 
but failed to detect any change in the character of the light. Zeeman (1896), 
with apparatus of greater resolving power, succeeded in producing this 
effect and in determining the nature of the charge emitting the light. 

To produce the Zeeman effect, the source of light, such as a sodium 
flame or a mercury arc, is placed between the poles of a powerful electro¬ 
magnet. The light coming from the source is examined by means of a 
spectroscope of high resolving power. The light may be viewed in a direc¬ 
tion perpendicular to the magnetic field, or parallel to the magnetic field; 
to make the latter possible, a hole is drilled in one of the pole pieces along 
the axis of the magnet. If one of the intense lines in the spectrum of the 
element is focused in the spectroscope, then, when the magnetic field is 
applied, it is found that this line splits into several component lines. 
Furthermore, although the original line was unpolarized, each of the com¬ 
ponent lines is polarized. In the simpler normal Zeeman effect, there are 
three components when the light is viewed perpendicular to the direction 
of the magnetic field and only two components when the light is viewed 
parallel to the magnetic field. In the more complex or anomalous Zeeman 
effect, the line is split into many more components. Consideration of the 
anomalous Zeeman effect will be left to a later chapter (Chapter 8), since 
the classical theory is unable to account for this anomalous effect. 
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Fiq. 4-4. The normal Zeeman effect showing the splitting of a spectral line when 
the source of light is in a magnetic field. 


be shown that the outer components are polarized at right angles to the 
undisplaced component. The direction of vibration of the electric vector in 
the outer components is perpendicular to the magnetic field; in the inner 
component the electric vector is parallel to the magnetic field. When the 
light is viewed parallel to the magnetic field, there is no undisplaced line; 
only the two outer components are present in the same positions as m the 
perpendicular case. These two components are circularly polarized in 

opposite directions. e 

The classical explanation of the normal Zeeman effect is based on 
Lorentz’s electron theory. Assume that an electron in the atom is moving 
in a circular orbit of radius r under the action of some central force F 0t as 
shown in Figure 4-5. Then from Newton’s second law of motion 

2 

mv o 2 <t\ 

F 0 = -y = mw or ( 7 ) 


where t>o is its linear velocity in the orbit and wo is its angular velocity. If an 
external magnetic field is applied perpendicular to the plane of the orbit 
of the electron, two effects will be produced. During the time that the 
magnetic field is being established, there will be an electric field tangent to 
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the orbit because of the emf produced by the changing magnetic flux 
through it. At the same time there will be an additional force on the 

electron which will be perpendicular to the 
direction of the magnetic field and to the ve¬ 
locity of the electron, that is, the force will be 
radial. A simple analysis shows that if the 
tangential electric field is such as to cause an 
increase in the velocity of the electron, the 
radial force will be directed toward the cen¬ 
ter, thus providing the additional force needed 
to keep it moving in the same orbit with this 
higher velocity. Conversely, if the tangential 
electric field is such as to decrease the velocity 
of the electron, then the radial force due to the 
magnetic field will be directed away from the 
center, thus decreasing the centripetal force to 
the amount needed to keep the electron moving 
in the same circular orbit at the smaller veloc¬ 
ity. The simplified analysis given above is a special case of a very famous 
theorem due to Larmor which will be discussed in greater detail in 
Chapter 8. 

Suppose that the velocity of the electron has been increased to v\ by 
the application of the magnetic field of intensity H ; then the force F // due 
to the magnetic field is 

F h = Hev i = Heojir 



where 

The symbol // is frequently used rather than B, since the space between the 
constituent particles of an atom is a vacuum, and in the em system of units, 
the permeability n = 1, so that B = H. Since this force is directed toward 
the center, the total force acting radially is 

F 0 -f- F h = mJ[r. 

Substituting the values for F 0 and F//, we get 

mwjr -|- Heu)\r = mJ\r. (•) 


Solving equation (8) for mi, we get 



It can be shown that 



«:4c4; 


2 
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eH 

= ^ 


(*) 


therefore we can write 

Only the positive sign is retained since the effect of the magnetic field is 
small and can produce only a slight change in the magnitude of the angular 
velocity. If the charge should be rotating in the opposite direction, its 
angular velocity will be decreased by the amount eH/2m, so that, in genera , 
its angular velocity will be 

( 10 ) 


0) 


eH 
“ 0± 2m 


This equation may be put in terms of the frequency of rotation with the 
aid of the equations 

o) = 2w 




2ir*' 0 , 


where v is the frequency corresponding to the angular velocity a>. Equation 
(10) then becomes 


OD 



The quantity e///4irm, where e is in electromagnetic units, is called the 
normal Zeeman separation in a magnetic field of intensity //. The quantity 
e /m can thus be determined from a measurement of the normal Zeeman 
separation of a single spectrum line. Most recent determinations of e/m 
from measurements of the Zeeman effect yield 


- = 1.759 X 10 7 
m 


emu 

gm 


» 


which is practically identical with the value of e/m obtained for electrons 
by means of electric and magnetic deflection experiments. 

To compare prediction with experimental observation, consider the 
direction of the magnetic field H as that of the positive x axis; the current 
in the electromagnet producing this field can be represented as circular in 
the Y-Z plane, as shown in Figure 4-6. In the actual source of light, the 
atoms will have all possible orientations. Since light is a transverse wave 
motion, only those components of the acceleration of the electron which are 
perpendicular to the line of sight will be effective in sending radiation in this 
direction. Those electrons moving in orbits parallel to the Y-Z plane will 
have their frequencies increased or decreased by an amount eH/Airm. Any 
uniform circular motion can be resolved into two simple harmonic vibra- 
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tions at right angles to one another and differing in time phase by a quarter 
of a period. If the light coming from these electrons is viewed along the 
z axis, only the y component of the vibration will be observed and the 
frequencies will be 



eH 

(12) 


Vo + Arm 


eH 

(13) 

and 



Since only the y component of the acceleration is effective in sending light 
in this direction, these components will be linearly polarized with the 



Fio. 4-6. The direction of vibration of the components of a spectral line exhibit¬ 
ing the normal Zeeman effect in relation to the direction of the current producing the 
magnetic field. 

direction of vibration perpendicular to the magnetic field. If the light is 
viewed along the x axis, both the y and z vibrations will be effective in 
sending out radiations and the two component lines will be circularly 
polarized. Experiment shows that the higher frequency component is 
circularly polarized in the same direction as that of the current in the elec¬ 
tromagnet. An analysis of the direction of the force due to the magnetic 
field shows that only a negative charge rotating in the same direction as 
that of the polarization can have its frequency increased by the magnetic 
field (see Figure 4-6). The component of lower frequency is circularly 
polarized in the opposite direction and again must be due to a negative 
charge routing in this direction. Thus it appears that the light emitted by 
an atom originates in negatively charged particles for which the value of 
e/m is identical with that observed for electrons. 
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. „ *k 0 nnHpviated component of frequency vq } 

To explain the presence of t &xis gi nce the motion 

consider those vibrations whic are pa magnetic field, there will 
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be no additional force acting on it and its JjjW fa vfawed per . 
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to the direction of vibration of the charge. 


4-4. Photoelectric Effect 

The photoelectric effect was first observed by Hertz it i hu, work on^the 
production of electromagnetic waves. Hertz noted that the * ht 

gap became a better conductor when it was illuminated by ultraviolet g 



Fio. 4-7. Experimental arrangement for measuring the photoelectric current. 


from an arc lamp. Hallwachs (1888) found that when ultraviolet light was 
incident on a negatively charged zinc surface, the surface lost its charge 
rapidly. If the surface was positively charged, there was no loss of charge 
under the action of the light. A neutral surface became positively charged 
when illuminated by ultraviolet light. It is evident that only negative 
charges are emitted by the surface because of the action of the ultraviolet 
light. Measurements of c/m for these negative charges by the usual electric 
and magnetic deflection methods show that these charges are electrons. 

A typical arrangement for the study of the photoelectric effect is 
shown in Figure 4-7. A glass tube has a quartz window W sealed onto it to 
permit ultraviolet light to enter the tube. P is the photoelectric surface to 
be investigated and C is a hollow cylinder to collect the electrons emitted 
by P. A small hole in the base of the cylinder permits light to reach the 
plate P. In this type of work it is very important that the surface of the 
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plate P be as clean as possible. Not only must the air be pumped out of the 
tube; the entire tube must be baked during the pumping operation to get 
rid of as much gas as possible if the results of the experiment are to have 
any quantitative significance. Further, to ensure that no electrons come 
from the cylinder C because of the action of scattered light, C is usually 
coated with copper oxide or some other substance which is comparatively 
insensitive photoelectrically. However, when C and P are made of different 
materials, it is found that a contact difference of potential exists between 
them. This contact difference of potential may be of the order of one or 
two volts. If the contact difference of potential between C and P is such as 
to make C negative with respect to P, it will oppose the motion of the elec¬ 
trons. In all photoelectric experiments correction must be made for this 
contact difference of potential. In the discussion which follows, the values 
of the potential difference between C and P have been corrected for this 
effect. 

When light from some source such as a quartz mercury arc lamp is 
incident on the plate P, the electrons emitted by the plate are collected by 
the cylinder C. A difference of potential is maintained between P and C by 
means of a potentiometer arrangement, and the photoelectric current is 
measured by a sensitive galvanometer G. The photoelectric current is 
found to depend upon two factors: (a) the intensity of the incident light, 
and (b) the wavelengths of the incident beam. To determine the effect of 
each of these factors, monochromatic light of known wavelength must be 
used. There are two points of interest in the photoelectric effect: one is the 
velocity with which the electrons are emitted by the surface; the other is 
the number of electrons emitted under known conditions. 

4-5. Velocity of the Photoelectrons 

If monochromatic light of wavelength X and intensity / is incident upon 
the surface P , the electrons emitted from the surface will be acted upon by 
the electric field between the plate P and the collecting cylinder C. With a 
potentiometer arrangement, the electric field can be varied by varying the 
difference of potential between P and C. If C is made positive with respect 
to the plate, the electrons will be accelerated toward C; if C is made nega¬ 
tive, the electrons will be retarded. The current, as registered by the 
galvanometer, is proportional to the number of electrons per second reach¬ 
ing the cylinder. If the photoelectric current i is plotted against the differ¬ 
ence of potential V between C and P, as shown in Figure 4-8, it is found 
that for all positive values of V the current is constant, but as C is made 
negative with respect to P, the current decreases rapidly and becomes zero 
at some value F 0 . If the intensity of the monochromatic beam of light is 
increased from I\ to / 2 , and the experiment is repeated, the photoelectric 
current is increased in the same ratio for all values of V. As V is made 
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Fig. 4-8. Curves of the 

photoelectric current produced 
by monochromatic beams of light 
of two different intensities. 



second emitted by the surface P is directly proportional to the intensity 
the incident beam of light. The fact that the stopping potential Vo is 
independent of the intensity of the beam can be interpreted only b V a ®® u 
ing that the kinetic energy of the electrons emitted by the surface does no 
exceed a certain maximum value give by 


V 0 e = \mv‘ 


ronx- 


04) 


Those electrons which leave the surface with kinetic energies less than the 
maximum are stopped by smaller values of the potential difference. This 
explains the decrease in the current when the potential difference between 
C and P is made negative. 

The dependence of the stopping potential on the wavelength of the 
light was investigated by Millikan (1916) in a series of very careful experi¬ 
ments using sodium and potassium as the photoelectric surfaces. The sur¬ 
faces were illuminated by light of different wavelengths. The stopping 
potential, V 0t was determined for each particular wavelength. The results 
of Millikan’s experiments can best be represented in a graph, I' igure 4-9, in 
which V 0 e is plotted against the frequency, *», of the light incident upon the 
given surface. The curve is a straight line given by the equation 

V 0 e = \mv 2 ma x = h(v — v Q ) = hv — hv o, (is) 

where h is the slope of the line and v 0 is the smallest frequency which can 
cause the emission of an electron from the surface. The frequency v 0 is 
known as the threshold frequency and depends upon the nature of the sur- 
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face. The slope h, however, is a constant which is independent of the nature 
of the surface. This constant h is known as the Planck constant and plays an 
exceedingly important role in atomic phenomena. The value of the Planck 
constant h determined photoelectrically depends upon the value of the 
electronic charge. Using the early value e = 4.77 X 10 -10 esu, Millikan 


Fio. 4-9. Dependence of the stopping po¬ 
tential on the frequency of the incident radiation. 


found that h = 6.55 X 10 -27 erg seconds. More recent determinations of 
this constant, particularly from measurements of the short wavelength 
limit of the continuous x-ray spectrum, have yielded more precise values 
for the Planck constant. The present accepted value is 

h = G.625 X 10“ 27 erg sec. 

4-6. Einstein's Photoelectric Equation 

The direct dependence of the energy of the photoelectron upon the fre¬ 
quency of the incident light cannot be explained by the electromagnetic 
wave theory of light. On this classical theory there should be a relationship 
between the intensity of the incident light and the energy of the photo- 
electron. The intensity of an electromagnetic wave depends upon the square 
of the amplitude of the electric vector and is independent of the frequency 
of the light. To explain the photoelectric effect, Einstein (1905) made use 
of the concept of a quantum of energy, a concept which was first introduced 
into physics by Planck (1900), in order to explain the distribution of energy 
among the various wavelengths in the radiation from a "black body” at 
temperature T. According to Planck’s theory, whenever radiation is 
emitted or absorbed by such a body, the energy is emitted or absorbed in 
whole quanta, where a quantum of energy is given by 

(16) 

in which v is the frequency of the radiation and h is the Planck constant. 
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e llfih a quantum of energy has since received the name photon. The energy 
f nuantum or a photon is directly proportional to the frequency of the 
° Nation. In Einstein’s explanation of the photoelectric effect, the entire 
of a photon is transferred to a single electron in the metal, and when 
the electron comes out of the surface of the metal it will have an amount of 
kinetic energy given by 



(17) 


Equation (17) is known as Einstein’s photoelectric equation and is identical 
with equation (15) if p = hv 0 . 

The photoelectric effect is not confined to the action of light upon 
metallic surfaces. It can occur in gases and liquids as well as in solids. The 



Fio. 4-10. Distribution of energies among the conduction electrons of a metal at 
0°K and at 1500°K. 

nature of the light effective in producing the photoelectric effect includes 
the whole range of electromagnetic waves from the very short gamma rays 
and x-rays down into the infrared region of wavelengths. r I he quantity p 
should yield valuable information concerning the origin of the photo¬ 
electrons. For example, in the case of the surface photoelectric effect in 
conductors, it was assumed that p is equal to the work done by the electron 
in getting through the surface of the metal. According to the modern 
theory of electron conduction in metals, originally developed by Sommer- 
feld, the conduction electrons have a wide range of energy values inside the 
metal. The energy distribution of the conduction eiectrons, based upon a 
statistical theory developed by Fermi and Dirac, is shown in the graph of 
Figure 4-10, in which the number of conduction electrons within a given 
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energy range is plotted against the energy. The energy range depends only 
slightly upon the temperature of the conductor. At 0°K, the theory predicts 
a sharp upper limit for the energy of the conduction electrons given by 


h^(3 n\ 2 ' 3 

m “ 2m \8ir/ 


(IB) 


where h is the Planck constant, m the mass of the electron, and n the 
number of free or conduction electrons per unit volume. At higher tem- 
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Fio. 4-11. Energies of conduction electrons inside a metal lie between 0 and £ m . 
A photon of energy hv ejects an electron with kinetic energy \mv 2 \ another photon ol 
equal energy ejects another electron with maximum kinetic energy. 


peratures, there is a slight change in the energies and their distribution 
among the electrons having high energies, as shown in the distribution 
curve for the conductor at 1500°K. 

For the purposes of this discussion we may consider the distribution of 
energy among the free electrons in a conductor at room temperature to be 
almost the same as one at absolute zero. Figure 4-11 is a schematic diagram 
of the possible energy values of a free electron near the surface of a con¬ 
ductor. Let be the energy required to remove an electron of lowest 
energy from the metal. Let 6, be the energy of any one of the free electrons; 

can have any value from zero to & m . Suppose that a photon of energy hv 
is incident on this surface and causes the ejection of an electron. The elec¬ 
tron will leave the surface of the metal with the amount of kinetic energy 
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inside the metal; thus 

\mv= hv - (6, — &m)- ^ 

A comparison of equations (17) and (20) shows that 

p = &, — — hro- ^ 

The quantity p is usually called the work function of the metal; its 
numerical value is of the order of a few electron volts for mos conductors 
and is the same as the work function for thermionic emission from these 
metals At higher temperatures the distribution of energies among the 
free electrons does not have a sharp maximum; hence the curve for the 
stopping potential should not cut the V axis at To. but should approac 
TJ asymptotically. This has been observed in careful measurements 

on the photoelectric effect .jf 

4-7. Phototubes 

The simple photoelectric tube, consisting of a photosensitive surface use 
as a cathode and a metal in the form of a wire or other geometrical shape 
acting as the anode to collect the electrons emitted by the cathode, has 
come into common use for a great variety of purposes. The photoelectric 
current may be amplified with the aid of appropriate circuits utilising 
thermionic tubes, so that very weak light signals can produce measurable 
effects. Within the past few years special phototubes, known as photo¬ 
multiplier tubes, have been developed in which the amplification takes 
place within the phototube itself. The design of a photomultiplier tube is 
shown schematically in Figure 4-12 in which P is the photosensitive 
cathode. Light striking P causes the ejection of photoelectrons from it; 
these electrons are then attracted to a metal surface called a dynode and 
labeled 1 in the figure. It is known that an electron striking a metal surface 
with sufficient velocity can cause the ejection of one or more electrons from 
the surface. This process is called secondary emission. 

Suppose that a photoelectron striking dynode 1 produces R electrons 
by secondary emission; these secondary electrons are then directed toward 
a second dynode 2, by making its potential higher than that of dynode 1. 
Suppose that R electrons are again ejected by secondary emission for each 
incident electron; then for each electron emitted by the photosensitive 
surface there are now R 2 electrons. If the tube consists of n dynodes, eac h 
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+ 100V. +300V. +500 V. 



+200 V. +400 V. +600 V 


Fig. 4-12. Schematic diagram illustrating the operation of a photomultiplier 
tube. Four secondary electrons are assumed to be emitted for each electron striking 
a dynode. 


INTERNAL CONDUCTIVE 
COATING 



1 -10 : DYNODES 
11 : ANODE 


Fig. 4-13. Schematic diagram showing the arrangement of the electrode structure 
of a photomultiplier tube. (Courtesy of RCA, Victor Division.) 
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successive dynode at a sutebly Mode^photomultiplier 

the multipUcaU°n fae^ r of the^ube wdl bj^ from the nth 

tubes have from 10 to lb d y noa ® , tQ some detecting circuit, 

dynode go to the anode , rom photomultiplier tube can be 

ArTidea of the VSS. . - 1". Than Ih. 

obtained by setting photomultiplier tube is thus 

details of such a tube are shown in Figure 4-13. 


4-8. Scintillation Counters 

iSSSKl 

strike a zinc sulfide screen and then observe the scintillations on the scree 

irons. The action of the photomultiplier then increases the tota! cha«je 
by a factor of 10 6 or greater; this charge, when fed to a capacitor, will build 
up a potential difference whose value can be measured with a suitable 
circuit. The circuits used are such as to produce a pulse of a given amplitude 
or “height" when the capacitor is charged by the electrons from the photo¬ 
multiplier. An oscilloscope is usually incorporated in the circuit for viewing 
the pulses produced as a result of the scintillations of the phosphor. 1 hese 
pulses are also fed into a counting circuit and scalar so that the number of 
scintillations can be counted; hence the name scintillation counter. The 
height of the pulse produced by a scintillation counter is proportional to 
the energy of the incident particles and, in any given case, is usually 


calibrated with particles of known energy. 

Although a thin zinc sulfide screen is suitable for alpha-particle count¬ 
ing, phosphors having a large volume must be used for the more penetrating 
particles and radiation, such as beta rays, gamma rays, high energy pro¬ 
tons, and so forth. Furthermore, these phosphors must be transparent so 
that the scintillations can reach the photomultiplier. Since the light pro¬ 
duced in the phosphor can travel in all directions, the phosphor is frequently 
covered with a thin layer of aluminum, except for the face near the photo¬ 
cathode. The incident radiation will penetrate the aluminum very readily, 
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while the visible radiation produced in the phosphor will be reflected from 
it one or more times until it reaches the photocathode, as illustrated in 
Figure 4-14. 

A wide variety of organic materials, some solid and others in liquid 
form, has been found suitable as phosphors. Among them are anthracene, 
naphthalene, and stilbene. Some inorganic substances have also been found 
to be suitable as phosphors. In addition to zinc sulfide, sodium iodide 



Fio. 4-14. Light coming from a scintil¬ 
lation S may be reflected many times to reach 
the photocathode of the photomultiplier tube. 


crystals activated with thallium, Xal (Tl), and potassium iodide crystals 
with thallium. KI (Tl), have found wide application in scintillation 
counters. The usefulness of a phosphor as a scintillation counter depends 
upon the short duration of the light pulse, of the order of 10 -8 second, 
produced by an incident particle so that many scintillations can be counted 
in a short time. Counting rates of several thousands per second are quite 
common. Suitable circuits have l>een designed to sort out particles within a 
given energy range so that the distribution in energy of the incident radia¬ 
tion may be measured. W. H. Jordan and P. R. Hell, who incorporated a 
pulse-sorter circuit in their scintillation counter, call the arrangement a 
scintillation spectrometer. 

Scintillation counters are rapidly superseding Geiger counters in the 
study of the many different types of particles that have been discovered in 
work in nuclear physics. We shall refer to them at appropriate places in 
the book. 
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4-9. Cerenkov Radiation 

s=—ss=l:g3s 

M&SS5* “ * - *« *— - ” li “ lh ” 

electron given by 


cos 0 = — 

ixv 


where „ is the index of refraction of light and v the velocity of the electron 
in this medium. An electron moving through a substance loses most of its 
energy in ionization and excitation of the atoms. In these processes the 
electron itself experiences small accelerations and hence radiates energy i^ 
the form of electromagnetic waves. Since these waves or.gmati at-different 
points along the path of the electron, radiant energyw.lbe tervdj 

if the waves from the different points reinforce each otter The 'condition 
for reinforcement of the waves by interference can readily be dented with 
the aid of Figure 4-15. The electron beam enters the transparent medium 
at M and continues along the path MAR. The electron radiates energy in 
all directions from the points along this path. Using the Huygens construc¬ 
tion, we obtain the wave front BD, where the distance AD is c(/m and 
AB = vt where l is the time taken by the electron to reach point B. Horn 
the figure it follows that the radiation will travel in a direction such that 


c 

cos 0 = — • 

The Cerenkov radiation was investigated by G. B. Collins and V. G. 
Reiling (1938), using a beam of electrons of 1.9 Mev energy incident upon 
a series of thin films of various transparent substances such as glass, water, 
mica, and cellophane. They photographed the pattern of the emitted light 
and found the intensity to be a maximum in the direction given by the 
above equation. They also examined the emitted light spectroscopically 
and found the spectrum of the Cerenkov radiation to be continuous and to 
extend from the long wavelength limit of the apparatus usually > 5000 
angstroms, down to the ultraviolet absorption limit of the medium in 
which it was produced. H. 0. WyckofT and J. E. Henderson (1943) extended 
the work of Collins and Reiling to slower electrons, with energies ranging 
from 240 kev to 815 kev. Using mica as the transparent medium, they 
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obtained results in agreement with the predictions of Frank and Tamm 
concerning the direction of emission of the Cerenkov radiation. 

Cerenkov radiation is becoming increasingly useful as a detector of 
high energy charged particles. The only condition imposed upon these 



Fig. 4-15. Direction of propagation of Cerenkov radiation relative to the direc¬ 
tion of motion of the electrons in a transparent medium. 

particles is that their speeds be greater than the speed of light in the same 
medium. In any given medium the angle of emission 0 is determined only 
by the velocity of the particle; hence the detection of the Cerenkov radia¬ 
tion is a convenient method for measuring the velocities of high energy 
charged particles. 

Problems 

4-1. An x-ray tube is operated at a difference of potential of 50 kv. Electrons 
striking the silver target with maximum kinetic energy are completely stopped in 
10 -6 cm of silver. Assuming that the acceleration is uniform, calculate the rate 
at which electromagnetic energy is radiated from the electron. 

Ans. 0.44 erg/sec. 

4-2. A calcium arc is placed between the poles of an electromagnet. The line 
X = 4226.7A is found to exhibit the normal Zeeman pattern in a field of 30,000 
eausses. Calculate (a) the difference in frequencies between the displaced and 
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undisplaced components, and (b) the difference in wavelengths between these 
components. Ans ( a ) 4.2 X 10 10 sec" 1 . 

(b) 0.25A. 

“I;! - - 

C0P ^ C £^£:1 S , calculate the work done in taking an electron 
through the surface of the copper. ^ (a) 2665A. 

(b) 11.2 ev. 

(c) 16.8 ev. 

4.4 The photoelectric threshold of tungsten is 2300A. Determine the energy of 
the”electrons ejected from the surface by ultraviolet hght of wav^ngth lKOOA. 

4_ 6 (a) Calculate the minimum velocity that electrons must possess in order 

to produce visible radiation when passing through_gl«»'lex of f^ 

1 5 (b) Determine the kinetic energy of such electrons, (c) If 

of this energy goes through a thin sheet of such glass, at what angle wrll the hght 

be emitted relative to the direction of the beamT^ ^ 2 x 1Q10 cm scc . 

(b) 0.17 Mev. 

(O 0°. 

4-6. A beam of electrons of kinetic energy 0.8 Mev travels through a transparent 
substance whose index of refraction is 1.40. Calculate the angle at whrch Cerenkov 
radiation will be observed relative to the direction of the beam.^ ^ ^ 

4-7. A beam of electrons traveling through a glass of index of refraction 1.50 is 
observed to emit Cerenkov radiation at an angle of 40 to the electron beam. 
Determine the kinetic energy of the electrons. 

Ans. 0.5o Mev. 

4-8. A stream of protons of 200 Mev kinetic energy is traveling through a 
transparent crystal whose index of refraction is 1.80. (a) Calcu ate the velocities 
of the protons, (b) Determine the angle that the beam of Cerenkov radiation will 
make with the proton beam. 

Ans. (a) 0.566c. 

(b) 11.0°. 

4-9. A stream of protons is sent through a transparent crystal whose index of 
refraction for light of 5000A is 1.85. Cerenkov radiation of this wavelength is 
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observed at an angle of 14° to the proton beam. Determine (a) the velocity of the 
protons, and (b) their kinetic energy. 

Ans. (a) 0.557c. 

(b) 192 Mev. 

4-10. A stream of protons traverses a piece of glass whose index of refraction 
for light of 5000A is 1.70. Cerenkov radiation of this wavelength is observed at an 
angle of 25° to the proton beam. Determine the kinetic energy of the protons. 

Ans. 295 Mev. 
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X-Rays 


5-1. Discovery of X-Rays 

X-iays were discovered by Roentgen in 1895. He found that the operation 
of a cathode-ray tube produced fluorescence in a platinum-bar y 
screen^ placed afsome distance from the tub. The source of the.rays causing 
this fluorescence was traced to the walls of the cathode-ray • 
experiments he found that the interposition of various 

ferent substances between the screen and the tube reduced the ntensay of 
the fluorescence but did not obliterate .t completely. Th.s sl o " c ^ at 
these x-rays, as Roentgen called them, had very great penetratmg power 
It was also found that these rays could blacken a photographic plate and 

C ° U 'The'x-ray s g ^r Roentgen rays, traveled in straight lines from the source 
and were not deflected in passing through electnc or magnetic fields 1 hey 
were thus not charged particles. Roentgen tried to reflect and refract them 
but without success. Haga and Wind, in 1899. sent a beam of x-rays through 
a narrow aperture; they actually succeeded in getting a diffraction pattern 
but the effect was so small that their results were not generally accepted 
as conclusive. It was not until 1912 that the wave nature of x-rays was 
definitely established by Laue’s experiments on the diffraction of x-rays by 
crystals. Barkla’s experiments on the polarization of x-rays established the 
fact that these rays were transverse waves similar to light waves. 


5-2. Production of X-Rays 

X-rays are produced whenever fast-moving electrons strike a substance. In 
Roentgen’s experiment the cathode rays struck the walls of the tube so 
that the glass wall became the source of the x-rays. The gas-filled type of 
x-ray tube is a modification of the cathode-ray tube. Instead of allowing 
the cathode rays to strike the walls of the tube, the cup-shaped cathode C 
focuses them onto a metal target T, as shown in Figure 5-1. The gas pressure 
in the tube is of the order of 0.001 mm of Hg, and the difference of potential 
between the cathode and target is usually of the order of 30,000 to 50,000 
volts. The electrons from the cathode are stopped by the target, which then 


121 




122 X-Rays 


§ 5-2 

becomes the source of x-rays. These x-rays proceed in all directions from 
the target. 

The Coolidge type of x-ray tube is a thermionic tube in which the 
cathode is a tungsten filament; one modern design of a Coolidge tube is 
shown in Figure 5-2. When the filament is heated to incandescence by means 



Fig. 5-1. Gas-filled type of x-ray tube; C is the cathode and T is the target. 


of a current supplied either by a storage battery or by a step-down trans¬ 
former, electrons are emitted by the filament. These electrons are accel¬ 
erated to the target by a difference of potential maintained between them. 
The filament is placed inside a metallic cup in order to focus the electrons 



onto the target. The tube must be highly evacuated so that no electric dis¬ 
charge can take place in the residual gas under normal operating conditions. 
One great advantage of the Coolidge type of tube is that the emission, and 
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^"cooUdgetraylu^have been designed to operate at voltages which 
range from a few hundred volts to about erne mdhon^volt, 

from a few hundred volts up to one hundred thousand vo s. 

' °"L„ n tvoe of high-voltage source is the step-up transformer with its 
secondary coil well insulated from the P^ary coii n the ac votage> from 

the secondary is applied directly across the cathode and the taige 

x ray tube the tube acts as its own rectifier, that is, current flows m^he 
tube only during that half of the cycle in which the target is positive with 
respect to the cathode. In those experiments in which it is necessary to 
have a constant direct current through the tube the transformer terminals 
are connected to a rectifier circuit consisting of two or more hig - * 

rectifiers together with a large capacitor and inductance coils. The rectified, 

constant dc voltage is then applied to the x-ray tube r , fimn ., ra , ive lv 

When an x-ray tube is to be operated continuously w,th compa ^.vdy 
large amounts of power, special arrangements must be made for cool.ng the 
target. One common method of doing this is to mounttheUrgetmatcria 
on a hollow copper tube and to circulate water through this tube Almost 
^ny substance cm. be used as the target of an x-ray tube, depending upon 
the problem under investigation. The targets of general-purpose x-ray 
tubes usually are made of tungsten or molybdenum because these metals 


have high melting points. 

An entirely new type of x-ray tube has recently been developed by 
D W Kerst (1941); this tube is called a betatron. In the older type ot 
x-ray tubes, the electrons which strike the target acquire their energy by 
the application of a high voltage between the filament and the target. In 
the betatron, the electrons acquire their energy by the action of the lorce 
exerted on them by the electric field which accompanies a changing mag¬ 
netic field. Some betatrons now in operation (1954) accelerate electrons so 
that they have energies up to 100 Mev when they strike the target and 
produce x-rays. These x-rays have been used in nuclear experiments as 
described in Chapter 11. The mode of operation of the betatron will be 
described in greater detail in Chapter 16 on particle accelerators. 


5-3. Measurement of the Intensity of X-Rays 

The intensity of a beam of x-rays may be measured by any one of its 
effects, such as the blackening of a photographic plate, the rise in the tem¬ 
perature of a piece of lead which absorbs these rays, or by the ionization 
produced in a gas or vapor. 

The ionization chamber is commonly used for measuring the intensity 
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of x-rays; it makes use of the ionization produced in a gas or vapor by the 
passage of x-rays through it. A typical ionization chamber is shown in 
Figure 5-3. It consists of a metal cylinder C containing some convenient 
gas or vapor such as air or methyl bromide, at about atmospheric pres¬ 
sure. A metal rod R , insulated from the cylinder, runs parallel to the axis 
of the cylinder. The x-ray beam enters the chamber through a thin win¬ 
dow IF, usually made of mica or thin aluminum, and ionizes the gas in the 
chamber. A battery B maintains a difference of potential between R and 
C so that the ions are set in motion toward C and R just as soon as they 
are formed. This ionization current is measured by the electrometer E. 


W 


X-ray beam 




t 


B 


HII'KbH 


Fig. 5-3. Ionization chamber 
and electrometer for measuring the 
intensity of x-rays. 


Experiment shows that the ionization current is directly proportional to 
the intensity of the x-ray beam. 

The intensity of the x-rays coming from any tube has been found to 
depend upon the element used as the target, the power supplied to the 
tube, and the difference of potential between the target and cathode. 

The Geiger counter tube, originally developed for the counting of 
alpha particles (§3-4), has also been adapted for measuring the intensity 
of x-rays. Another device which is coming into great use, particularly for 
the measurement of x-rays from high-voltage sources, is the scintillation 
counter (§4-8). In this device, the x-rays are allowed to penetrate a trans¬ 
parent crystal or liquid in which the energy of the x-radiation is trans¬ 
formed into visible fluorescent radiation. This radiation is then incident 
on the sensitive surface of a photomultiplier tube. The photoelectric cur¬ 
rent thus produced cau be amplified and measured with appropriate cir¬ 
cuits. 


5-4. Diffraction of X-Rays 

The explanation of the origin of x-rays on the basis of classical electro¬ 
dynamics is that x-rays are emitted in the form of electromagnetic pulses 
or groups of waves when the electrons are stopped by the target of an 
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line, then a first-order image whieh is dev.ated by about 20 from the 
original direction, and farther on a second-order image, and so on. An 
analysis of the action of the grating shows that the spacing between t 
lines ruled on the grating should be of the order of magnitude of thewwj 
length of the light used. The results of the early experiments on the dif¬ 



fraction of x-rays indicated that their wavelengths were of the order of 
10- 8 or 10- 9 cm. It occurred to M. von Laue (1912) that the ordered ar¬ 
rangement of atoms or molecules in crystals fulfilled all the conditions 
essential for the diffraction of such short wavelengths. The spacing be- 
tween these atoms or molecules was known to be of the order of 10 cm. 
A crystal differs from an ordinary diffraction grating in that the diffract¬ 
ing centers in the crystal are not all in one plane; the crystal acts as a 
space grating rather thaji as a plane grating. 

Following Laue’s suggestion, Friedrich and Knipping carried out the 
following experiment. A narrow pencil of x-rays was allowed to pass 
through a thin crystal of zinc blende (ZnS). The emergent beam fell on a 
photographic plate P, as shown in Figure 5-4. The diffraction pattern ob¬ 
tained consisted of the central spot at 0 and a series of spots arranged in 
a definite pattern about O. 

Figure 5-5 is a photograph of the Laue diffraction pattern obtained 
by passing a narrow pencil of x-rays through a thin crystal of rock salt 
perpendicular to its cleavage planes; these cleavage planes are parallel to 
a surface along which a crystal can be readily split or broken. From a 
knowledge of the structure of the crystal, some of the wavelengths in the 
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incident radiation could he computed. A simple interpretation of the dif¬ 
fraction pattern was given by \V. L. Bragg. He assumed that the dilTruc¬ 
tion spots were produced by x-rays which were scattered from certain sets 



Fio. Photograph „f I.auc diffraction pattern of rocksalt. (From photograph 

by J. C.. Dash.) 

of parallel planes within the crystal, which contained large numbers of 
atoms. That sonic planes are richer in atoms than others can he seen by 

considering a two-dimensional array of 
points, and drawing lines through these 
points, as in Figure These lines cor¬ 
respond to planes in a three-dimensional 

crvstal. 

• 

It is easy to derive the condition 
under which the x-rays scattered from a 
series of atomic planes will produce an 
intense spot. Consider a series of parallel 
atomic planes spaced a distance </ apart. 
Suppose a narrow beam of x-rays from 
some source is incident upon these planes 
at an angle 0 . as shown in Figure 5-7. The 
beam will be scattered in all directions bv 
the atom' in the various atomic planes. Let 
us 11 ist consider the x-rays scattered by any 
one plane. Following the usual Huygens 
construction, it can be seen that the scattered beam will have a maximum in¬ 
tensity at an single# to this plane which iseipial to theangleof incidence. Fig¬ 
ure 5-Kshows a portion MX of the incident wave front advancing to RQ, thus 


/ 



Fw. < >rieiit:iii>»ti in a 

crystal '»! “•in*- pin 11*\\Ki* li ah' 
r»**li in atoms. 





§5-4 


Diffraction of X-Rays 127 


causing the atoms between M and Q to send out wavelets in all direetions. 
These wavelets produce a wave front QR, the reflected wave, which ad- 



Fio. 5-7. “Reflection” of x-rays from atomic planes. 



Fig. 5-8. Plane wave front MN advancing toward PQ is reflected by atoms 
between M and Q to form the reflected wave front RQ —Huygens construction. The 
angle of incidence and the angle of reflection are equal. 


vances along the direction MR. This is identical with ordinary optical re¬ 
flection and is independent of the wavelength of the x-rays or of the 
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spacings of the atoms in the plane. However, if we now consider the effect 
of the reflections from a set of parallel planes spaced a distance d apart, 
then the wavelets from the atoms in the different planes will reinforce 
each other and produce maximum intensity only if they meet in phase. 
The condition under which reinforcement occurs can be derived by con¬ 
sidering a small portion of the beam which is incident at an angle 0 to the 
planes of the crystal and then reflected at this same angle. Consider two 
rays such as I and //, which are scattered by two particles A and B in 
adjacent planes as shown in Figure 5-7. Ray II travels a longer path than 
ray /; this difference in path is evidently CB + BD. The spacings are 
greatly enlarged; actually these two rays are so close together that they 
produce a single impression on a photographic plate. Whenever the dif¬ 
ference in path CB -f BD is a whole wavelength, X, or a whole multiple 
of the wavelength, n\, then the waves will reinforce each other and pro¬ 
duce an intense spot. The condition for reinforcement is thus 

CB + BD = nX, 


and from the figure 

CB = d sin 0 

and 

BD = d sin 0; 

hence 

nX = 2d sin 0. 


0 ) 


This is known as the Bragg equation and gives the condition for the re¬ 
flection of x-rays from a series of atomic planes. The Bragg equation is 
essentially a restrictive condition on the appearance of intense maxima in 
the scattered beam of x-rays. A more extensive analysis would show that 
no other intense maxima exist than those predicted by the Bragg equation. 
If the distance between atomic planes is known, the wavelength of the 
x-rays which produce intense maxima upon reflection by the crystal can 
be calculated by using the Bragg equation; or the converse, using x-rays 
of known wavelengths, distances between atomic planes can be computed. 

In the Bragg equation n is always an integer. When n = 1, the dif¬ 
ference in path between waves reflected from any two adjacent planes is 
one wavelength. For this case, 


X = 2d sin 0! 

gives the condition for the first-order reflection of wavelength X from the 
crystal. For n = 2, the equation becomes 


2X = 2d sin 0 2 ; 
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that is, the second-order reflection of the same wavelength will occur at a 
lartrer angle of incidence and reflection, 0 2 • , 

g The analysis used in deriving the Bragg equaUoncan nowb use d to 

explain the I.aue diffraction pattern. The x-rays wh.ch 

tal are scattered from the different atomic d.ffract.on centers. We canco 

struct sets of parallel atomic planes inside the crystal as shown in T gu 



Fio. 5-9. Reflection of x-rays from sets of atomic planes within a crystal to 
produce the Laue diffraction pattern. 

and apply the Bragg equation to each set of parallel planes. The value of 
the incident angle will be different for each set of planes, and each set of 
parallel planes will have its own particular value for the distance d, but 
these distances will be related in a simple way to the distance between 
planes which are parallel to the cleavage face because of the geometry of 
the crystal. The x-rays scattered from any set of parallel planes will rein¬ 
force each other only if the particular wavelength which will satisfy the 
Bragg equation is present in the incident beam. Furthermore, an examina¬ 
tion of Figure 5-9 will show that there are comparatively few sets of parallel 
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planes which are sufficiently rich in atoms to produce intense diffraction 
spots. Hence, even if the incident radiation contains a wide range of wave¬ 
lengths, which is the most common method of producing a Laue pattern, 
the number of intense diffraction spots produced will be small in spite of 
the large number of atomic diffraction centers in the crystal. 

5-5. Single Crystal X-Ray Spectrometer 

The Laue diffraction patterns are very complex and difficult to interpret. 
Instead of using a crystal as a transmission grating, Bragg set up the crys¬ 
tal as a reflection grating. A typical experimental arrangement is shown in 
Figure 5-10. Two lead slits, S\ and S 2 , define a narrow beam of x-rays 
coming from the target T. This beam of x-rays strikes the crystal C at 



Fig. 5-10. Single crystal x-ray spectrometer, with photographic plate. 


some angle 0, and is reflected by it to the photographic plate P. The crystal 
C is mounted on a spectrometer table and can be rotated so that the glanc¬ 
ing angle 0 may be varied. 

At each particular setting of the crystal only the particular wave¬ 
length X which satisfies the Bragg equation 

n\ = 2d sin 0 

will be reflected to the photographic plate. As the crystal is rotated, other 
wavelengths will be reflected by the crystal. In this way a spectrum of the 
incident beam is obtained. The spectrum may consist of several orders. If, 
in the Bragg equation, nX = 2d sin 0, n has the value unity, the spectrum 
is said to be a first-order spectrum; if n = 2, a second-order spectrum is 
obtained, and so on. 

In many experiments, the photographic plate is replaced by an ioni¬ 
zation chamber, a Geiger counter, or a scintillation counter, which can be 
rotated about the same axis as the crystal. 
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The choice of crystal to be used in an x-ray 
mined by several factors, such as the range of wavelengths to be 
the ease with which a good surface can be obta.ned, and the reflecting 
power of the crystal. Crystals most commonly used are cak^te, quartz and 
rocksalt It is obvious that for use in measuring x-ray wavelengths, the 
distance d between atomic planes in the crystals must be known from other 
data. Sufficient data can be obtained from crystallographic studies ior 
some of the simpler crystals, such as rocksalt and calcite, for an indepe 
ent determination of the spacing between atomic planes. 



Fio. 5-11. Arrangement of sodium ions and chlorine ions in a sodium chloride crystal. 

5-6. The Grating Space of Rocksalt Crystals 

The distance between atomic planes, or the grating space of a crystal, can 
be calculated when the structure of the crystal is known. Rocksalt, one 
of the best known and one of the simplest of crystals, has the geometrical 
structure of a simple cube, with ions of sodium and chlorine arranged 
alternately at the corners of a cube, as shown in Figure 5-11. The distance 
between atomic planes can be found by determining the volume of one of 
these elementary cubes. If M is the molecular weight of NaCl and p is its 
density, then the volume of one mole of NaCl is 

M 

v = —• 
p 
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Since there are 2N ions or diffracting centers in a mole, the volume associ¬ 
ated with each ion will be 

V _ M , 

2pN 0 

where N 0 is the Avogadro number. The distance d between ions will there¬ 
fore be 



The molecular weight of sodium chloride is 58.45 and its density is 2.164 
gm/cm 3 . Substitution of the value of N 0 yields d = 2.814 X 10 -8 cm. 
This was the value known in 1913. The measurements of x-ray wave¬ 
lengths soon achieved very high precision. Siegbahn, from whose labora¬ 
tory came a great many of the precise determinations of x-ray wavelengths, 
adopted the value 

d = 2.81400 X 10 -8 cm at 18°C 

for the grating space of rocksalt. Large, good, single crystals of rocksalt of 
the type needed for x-ray measurements are not readily available and, 
when available, have the defect of being hygroscopic; calcite is a much 
better crystal for such measurements and is more readily obtainable as 
good, large, single crystals. Careful comparisons between calcite and rock- 
salt crystals made with monochromatic x-rays led to the adoption of the 
value 

d = 3.02945 X 10“ 8 cm at 18°C 


for the grating space of calcite. Unless otherwise noted, all x-ray wave¬ 
length measurements are based upon the above value for the grating space 
of calcite. (See §5-12.) 


5-7. Typical X-Ray Spectra 

With a knowledge of the grating space of a crystal and the use of the 
Bragg equation, it is possible to measure the wavelengths of the x-rays 
emitted by the target of an x-ray tube. When resolved by means of a crys¬ 
tal spectrometer, the heterogeneous beam of x-rays from a target is found 
to consist of two distinct types of spectra: 

1. A continuous spectrum 

2. A sharp line spectrum superposed on the continuous spectrum 
Typical x-ray spectra, obtained by Ulrey, are shown in the curves in Fig¬ 
ure 5-12, in which the intensity of a given wavelength is plotted against 
the wavelength in angstrom units. The curve for tungsten shows the con¬ 
tinuous spectrum of the x-rays coming from the tungsten target of an x-ray 
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tube operated at a voltage of 35 kilovolts. The curve f or mdybdemmi was 
obtained under similar conditions and shows two sharp lines ^aracters^ 
of the element molybdenum superposed on the continuous spe 



•3 A min .4 .5 .6 .7 .8 .9 1.0 

Wavelength in A 


Fiq. 5-12. Typical x-ray spectra from tungsten and molybdenum targets, respectively. 


lines are known as the K a and Kp lines of molybdenum. To get the K a and 
Kp lines of tungsten, the tube would have to be operated at about 70 kilo¬ 
volts (§9-3)„ 
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The two distinctively different types of spectra from the same target 
must have different origins. It will be shown in Chapter 8 that the sharp 
line spectrum is produced by the energy changes which take place as a 
result of the rearrangement of the electrons in the various electronic levels 
of the atom following the transfer of energy to the atom by the impinging 
electron. The continuous spectrum, on the other hand, results from the 
radiation emitted by the electrons which are accelerated in the Coulomb 
field of force of the nuclei of the target atoms. The term bremsstrahlung 
(from the German: bremse —brake, and slrahlung —radiation) has come to 
be accepted to describe the radiation emitted by a charged particle which is 
accelerated in the Coulomb field of force of a nucleus. Thus the continuous 
x-ray spectrum is a type of bremsstrahlung. 


5-8. Continuous X-Ray Spectrum 

The continuous x-ray spectrum presents several interesting features. It 
will be noted from Figure 5-12 that there is a definite short wavelength 
limit X min to the continuous x-ray spectrum independent of the material of 
the target. Figure 5-13 shows the distribution of intensity with respect to 
wavelength for different accelerating potentials. When the voltage across 
the tube is increased, the short wavelength limit X min is shifted toward 
smaller values. Duane and Hunt showed that the short wavelength limit of 
the continuous spectrum varies inversely as the voltage across the tube. 
Put in terms of frequencies, 

c 

v m*x — 7 ’ (3) 

A min 


and 


Ve = hv m ^ x 



(4) 


where V is the voltage across the tube, e is the electronic charge, and./i is 
the Planck constant. Ve represents the energy with which an electron 
strikes the target. Duane and Hunt carried out a series of careful experi¬ 
ments on the determination of the short wavelength limit of the continuous 
x-ray spectrum for various voltages across the x-ray tube and determined 
the value of the Planck constant h to be 

h = 6.556 X 1(T 27 erg sec. 

This is in good agreement with the value of h determined by means of the 
photoelectric effect. One may look at this phenomenon as the inverse of the 
photoelectric effect, since the maximum kinetic energy of an electron 
striking the target is 

(5) 


h mv2 m*x = Ve = ^max- 
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Another method of determining h by means of x-rays ^eep«« 

to this angle hrst appear. The 



Fig. 5-13. The continuous x-ray spectrum from a tungsten target showing thv 
dependence of the short wavelength limit on the voltage across the tube. 


wavelength is then determined from the Bragg equation. A typical curve 
of this type, obtained by Feder, using a rocksalt crystal set at 6 = 14° 00.5 , 
is shown in Figure 5-14. The voltage at which the wavelength first appeared 
was 9045 volts. From a series of such experiments Feder obtained the value 

h = 6.5465 X 10” 27 erg sec. 

This x-ray method provides one of the most accurate ways of deter- 
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mining h, but it must be remembered that the value of the electronic charge 
e must be known in order to calculate h. In the above determinations of h, 



Fig. 5-14. Determination of the volt¬ 
age at which a given x-ray wavelength 
first appears. 


Millikan’s original value of e (= 4.77 X l(T I0 esu) was used. The present 
accepted value of the Planck constant is 

h = 6.625 X 10“ 27 erg sec, 
and the value of the electronic charge is 

e = 4.803 X 10“ 10 esu. 

Recently Stephenson and Mason (1949) determined the intensity dis¬ 
tribution of the continuous x-ray spectrum, using a tube operated at com- 



Fig. 5-15. Intensity of the continuous x-ray spectrum as a function of wavelength 
at comparatively low voltages. (Stephenson and Mason, Phys. Rev., 75, 1713, 1949.) 
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narativelv low voltages, from 1 to 2.0 kv. They used a single crystal spec¬ 
trometer placed under an evacuated bell jar and detected the x-rays with 
Geiger counter. The distribution in intensities at a fixed voltage, as 
function of the wavelength, is essentially similar to that obtamedath'gh 
oneratine voltages, as shown in Figure 5-15. They also compared the rela 
tive intensities of the x-rays emitted by three different ^rgcts, Ai. Cu and 
W, when operated under similar conditions. They found that the 1 
intensity of the x-rays was proportional to the atomic number 

target element. 

5 - 9 . Wavelengths of Gamma Rays 

In examining the radiations from radioactive materials, it was found that 
gamma rays were not affected by electric and magnetic fields^ It is now 
known that gamma rays are short electromagnetic waves of the same 


Fiq. 5-16. Bragg-type crystal reflection method of 
determining gamma-ray wavelengths. 



nature as x-rays, except that they are emitted from the nucleus of the atom. 
The wavelengths of some of the gamma rays have been measured by x-ray 
crystal diffraction methods. 

Rutherford and Andrade (1914) made use of the Bragg spectrometer 
for determining the wavelengths of gamma rays from radium B. A narrow 
beam of gamma rays from the radioactive preparation, R , after passing 
through a fine slit in a lead block, was reflected by the rocksalt crystal, C, 
onto the photographic plate, P, as shown in Figure 5-16. By rotating the 
crystal from 0° to about 15°, a series of sharp lines was obtained correspond¬ 
ing to the gamma-ray wavelengths emitted by radium B. This method has 
been used for measuring the wavelengths of the gamma rays from many 
other radioactive substances. The smallest gamma-ray wavelength meas¬ 
ured with the Bragg type of crystal spectrometer is X = 0.016A, one of the 
lines emitted by radium C. In order to produce x-rays of the same wave- 
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length, the x-ray tube would have to be operated at a difference of potential 
of 770,000 volts. 

The very small angles involved in the measurement of very short 
wavelengths limit the accuracy of the Bragg type of single crystal spec¬ 
trometer. A new design, suggested by Du Mond (1927) and first constructed 
by Mile Cauchois (1932) using a curved crystal, has since been developed 
into an instrument of high precision for the measurement of gamma rays 



Fig. 5-17. Schematic diagram of 
the Du Mond curved crystal spec¬ 
trometer used in measuring short wave¬ 
length gamma rays and x-rays. R is the 
source of radiation, V is its virtual 
image, and 0 is the Bragg angle. 


and x-rays of very short wavelength. Figure 5-17 is a schematic diagram of 
one design used by Du Mond in some recent experiments. The crystal, 
originally a flat lamina of quartz, 2 mm thick and 50 mm wide, is curved by 
placing it between two cylindrical steel surfaces which have windows in 
them to permit the radiation to pass through the crystal. The radius of 
curvature of the crystal is 2 meters. The atomic planes, which are per^ 
pendicular to the curved surface, converge when produced toward the 
point 0. A circle through 0 and through the curved crystal, with a diameter 
equal to the radius of curvature of the crystal, is called the focal circle. A 
small source of gamma rays placed at point R on this focal circle sends 
a narrow beam of radiation at an angle 0 to the crystal planes; it is 
reflected from these planes and transmitted through the crystal in such a 
manner as to form a virtual image on the focal circle at V. A sufficiently 
large Geiger counter or a scintillation counter is placed behind the crystal 
to receive this beam. A lead collimator is placed between the counter and 
the crystal to stop the direct transmitted beam but allows the reflected 
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beam to pass through it. The bragg angle 6 is determined from the position 
of the source R on the focal circle. Du Mond and his co-workers have meas¬ 
ured wavelengths smaller than 0.01 angstrom with an accuracy of 10 A 
with the curved crystal spectrometer. 


5-10. X-Ray Powder Crystal Diffraction 

Comparatively few substances are available in the form of large single 
crystals for use in the Bragg type of spectrometer. Most substances exist as 
aggregates of very small crystals. Methods have been developed for study¬ 
ing the crystal structure of a substance even though these crystals may be 
very minute. If the substance is made into a very fine powder, it may be 
considered as made up of a multitude of very small crystals. Suppose a very 



Fio. 5-18. Method of obtaining x-ray diffraction patterns from a substance in 
powder form. 

narrow pencil of monochromatic x-rays of wavelength X is incident on this 
powder at S , as in Figure 5-18. Since these small crystals are oriented at 
random, there undoubtedly will be some crystal oriented at just the right 
angle to satisfy the Bragg equation n\ = 2d sin 0 for this particular wave¬ 
length X. The scattered beam will have maximum intensity at an angle 20 
with respect to the incident beam of x-rays, and because of the random 
orientations of the crystals, these maxima will lie on a cone of central angle 
40. If the x-rays scattered by the powder are incident on a photographic 
plate placed perpendicular to the incident beam, concentric circles will be 
registered on it corresponding to the different orders of reflection. Another 
method is to bend a thin strip of photographic film in the form of a circle 
with the powder at the center of this circle. Small holes are cut in this film 
to permit the direct beam of x-rays to enter and leave the camera without 
blackening the photographic film. 

Frequently, instead of a monochromatic beam, x-rays from a target 
which emits a few intense characteristic lines are used for these powder 
photographs. Since the relative intensities of these characteristic lines are 
known, it is not difficult to determine which circles correspond to the dif- 



140 X-Rays 


§ 5-11 



W Powder 


(b) 

Fio. 5-19. (a) X-ray powder diffraction pattern of aluminum. (Reproduced with 
the permission of A. W. Hull.) 

(b) X-ray powder diffraction pattern of tungsten obtained with a 
photographic film bent in the form of a circular cylinder. Radiation from a copper 
target was used in making this pattern. (From a photograph by L. L. Wyman and 
supplied by A. W. Hull.) 

ferent wavelengths. Typical powder crystal diffraction patterns are shown 
in Figure 5-19. This method of crystal analysis was first developed by 
Debye and Scherrer and by Hull, and is one of the most valuable aids in 
studying crystal structure. 

5-11. Refraction of X-Rays 

Several of the earl}' experimenters, including Roentgen and Barkla, tried to 
find out whether x-rays are refracted when they enter a material medium. 
The phenomenon of refraction, however, was not discovered until 1919, 
when Stenstrom observed that Bragg's law ti\ = 2d sin 0 did not yield the 
same value for X in the different orders of reflection of a monochromatic 
beam from a crystal. The explanation of this apparent failure of Bragg’s 
law is that the x-rays are refracted when they penetrate the crystal. 
Because of refraction, the wavelength in the crystal is different from that 
outside. If n is the index of refraction, X the wavelength in a vacuum, and 
X' the wavelength in the crystal, then 


X 



(6) 
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Further, the angle of incidence upon the inner crystal planes.is not the angle 
between the incident beam and the surface of the crystal but .sthejwge 
between the refracted ray and the atomic planes in the crystal 1 he 
tions from Bragg’s law show that the angle of refraction 0 is less than the 
grazing angle oftncidence 9; that is, that the x-rays are bent away rom the 
normal upon penetrating into the crystal. Th.s means that the index of 



Fig. 5-20. Refraction of x-rays on penetrating a crystal. 


refraction for x-rays is less than unity. In F.gure 5-20, i 0 is; the angle 
between the incident ray and the surface of the crystal, and 0 the angle o 
refraction, then Snell’s law of refraction takes the form 


cose 

~ • 

cos e' 


(7) 


The angle 0' is not only the angle of refraction, but also the angle that 
the ray makes with the atomic planes, so that inside the crystal Bragg s law 
is 

nX' = 2d sin O'. (®) 

However, the angle that is actually measured is the angle 0, and the 
wavelength usually desired is the wavelength X in a vacuum. A modified 
form of Bragg’s law containing X, 0 , and n can be obtained by combining 
equations (6) and (7) with (8). Remembering that 

sin 0* = (1 - cos 2 0') ,/2 


and substituting the values of cos 0' and X' from equations (6) and (7), we 
find that equation (8) becomes 


7 = 4 - 



nX = 2d(n 2 — cos 2 0) I/2 , 


nX = 2 d(n 2 - 1 -h sin 2 0) 1/2 ; 


or 
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n\ = 2ds\n0 1+H-t- (9) 

L sin 2 0 J 

Equation (9) is a modified form of Bragg’s law. For purposes of calculation, 
this equation can be simplified by expanding the quantity in the bracket by 
means of the binomial theorem; thus 



M 2 - IT ' 2 
sin 2 0 J 


1+ ^li^7 + 


, , 1 („+1)(m- i) 

1 + 2 SFi- 


Experiment shows that y does not differ appreciably from unity, and to a 



Fio. 5-21. Path of a beam of x-rays refracted through a prism. The beam is bent 
away from the normal on entering the prism. 

very' close approximation y -f 1 = 2, so that the bracket can be written as 

r. m 2 - n i/2 .. i - m 

L sin 2 0 J sin 2 0 

and the modified form of Bragg's law is then 


2 

X 

II 

K 

i 1 

sin 0. 


sin" 0 

J 


The more common method of expressing the results is to give the 
quantity 6 = \ — y, which shows how the index of refraction differs from 
unity. For example, the index of refraction of calcite for the wavelength 
X = 0.708A differs from unity by the amount 

6=1 - y = 1.85 X l(T 6 . 

Two interesting conclusions can be drawn from the fact that the index 
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of refraction of x-rays in material media is less than unity. One is that when 
x-rays pass through a prism, the beam will be deviated in a direction oppo¬ 
site to that for ordinary light. The path of an x-ray beam through a prism 
is shown in Figure 5-21. The other conclusion is that at a certain critical 
angle 9 C , the x-ray beam should not be refracted into the medium at all but 
should be totally reflected. At this critical angle of incidence, cos 6 - 1 and 


n = COS d e . 


( 11 ) 


For all angles smaller than 0 C , there should be no refraction at all; only total 
reflection of the x-ray beam. 

An experimental method for the determination of this critical angle is 
shown in Figure 5-22. A narrow beam is obtained by passing the x-rays from 



Fio. 5-22. Method of reflecting monochromatic x-rays from a mirror M . 


the target T through two slits, Si and S 2 . The crystal C reflects a particular 
wavelength X onto th« plane surface M of the material. If the grazing angle 
of incidence 0 is less than the critical angle 0 C , the beam will be totally 
reflected to the photographic plate P, and the surface M will act as a mirror. 
As the angle of incidence is increased, the beam continues to be reflected 
until 0 = 0 e , after which the beam is refracted into the material medium 
and the intensity of the reflected beam becomes practically zero. A photo¬ 
graph of a beam of x-rays reflected from a palladium surface is shown in 
Figure 5-23. 

According to the classical theory- of dispersion, when an electromag¬ 
netic wave of frequency v passes through a substance containing n electrons 
per unit volume, the index of refraction of the substance is given by 



ne 


2W 


(12) 
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Fio. 5-23. Reflection of monochromatic x-rays (AgKy line) from a palladium 
mirror near the critical angle. D is the direct beam and R is the reflected beam. (From 
photograph by the author.) 


provided that the natural frequency of the electrons is small in comparison 
with v , and that absorption is negligible. Equation (12) can be rewritten as 

2xmv 2 


Setting 

v \ 


nc 2 \ 2 

we get 

2 rmc 2 

Now 

y = cos 0 C > 


Since 0 C is small, cos0 c can be expanded in terms of 0 et yielding 

0 2 

cos 0 C = 1 - -- H-, 


so that 


or 



d c = V2S = 


(14) 



Measurements of the critical angle show that it is directly proportional to 
the wavelength of the x-rays and to the square root of the density of the 
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The index of refraction of a medium for an electromagnetic *a 
defined as 


y = — * 

w 


(15) 


where c (=3 X 10'° cm/sec) is its velocity in a vacuum, and w is the veloc- 
57 i wave in the medium. Since the index of ^n for x-rays *s 
less than unity, its velocity u. in a mater.al medium is greater than e 
first sight this may appear to be in contradiction to the fundamental pos 
tulate of the special theory of relativity which states that electromaffirt 
waves are always propagated with the same velocity c. Actually there is 
no contradiction. On the microscopic point of view, a materia - , 

a continuous medium but consists of nuclei and electrons separated y 
distances which are large relative to their sizes. These P^tcles may be 
imagined to be situated in empty space. The incident wave, in traversing 
this space, sets the charges into vibration causing them to emit electro¬ 
magnetic waves. Two sets of waves, therefore, travel through this space, 
the incident wave, and the waves produced by the forced vibrations of the 
electrons. These elementary waves travel through the space with velocity 
c. But, through superposition of the elementary waves, a new wave torm 
is produced, which, on the macroscopic (large-scale) point of view, con¬ 
sists of a train of waves traveling through the material body with a wave 
velocity w which may be greater or smaller than c (see §6-8). But the en¬ 
ergy carried by the incident wave and the energy radiated by the forced 
vibrations of the electrons always travel with velocity c. 

The refracted wave thus consists of a train of waves traveling with a 
velocity w whose magnitude depends upon the binding forces acting on the 
electrons. The dielectric constant k of the material medium is determined 
by the magnitude of these binding forces, and it can be shown, on the 
basis of Maxwell’s electromagnetic theory of light, that the index of re¬ 
fraction, y, is given by the equation 


„=Vfc = -- “ 6 > 

w 

It is this equation which is used in deriving the expression for the index 
of refraction given by equation (12). 
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5-12. Measurement of X-Ray Wavelengths by Ruled Gratings 

An extremely important application of the total reflection of x-rays is the 
measurement of x-ray wavelengths by using a ruled grating with a known 
number of lines per millimeter. As long_as the grazing angle of incidence 0 
is less than the critical angle 0 C = y/25, the x-ray beam will be totally 
reflected from a polished surface. This surface can be made into a diffrac¬ 
tion grating by ruling a series of uniformly spaced lines a distance d apart. 
The spaces between the rulings will act as diffracting centers producing vari¬ 



ous orders of diffraction on either side of the regularly reflected line. In 
Figure 5-24, if the rays are incident at an angle 6 to the surface of the ruled 
grating, an intense maximum will be produced at some other angle (0 + a), 
provided the difference in path between two adjacent rays is a whole 
number of wavelengths. The difference in paths between rays / and //is 

CB — AD = d cos 0 — d cos (0 + a), 
so that the condition for an intense maximum at this angle of reflection is 


d[cos 0 — cos (0 + a)) = n\, 


07) 


where n is an integer and may be either positive or negative. The regular 
reflection at the angle 0 is called the zero order; the other orders of reflection 
are called positive if a is positive and negative if a is negative. 

Diffraction gratings for x-rays have been made of glass, speculum 
metal, silver, and gold, and the number of lines per millimeter has ranged 
from 50 to GOO. Since the grating space d is accurately known and the 
angles 0 and (0 + a) can be measured with a high degree of precision, this 
method can be used as a check on the wavelengths measured with crystal 
gratings. A comparison of some wavelengths measured by ruled gratings 
and by crystals is shown in Table 5-1. 
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Comparison of Wavelengths Measured by Ruled 

Gratings and by Crystals 

Line 

\g 

bv Grating 

Xc 

by Crystal 

x a -x, 

in Per Cent 

Observer 

Mo L fl 

Mo L/j 

Cu K a 

Cu Ktfi 

Cr K a 

Cr K„i 

5.4116A 

5.1832 

1.54172 

1.39225 

2.29097 

2.08478 

5.3950A 

5.1665 

1.5387 

1.3894 

2.2859 

2.0806 

+0.31 

+0.33 

+0.20 

+0.20 

+0.22 

+0.22 

Cork 

ii 

Bearden 

ft 

ic 

ii 


In every ease the wavelength measured with a ruled gratrng.sgreater 
than that measured with a erystal grating. The poss.ble source of error>n 
the ruled grating measurements were invesUgated by -nany physe te b 
in no ease eould they aeeount for this la /^ dlMrepanC . y 7^“\‘ 1 ° II f r ; i E 
cent. This led to a reexamination of the basis »" ' vhlc J 
wavelength measurements depend, namely, the grating space d. It will 
recalled that this distance, for rocksalt, is given by the equation 


d 



(2) 


and for crystals which are not simple cubes, such as calcite and quartz, 
this equation becomes 




M 


2pNo<t>(0) 


(2a) 


where is a function of the angles of the crystal lattice. The least 
accurately known constant entering in the computation of d is the Av<>- 
gadro number N 0 . The Avogadro number is computed from the relationship 


F = N oe, 


where F is the Faraday constant and e is the electronic charge. F is very 
accurately known from many experiments extending over a long period of 
time. To get agreement between the ruled grating and the crystal grating 
measurements of x-ray wavelengths, it is necessary to increase the value of 
e from Millikan’s value 4.77 X 1(T 10 esu to about 4.803 X 10 10 esu. As 
stated in §2-4, redeterminations of the value of the electronic charge have 
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led to the adoption of the value 

e = 4.803 X 1(T 10 esu. 

Within recent years improved methods have increased the accuracy 
of the determinations of the densities of crystals. Chemically pure crystals 
of NaCl, KC1, and LiF have been prepared artificially, and the grating 
spaces of these crystals have been determined by measuring the Bragg 
angle for monochromatic x-rays whose wavelengths are known from ruled 
grating measurements. Using the known molecular weights of these crystals, 
we can determine values of the Avogadro number with the aid of equation 
(2). Birge has stated that the Avogadro number determined in this manner, 
together with the known value of the Faraday constant, leads to the most 
reliable determination of the electronic charge. 

5-13. Absorption of X-Rays 

When a parallel beam of x-rays passes through any material, the intensity 
of the emergent beam is less than that of the incident beam. The decrease in 



Fio. 5-25. 


intensity of the beam when it traverses a small thickness dx of the material, 
Figure 5-25, depends upon the thickness and upon the intensity I of the 
beam, or 

—dl = \ildx 

where — dl represents the decrease in intensity of the beam, and n is a 
factor of proportionality called the absorption coefficient. It represents the 
fraction of the energy removed from the beam per centimeter of path, and 
is sometimes referred to as the total absorption coefficient of the material. 
The above equation can be written as 


dl_ 

I 



I = Itf--*, 


<!•) 


and upon integration becomes 
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where 7 0 is the initial intensity of the beam, and I is its intensity after it 

w traversed a thickness x of the material. 

There are two ways in which the atoms of a substance can remove 
energy from the incident beam. One process is that of scattering in which 
the electrons of the atoms are set into forced vibrations and then radiate 
this energy in ail directions. The second process is the absorption of some 
the energy by the atom, which then radiates a new type of x-ray charac¬ 
teristic crfthe atom. This radiation is called fluorescent radiation and is also 

emitted in all directions. 

The total absorption coefficient p can be written as the sum oi two 


terms 


where <r is the scattering coefficient and r is the fluorescent trowfonnalicm 
coefficient. These coefficients can be interpreted m a slightly different way 
by referring to a beam whose cross-sectional area is 1 cm . In this case, p 
represents the total fraction of the energy removed from the beam by 
cm 3 of the material, a represents the fraction of the energy scattered by 
1 cm 3 , and r represents the fraction of the energy transformed into fluo¬ 
rescent radiation by this unit volume. 

The macs absorption coefficient is defined as p/p where p is the density 

of the material. Also 


2-2 + 1 . ( 20 ) 

P P P 

The mass absorption coefficient p/p is characteristic of the material and 
represents the fraction of the energy removed from a beam of unit cross 
section by one gram of the substance. Similar interpretations hold for the 
mass scattering coefficient o/p and the mass transformation coefficient r/p. 

5-14. Atomic Absorption Coefficient 

From the microscopic point of view, an atomic absorption coefficient, p n , is of 
greater interest than a mass absorption coefficient. The former can be 
defined in terms of the latter by the equation 



( 21 ) 


where N 0 is the Avogadro number and M is the atomic mass of the isotope 
of the element under discussion. The dimensions of p a are those of an 
area/atom. For example, p/p for copper, for x-rays of 0.70A, is about 
50 cm 2 /gm. Taking M — 63 gm/gm-at wt and N 0 = 6 X 10 23 atoms per 
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gm-at wt, equation (21) yields 

= 50 X 10 -21 cm 2 /atom. 

If we imagine the atom to be a sphere of radius of about 2 X 10 -8 cm, then 
we can think of this atom as having a geometrical cross section of approxi¬ 
mately 12 X 10 -16 cm 2 . The absorption cross section is thus very much 
smaller than the geometrical cross section. 

The atomic absorption coefficient, and hence the cross section for 
absorption, varies with the wavelength of the incident x-rays for any one 
substance. We can interpret the atomic absorption coefficient as a measure 
of the probability of the absorption of the given radiation by the atoms of 
the substance irradiated. As has already been shown, absorption of radia¬ 
tion by the atoms may result in its scattering, which will be represented by 
an atomic scattering coefficient o n , or it may result in the transformation of 
its energy into fluorescent radiation which will be represented by an atomic 
fluorescent transformation coefficient r a . The value of each of these coefficients 
is a measure of the probability for the occurrence of the given type of process 
and is expressed in units of cm 2 /atom. 


5-15. Scattering of X-Rays 

When a beam of x-rays passes through a substance, the electrons in this 
substance are set into vibration and radiate x-rays in all directions. 1 he 
radiation emitted by these electrons is called scattered or secondary radia¬ 
tion. If ^7 is the electric intensity of the incident wave, the acceleration of 
the electron will be 

Ee 

a = —» 

m 


where e is the charge of the electron and m is its mass. If the speed of the 
electron is small in comparison with the speed of light c, then the electric 
intensity E+ of the scattered wave at a distance r from this electron is 



ea sin <t> 


rc 4 


(Chap. 4, Eq. [1]) 


where <t> is the angle between E and r, as shown in Figure 5-26. Substituting 
the value for the acceleration in the above equation, we get 



Ee 2 . 

-2 sm *- 

rmc 


( 22 ) 


Since the intensity of the wave is proportional to the square of the electric 
vector, the ratio of the intensity I of the incident radiation to the intensity 
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1+ of the wave sent out along r is 


h El e 4 

I ' E 2 r 2 m 2 c 4 


sin 2 <t>. 


(23) 


Choose a set of axes so that the incident or primary beam is propagated 
parallel to the x axis. The electric intensity E will then be in a plane parallel 



to the y-z plane. Since the position of the y and z axes can be chosen arbi¬ 
trarily in this plane, let the y axis be taken in the plane determined by the 
direction of the scattered ray OP and the primary ray (Figure 5-27), and 
let the electron be at the origin of coordinates. The electric vector E may be 
resolved into two perpendicular components, Y and Z, such that 

E 2 = Y 2 + Z 2 . 

Since the intensity of the wave is proportional to the square of the electric 
field intensity, we can write 

/ = Iy + /*, 

where /„ is the intensity of the y component of the incident wave and /, is 
the intensity of its z component. Since the primary ray is unpolarized, the 
average values of Y 2 and Z 2 are equal; hence the intensities of the y and z 
components are equal, yielding 



Now the intensity, I u of the scattered beam at the point P due to the 
y component of the incident wave is, from equation (23), 

e 4 cos 2 0 
r 2 mrc 4 ' 


e* sin 2 <t>\ , 


(24) 
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where <t>\ is the angle between OP and Y , and 0 — r/2 — <t> i. Similarly, the 
intensity, / 2 , of the scattered beam at the point P due to the z component 
of the incident wave is 



/x 


e A sin 2 <t >2 
r 2 m 2 c 4 



(25) 


where <t> 2 is the angle between OP and Z, and is always r/2. The total 
intensity, /«, of the scattered wave at P due to the energy radiated by a 
single electron is thus 

/« = h + h - / £ 5^4 0 + cos2 (26) 


If there are n electrons per unit volume of material, and if we make the 
assumption that each electron is effective in scattering the x-rays inde¬ 
pendently of all the other electrons, then the intensity of the scattered wave 
at point P , coming from a unit volume of the scatterer, will be given by 



(27) 


This analysis of the intensity of the scattered x-ray beam leads to 
three conclusions, each of which can be investigated experimentally. One 
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is that a measurement of the total energy scattered should yield the number 
of electrons per unit volume effective in scattering, and hence the number 
of electrons per atom effective in scattering. Another is that when the 
scattering angle is 90°, the scattered beam should be linearly polarized «ith 
the direction of vibration of the electric vector parallel to the z axis, the 
third is that equation (27) predicts a definite distribution of intensity ot 
the scattered beam as a function of the angle of scattering with a minimum 
intensity at 90°. 

5-16. Determination of the Number of Electrons per Atom 

The rate at which energy is scattered by the electrons in a cubic centimeter 
of matter can be calculated by integrating I, over a large sphere of radius r 


Fig. 5-28. 



with its center at the scattered A convenient element of surface area is one 
over which I, has a constant value and is, from Figure 5-28, 

dA = 2 Ter sin 0 • rdO. 


The amount of energy, IF,, which is scattered by unit volume in one second 
is therefore 



Trine* C* 

24 / (1 + cos 2 0 ) sin Odd 
m c */o 


8 t ne* ■ 
~3~ m*? 1 ' 


(28) 


IF, 8 t ne 4 

/ 3 m 2 c* ‘ 


Let 


(29) 
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The quantity a is called the scattering coefficient of the substance and 
represents the fraction of the energy removed from the incident beam by 
the process of scattering when traversing one centimeter of the material. 
A measurement of a would make possible an evaluation of the number of 
electrons effective in scattering. One of the earliest determinations of the 
scattering coefficient was made by Barkla (1911), and later repeated with 
greater accuracy by Hewlett, using carbon as the scattering element. Hew¬ 
lett measured the intensity of the scattered beam .over a range of angles 0 
from about 0 to v, tha? performing the integration experimentally. The 
wavelength of the incident beam was 0.71 A. The result obtained for the 
mass scattering coefficient is <r/p = 0.2, where p is the density of carbon. 
Solving equation (29) for n, we get 


3 m 2 c 4 



Since n is the number of electrons per cubic centimeter, n/p is the number 
of electrons per gram of material and is given by 


n _ a 3 m 2 c 4 
p p 8re 4 


(30) 


Putting in the experimentally determined values on the right-hand side of 
equation (30) yields 

n n electrons 

- = 3 X 10 23 - 

p gram 


6 02 X 10 23 

There are -- = 5.01 X 10 22 atoms per gram of carbon. Therefore 

12 

the number of electrons per atom effective in scattering is 


3 X 10 23 
5 X 10 22 


6, 


which is the atomic number of carbon. Hence the number of electrons 
effective in scattering is equal to the atomic number of the scattering 
element. This is in excellent agreement with the results of the experiments 
on the scattering of alpha particles, and is a direct determination of the 
number of electrons outside the nucleus of the atom. 

It must be remarked that such good agreement between the results of 
the experiments on the scattering of x-rays and Thomson’s theory has been 
obtained only with scattering substances of low atomic number and then 
only with x-rays of wavelengths greater than 0.1 A. The theory of the 
scattering of x-rays will be discussed further in §5-19. 
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5-17. Polarization of X-Rays 

This classical theory of scattering predicts that the beam scattered at an 
angle of 90° should be linearly polarized. This can be seen by a glance at 
equations (24) and (25). For 6 = 90°, the intensity due to the y component 



Fio. 5-29. Arrangement of apparatus for determining the polarization of x-rays 
scattered through 90°. 

of the electric vector will be zero, while the intensity at any point in the 
X-Y plane due to the z component of the electric vector is independent of 
the angle. Thus in the y direction the scattered beam will be linearly 
polarized with the direction of vibration parallel to the z axis. To detect this 
polarization another scatterer is used as an analyzer. Barkla was the first 
to show the polarization of the beam scattered at an angle of 90°. Compton 
and Hagenow (1924) repeated this experiment with improved apparatus. 
Figure 5-29 shows a diagram of their apparatus. A narrow beam of x-rays 
from a tungsten target was scattered by S\ to a second scatterer placed at 
S 2 so that the scattered beam made an angle of 90° with the original beam. 
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The scattering materials were blocks of paper, carbon, aluminum, and 
sulfur. The beam scattered by S 2 was examined in two directions at right 
angles to one another and perpendicular to the direction S\S 2 . The intensity 
in the direction S 2 -x was found to be a maximum, while that in the direc¬ 
tion S 2 -z was practically zero within the limits of error of the experiment. 
This is in complete agreement with the electromagnetic theory, since, if 
only the z component of the electric vector is present in the beam scattered 
from Si to S 2 , then the intensity in the direction S 2 -z should be zero for a 
transverse wave; similarly the beam should have maximum intensity in the 
direction S 2 -x. 



Fig. 5-30. A comparison of the theoretical and experimentally determined values 
of the intensity of the scattered x-rays as a function of the angle of scattering. 

5-18. Intensity of the Scattered X-Rays 

Many measurements have been made on the distribution of intensity in 
the scattered x-ray beam as a function of the angle of scattering. For x-ray 
wavelengths greater than 0.2A the distribution follows the (1 + cos 2 0 ) law 
fairly well except for small angles of scattering, in which cases the intensity 
of the scattered beam is much greater than that predicted by equation (27) 
(see Figure 5-30). This large intensity of the scattered beam at small angles 
can be explained on the assumption that the phase differences of the rays 
scattered at these angles are small so that the waves scattered by neigh¬ 
boring electrons reinforce each other. 

However, for wavelengths much smaller than 0.2A, the intensity falls 
off rapidly at large angles; the scattering coefficient is much smaller than 
that predicted by the classical theory. The lowest curve in Figure 5-30 
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Shows the intensity of the rays scattered by iron; the incident rays were 

t not SEX# 

factory. To account for the small intensity of the beam at large angles of 

{ Z amount 

of energy 'removed from the beam by these ejected or recod electrons. 


5-19. The Compton Effect 

In the experiments on the scattering of x-rays by matter, it was noted that 
for wavelengths of the order of 1A, the experimental results were m good 
agreement with the classical theory of scattering, but for shorter 
lengths there was great divergence between Uie dassical theory and experi¬ 
mental results. In working with scattered radiation, A. " , C , P , 
observed that the wavelength of the radiation scattered by a block ot 


Fig. 5-31. The Compton effect. 



paraffin, in a direction at right angles to the incident beam, was greater 
than the wavelength of the incident beam. The theory of this effect was 
given by Compton and also by Debye at about the same time. 

Consider the incident radiation as consisting of photons, or quanta, of 
energy hv traveling in the direction of the primary ray with velocity c. 
From the relationship between mass and energy derived from the theory of 
relativity, a photon of energy hv has a mass given by hv/c 2 . Since the mo¬ 
mentum of a particle is the product of its mass by its velocity, the momen¬ 
tum of the photon becomes hv/c. Suppose that this photon strikes a 
comparatively free electron at rest. If we assume that the principles ot 
conservation of energy and conservation of momentum hold during this 
process, then as a result of this collision, the electron will acquire a velocity 
v in a direction making an angle 0 with the direction of motion of the inci¬ 
dent photon, and a photon of energy hv' will be scattered at an angle <t> 
with the original direction as shown in Figure 5-31. From the principle of 
conservation of energy we get 


( 31 ) 


hv = hv' + maC 2 (K — 1), 
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where m 0 c 2 (K — 1) is the kinetic energy of the electron as derived on the 
basis of the special theory of relativity, and K is (1 — v 2 /c 2 )~ 112 . 

Resolving the momentum vectors into two rectangular components, 
along and at right angles to the direction of the incident photon, and using 
the principle of conservation of momentum, we get 

hv hv 

— = — cos <t> + Km 0 v cos 0; (32) 


a hy ' 

0 = — sin 0 
c 


Km 0 v sin 0. 


(33) 


The solution of these equations (Appendix VII) yields the following 
results: 


X' — X =-(1 — cos <*>), 

m 0 c 

cot | = (1 + or) tan 0, 


& = m 0 c 2 (K - 1 ) = hv 


2a cos 2 0 


(1 + a) 2 — or 2 COS 2 0 


(34) 

(35) 

(36) 



where a = hv/m 0 c 2 , & is the kinetic energy of the recoil electron, and the 
wavelengths X r and X corresponding to the frequencies v and v have been 
introduced. 

Equation (34) states that the wavelength of the ray scattered at any 
angle <t> should always be greater than the wavelength of the incident 
radiation. Furthermore, this difference in wavelength should not depend 
upon the nature of the scattering material but should depend only on the 
angle of scattering. 

Equation (35) gives the relationship between the direction of motion of 
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the recoil electron and the scattered 
photon, while equation (36) gives the 
kinetic energy of the recoil electron 
in terms of the energy of the incident 
photon and the angle 0. 

A typical experimental arrange¬ 
ment for studying the Compton effect 
is shown in Figure 5-32. X-rays from 
some target T, giving out strong 
characteristic radiation, are scattered 
in all directions by the body A. The 
radiation scattered in some direction 
<t> is then allowed to fall on the crystal 
C of an x-ray spectrometer, which 
analyzes the beam into its component 
wavelengths. This radiation may be 
measured with aid of an ionization 
chamber B, or with a photographic 
plate in place of B. 

The results of a typical set of 
measurements are shown in !• igure 
5-33. In this case the K a line of mo¬ 
lybdenum was scattered by graphite, 
and measurements were made at scat¬ 
tering angles of 45°, 90°, and 135°. 
Each scattered beam is seen to con¬ 
sist of two distinct lines. One line, P , 
has a wavelength corresponding to 
the wavelength of the incident radia¬ 
tion. The second line, M, has a longer 
wavelength, X', which depends upon 
the angle of scattering. The wave¬ 
length X' of this modified line is in 
good agreement with that calculated 
from equation (34). Similar results 
were obtained when other substances 
were used as scatterers. In all cases, 
the wavelength of the modified line 
was found to depend only upon the 
angle of scattering and not upon the 
nature of the scattering substance. 
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Fig. 5-33. Curves showing the 
displacement of the “modified" line in 
the Compton effect for three different 
angles of scattering. 


The presence of a line with the same wavelength as the incident radia¬ 
tion is not predicted by equation (34). In deriving this equation it was 
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assumed that the electron which took part in the scattering was a “free” 
electron and that it was ejected from the atom. The unmodified line is due 
to the interaction between the incident quanta and bound electrons. In this 
case the bound electrons do not receive energy or momentum from the 
incident quantum and there is no change in the wavelength of the scattered 
photon. In light atoms, such as Be, C, and Al, the electrons are probably 
bound more loosely than in the heavier elements. The modified line should 
be relatively more intense than the unmodified line for light elements, while 
the reverse should be true for the heavier elements. This has actually been 
confirmed by the scattering experiments. 

The results of the experiments on the Compton effect leave no doubt 
that, in its interaction with matter, radiant energy behaves as though it 
were composed of particles. A similar behavior was observed in the photo¬ 
electric effect. It will be shown later that in the processes of emission and 
absorption light behaves as though it consisted of corpuscles. But the 
phenomena of interference and diffraction can be explained only on the 
hypothesis that radiant energy is propagated as a wave motion. We are 
thus led to the conclusion that radiant energy exhibits a dual character, 
that of a wave and that of a corpuscle. The relationship between these two 
concepts, wave and corpuscle, will be examined more fully in the next 
chapter. 

5-20. Compton Recoil Electrons 

In addition to a change in wavelength, the theory of the Compton effect 
predicts that every collision should be accompanied by the ejection of a 
recoil electron. According to equation (35), these electrons will be ejected at 
angles 0 less than 90°, with those ejected in the forward direction having 
maximum energy. There are two different modes of approach to the 
problem: one is the investigation of the energy of the recoil electron as a 
function of the angle 0, and the other is the investigation of the simultaneity 
of the appearance of the recoil electron with that of the scattered photon. 
Both problems were investigated shortly after the discovery of the Comp¬ 
ton effect. Compton and Simon (1925) sent a beam of x-rays through a 
Wilson cloud chamber and measured the maximum range of the recoil 
electrons. The kinetic energies calculated from the range measurements 
agreed within about 20 per cent with those predicted by theory. The prob¬ 
lem of simultaneity was investigated by Bothe and Geiger; they sent a 
beam of x-rays through hydrogen and detected the recoil electrons and 
scattered photons in two adjacent Geiger counters. The Geiger counter 
pulses were recorded on moving photographic film. They observed a 
reasonable number of coincidences between the scattering of a photon and 
the ejection of a recoil electron. No great accuracy can be claimed for these 
experiments since photons are not directly detected by Geiger counters, 
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but are detected only by the recoil electrons produced in the gas in the 

Geiger counter chamber. . . . nnA 

The develoDment of fast-counting crystal scintillation counters and 
the great improvement in electronic circuits have led to a reinvestigation of 
both problems recently. In one experiment by Cross and Ramsey (1950) a 
collimated beam of gamma-ray photons from a RaTh source was allowed 



Fio. 5-34. Schematic diagram of the apparatus of Cross and Ramsey for investi¬ 
gating the Compton effect. 

to strike a foil of beryllium (see Figure 5-34). The scattered photons were 
detected by one scintillation counter and the recoil electrons detected in a 
second scintillation counter. The pulses from these two counters were fed 
into a coincidence circuit; that is, only coincidences of the two counters 
were registered. In the experiment, the gamma-ray counter was kept at a 
fixed angle <f> = 30°. The energy of the gamma-ray photons was 2.62 Mev. 
The electron recoil scattering angle for this case can be calculated from 
equation (35) and shown to be B = 31.3°. In one part of the experiment, 
both counters remained fixed at the appropriate angles while the beryllium 
scatterer was moved. The coincidence rate showed a maximum at the proper 
position of the scatterer, that is, the position for which <t> = 30° and 
0 = 31.3°. In another part of the experiment, the beryllium foil and the 
gamma-ray detector were kept fixed in position, while the electron detector 
was moved about 2° on either side of the correct position. The curve of 
coincidence counts against angle (see Figure 5-35) showed a maximum at 
31.3°. The resolving time of the circuits used was 0.3 microsecond; the 
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above results thus confirm the fundamental assumptions of the Compton 
effect and also show that the scattered photon and recoil electron are 
emitted simultaneously within the above time interval. 



Fio. 5-35. Graph of coin¬ 
cidences against angle of the 
electron counter with gamma-ray 
counter held at 30°. (After Phys. 
Rev., 80, 933, 1950.) 


The question of simultaneity in the Compton effect was investigated in 
great detail by Hofstadter and McIntyre (1950) using the somewhat dif- 



Fig. 5-36. Schematic diagram of the apparatus used by Hofstadter and McIntyre 
to investigate simultaneity in the Compton effect. 


ferent arrangement shown in Figure 5-36. Gamma-ray photons from a 
small rod of radioactive Co 60 were collimated by means of a thick lead 
shield and allowed to strike a crystal of stilbene. This stilbene crystal has 
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two functions: (a) it scatters a photon hr which then travels to another 
larger stilbene crystal mounted on a photomultiplier tube; (b) the first 
stilbene crystal also acts as the detector of the recoil electron released in 1 , 
by converting its energy into light which is detected by two adjacent 
photomultiplier tubes connected in parallel. The pulses from the gamma- 
ray detector and electron detector are fed to opposite plates of a cathode- 
ray tube and the pulses produced are photographed. The timing of the 
cathode-ray pulses is checked by impressing two known simultaneous 
pulses on the two detecting circuits. 

In the above experiment, the gamma-ray detector was set at scattering 
angles of 30°, 50°, 70°, and 90°, and simultaneous pulses observed from the 
recoil electron and scattered photon detectors. The accuracy of the experi¬ 
ment was such that the pulses were considered to be simultaneous within 
1.5 X 10~ 8 second. 


Problems 

5- 1. The mass absorption coefficient of silver is 38 cm 2 /gm for x-rays of wave¬ 
length 0.4A, and is 11 cm*/gm for a wavelength of 0.5A. (a) Determine the atomic 
absorption coefficients of silver for these wavelengths, (b) Compare these values 
with the geometrical cross section of silver atoms. 

Ans. (a) 6.83 X lO"* 21 cmVatom, 
1.97 X 10 -21 cm*/atom. 

6- 2. The mass absorption coefficient of lead for x-rays of wavelength 0.5A is 
60 cmVgm; for 2.25A, 500 cmVgm. (a) Determine the atomic absorption coeffi¬ 
cients of lead for these wavelengths, (b) Compare these values with the geometri¬ 
cal cross section of lead atoms. 

Ans. (a) 2.06 X 10" 20 cm 2 /atom, 

17.3 X 10" 20 cm 2 /atom. 

6-3. The absorption coefficient of aluminum is 0.73 per cm for x-rays of wave¬ 
length 0.20A. Determine (a) the mass absorption coefficient, and (b) the atomic 
absorption coefficient. Compare the latter with the geometrical cross section of 
aluminum atoms. 

Ans. (a) 0.27 cm 2 /gm. 

(b) 1.21 X 10” 23 cm 2 /atom. 

6-4. The mass absorption coefficient of x-rays of wavelength X = 0.7A is 5 per 
gram per cm 2 for aluminum, and 50 per gram per cm 2 for copper. The density of 
aluminum is 2.7 grams per cm 3 and that of copper is 8.93 grams per cm 3 . What 
thickness, in cm, of each of these substances is needed to reduce the intensity of 
the x-ray beam passing through it to one-half its initial value? 

Ans. A1—0.051 cm. 
Cu—0.0016 cm. 
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6-6. Calculate the grating space d of calcite from the following data: molecular 
weight M = 100.091, density p = 2.71029 gm/cm*, and <t> (0) = 1.09594. 

Ans. 3.0357 X 10~ 8 cm. 

6-6. The radiation from an x-ray tube operated at 40 kv is analyzed with a 
Bragg x-ray spectrometer using a calcite crystal cut along its cleavage plane, 

(a) Calculate the short wavelength limit of the x-ray spectrum coming from this 
tube, (b) What is the smallest angle between the crystal planes and the x-ray 
beam at which this wavelength can be detected? 

Ans. (a) X = 0.309A. 

(b) 0 = 2° 55.4'. 

6-7. Monochromatic x-rays are reflected in the first order from a calcite crystal 
set with its cleavage planes at an angle of 13° with respect to the x-ray beam. 
These x-rays are allowed to fall on a silver mirror at a very small angle to the 
plane of the mirror. The mirror is then rotated until the critical angle is reached, 
(a) Calculate the wavelength of the x-rays incident on the mirror, (b) Calculate 
the index of refraction of silver for this x-ray beam, (c) Determine the critical 
angle. The density of silver is 10.5 gm per cm 1 . 

Ans. (a) 1.363A. 

(b) b = 1 - n = 24 X 10"®. 

(c) $c - 23.8'. 

6-8. A ruled glass surface covered with a thin layer of gold forms a diffraction 
grating with 200 lines per mm. A very narrow beam of the copper K a radiation. 
X = 1.541 A, is incident upon the grating at an angle of 20 minutes to its surface, 
(a) Show that for small angles equation (17) can be put in the form 



by expanding the cosine functions. 

(b) Calculate the angle between the first-order and the zero-order beams. 

Ans. a — 13.5'. 

6-9. The K a radiation from a molybdenum target, X = 0.708A, is scattered 
from a block of carbon, and the radiation scattered through an angle of 90° is 
analyzed with a calcite crystal spectrometer, (a) Calculate the change in wave¬ 
length produced in the scattering process, (b) Determine the angular separation 
in the first order between the modified and unmodified lines produced by rotating 
the crystal through the required angle. 

Ans. (a) X' — X = 0.024A. 
(b) 27.9 min. 

6-10. (a) Calculate the angle between the direction of motion of the recoil 

electron and the incident photon in problem 5-9. 

(b) Determine the energy of the recoil electron. 

Ans. (a) 0 = —44° 2'. 

(b) 9.37 X 10“ 10 erg = 586 ev. 
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6-11. Monochromatic x-rays of wavelength X = 0.124A are scattered from a 
rarbon block (a) Determine the wavelength of the x-rays scattered t g 

maximum kinetic energy of the recoil electrons produced m 

this scattering process. Ans . (a) y _ 0 .172A. 

(b) 2.813 Xl0 4 ev. 

5-12. The value »/n obtained from equation (29) is the scattering cr^ section 
per electron. Show that the “radius” of the electron calculated from the above 

value is wheie a * is the cIassicaI electron radius. 
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Waves and Particles 


6-1. Refraction of Particles and Waves on Newtonian Mechanics 

In the explanation of the photoelectric effect and the Compton effect, it was 
found necessary to assume that radiant energy, in its interaction with 
matter, behaves as though it consists of corpuscles. Newton had also as¬ 
sumed that light consisted of a stream of particles; but on the basis of 
Newtonian mechanics, it is possible to distinguish between the behavior of 
particles and waves. As an example, consider the phenomenon of refrac¬ 
tion, which occurs whenever a beam, either of waves or of particles, suffers 
a change in velocity when it goes obliquely from one medium to another. 
Snell’s law of refraction, which is an empirical law, states that 


sin t 

M = “— » 
sin r 


0 ) 


where m is the relative index of refraction of medium II with respect to 
medium I, i is the angle of incidence, and r is the angle of refraction. Sup¬ 
pose that a beam of particles goes from the medium I in which the velocity 
of a particle t»i is characteristic of the medium, into medium II in which it 
has a new velocity v 2 characteristic of this second medium. To account for 
the abrupt change in velocity at the boundary of the two media it is neces¬ 
sary to assume the existence of forces which act through very small dis¬ 
tances, of the order of magnitude of atomic dimensions. If we resolve the 
velocity of a particle into two components, one parallel and the other normal 
to the boundary surface, only the normal component of the velocity will 
change because of the action of these short-range forces. This will produce a 
change in direction of the beam of particles as it crosses the boundary. 

Referring to Figure 6-1, let AO be the direction of the incident beam 
and OD that of the refracted beam. Let OC be a continuation of AO drawn 
so that its length is proportional to t?i- OE and EC are then proportional 
respectively to the normal and parallel components of the velocity t»i. 
When the beam goes into the second medium, only the normal component 
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of the velocity is changed. Draw OD so that its component parallel to the 
surface, FD , is equal to EC. Then 

EC 

sin i _ PC _ OD . 

^ sin r FD OC 
OD 


hence 



<*> 


As the beam of particles crosses the boundary between the two media, 
the short-range forces produce a change in the normal component of the 


Fig. 6-1. 



velocity of each particle and hence a change in the energy of each particle. 
If we assume the principle of conservation of energy to hold in this case, we 
can write 

U x + = U 2 + h mv 2y ( 3 ) 

where U\ is the potential energy of a particle in the first medium and U 2 is 
.the potential energy of the particle in the second medium. Setting 

U = U\ — U 2 , 


we can write 


i + \mv\ = \mv 2; 


(4) 
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and solving for v 2} we get 



(5) 


The relative index of refraction M of the two media can therefore be written 
as 



( 6 ) 


If the relative index of refraction of the two media is measured for a beam 
of particles and if the kinetic energy of the particles in the first medium is 
known, then equation (6) can be used to determine the difference in poten¬ 
tial energy i as the particle goes from one medium into the other. 



The relative index of refraction of the two media can also be expressed 
in terms of the velocities of the wave in the two media. Referring to Fig¬ 
ure 6-2, let MP represent a wave front traveling with velocity w x in medium 
/, and let PN be the distance traversed by this wave in unit time. QN 
represents the refracted wave front and MQ the distance traveled in the 
second medium during the same unit of time. Evidently 

PN w x 

MQ ~ w 2 ' (7) 

PN 

sin i _ MN _ PN 
sin r MQ MQ * 


Hence 
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from which 



( 8 ) 


A comparison of equations (6) and (8) shows that there is a marked differ¬ 
ence between the refraction of waves and the refraction of particles; one 
equation is the reciprocal of the other. It will be recalled that Fizeau and 
Foucault measured the velocity of light in water and showed it to be less 
than that in air. Since the index of refraction was known to be greater than 
unity, the results of these experiments could only be explained on the 
hypothesis that light is propagated in the form of a wave motion. 

6* De Broglie's Hypothesis ^ 

In order to explain the results of some of the experiments involving the 
interaction between radiant energy and matter, such as the photoelectric 
effect and the Compton effect, it was necessary to assign to radiant energy 
some properties characteristic of particles rather than waves. The amount 
of energy assigned to such a particle of radiant energy, or photon, is given 
by 

& = hv, (’) 

where h is the Planck constant and v is the frequency of the radiation. The 
frequency v is not a directly measurable quantity but is computed from 
measurements of the wavelength X of the radiation using the relationship 

» = -. ( 10 ) 

X 


where c is the velocity of light. The wavelength X can be measured only by 
some experiment which involves interference or diffraction, phenomena 
characteristic of wave motion. In spite of the fact that radiation possesses 
this dual character, it never exhibits both characteristics in any one experi¬ 
ment. In a given experiment it behaves either as a wave or as a corpuscle. 

According to a hypothesis introduced by L. de Broglie (1924), this 
dual character, wave and particle, should not be confined to radiation alone, 
but should also be exhibited by all the fundamental entities of physics. On 
this hypothesis, electrons, protons, atoms, and molecules should have some 
type of wave motion associated with them. De Broglie was led to this 
hypothesis by considerations based upon the special theory of relativity 
and upon the quantum theory. 

Returning for a moment to a consideration of light of wavelength X, 
we find that the energy of a photon can be written as 



OH 
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by combining equations (9) and (10). If m is the mass of the photon, then, 
on the basis of the special theory of relativity, 

& hr 

m = -2 = - 2 ' 02 ) 
The momentum p of this photon is 

hv h 

p = me = — = - - ( 13 ) 

The quantity 1/X is commonly used by spectroscopists and is known as the 
wave number or the number of waves per centimeter in the monochromatic 
beam of light. If we let 



then p = hk. (is) 

Since momentum is a vector quantity whose magnitude is given by p, and 
h is a scalar quantity, k may be interpreted as the magnitude of a vector 
quantity whose direction is that of the direction of propagation of the 
light waves of length X. 

De Broglie carried these considerations over into the dynamics of a 
particle. On De Broglie’s hypothesis a wavelength X is associated with each 
particle and is related to the momentum p of the particle by the equation 



03) 


If m is the total mass of the particle and v its velocity, then 

p = mv, ( 16 ) 


so that 



mv 


(17) 


Equation (17) gives the relationship between the wavelength X associated 
with a particle and the mass m and velocity v of the particle. The existence 
of these waves was demonstrated experimentally by Davisson and Germer 
(1927) and G. P. Thomson (1928 )/j& 
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6-3. Electron Diffraction Experiments of Davisson and Germer 

De Broglie’s hypothesis that material particles should exhibit a dual 
character, that of a wave and that of a corpuscle, has led to many interesting 
and far-reaching consequences. The wavelength associated with any parti¬ 
cle of mass m moving with velocity v is 


X = — 


h_ 

mv 


(17) 


where h is the Planck constant. If the particle is an electron which has 
acquired its velocity v under the action of a difference of potential V, its 
kinetic energy, if v is small in comparison with c, is 

\mv 2 = Ve, ('•> 

and the wavelength associated with it can be expressed as 


(19) 



For a difference of potential of 100 volts, for example, 

X = 1.22 X 10“ 8 cm = 1.22A. 

This wavelength is of the order of magnitude of the distances between 
atomic planes in crystals. This fact immediately suggests the possibility of 
showing the existence of these waves by using crystals as diffraction grat¬ 
ings for electrons in a manner analogous to their use with x-rays. Such a 
series of experiments was first carried out by Davisson and Germer (1927). 

The experimental arrangement used by Davisson and Germer is 
shown in Figure 6-3. Electrons from a hot tungsten filament are accelerated 
by a difference of potential V between the filament F and the plate P . 
Some of these electrons emerge from a small opening in the plate P and 
strike the surface of a nickel crystal at normal incidence. The electrons are 
scattered in all directions by the atoms in the crystal. The intensity of the 
electron beam scattered in any given direction is determined by allowing 
the electrons to enter a chamber or bucket, B } set in the appropriate 
position, and then measuring the deflection produced by a galvanometer 
connected to the bucket. By rotating the bucket B about a line in the face 
of the crystal through the point of incidence as an axis, the intensity of the 
scattered beam can be measured as a function of the angle of scattering. 
The results of one such set of measurements are shown in the set of curves 
of Figure 6-4. These curves are plotted in polar coordinates; the length of 
the radius vector is proportional to the intensity of the scattered beam and 
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the angle between the radius vector and the y axis is the angle of scattering. 
The crystal is held in a fixed position throughout this set of measurements. 



Fio. 6-3. Outline of the experimental arrangement in the electron diffraction 
experiments of Davisson and Germer. 

When the difference of potential between F and P is 40 volts, the curve is 
fairly smooth. At 44 volts, a distinct spur appears on the curve at an angle 



scattered beam at different angles of scattering. The incident beam in each case is 
perpendicular to the face of the nickel crystal. 

of about 60°. The measurement of the distribution of intensity in the 
scattered beam is repeated at higher voltages. The length of the spur 
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increases until it reaches a maximum at 54 volts at an angle of 5°°, then 
decreases and disappears completely at 68 volts at an angle of about 40 . 

The selective reflection of the “54-volt” electrons at an angle of 50 
can be explained as due to the constructive interference, that is, reinforce¬ 
ment, of the electron waves from the regularly spaced atoms of the nickel 
crystal. Consider a regular array of atoms such as that shown in Figure 6-5. 
Several sets of parallel planes rich in atoms can be drawn through this 



Fig. 6-5. Diffraction of 
electron waves by a crystal. 


array in a manner identical with that used in the explanation of the Laue 
x-ray diffraction patterns. The parallel lines drawn in the figure represent 
the traces of one such set of planes perpendicular to the plane of the figure. 
A beam of electrons incident on the crystal will make some angle 0 with 
the normal to these planes. If the wavelength of the De Broglie waves 
associated with these electrons is such as to satisfy Bragg’s law 

nX = 2 d cos 0, ( 20 ) 

then the waves scattered from these planes will have the correct phase 
relationships to reinforce one another and will produce an intense beam 
reflected at an equal angle 0 to the normal. The Bragg equation can be put 
in a more useful form by noting that the distance d between atomic planes 
is related to the distance Z> between atoms in the surface layer by the 
simple equation 

d = D sin 0. 

Substitution of this value of d in equation (20) yields 

n\ = 2 D sin 0 cos 0 = D sin 20, 

from which n\ = D sin </>, ( 21 ) 

where <t> = 2 . 0 . 

The angle <t> would represent the angle between the incident beam and the 
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direction of the most intense part of the scattered beam, provided the beam 
was not refracted. But, just as in the case of light and x-rays, we should 
expect the beam of electron waves to be refracted. Referring to Figure 6-6, 
we find that the incident beam is not deviated since it enters the crystal 



Fig. 6-6. Refraction of the electron beam as it emerges from the crystal. 


normal to (he surface, but the emergent beam will leave the surface of the 
crystal at an angle <t>' to the normal. If X is the wavelength in a vacuum 
and X' the wavelength in the crystal, then the index of refraction n is 


from which 

Now, in the crystal 

therefore 

or 

and since 
we have 


M = 

X = 
nX' = 
X = 

n\ = 

D = 
nX = 


sin <t> sin <t> 


>7 


sin <t> 

X' sin <t>' 
sin 20 

2d cos 0; 

2d cos 0 


sin 20 


n sin 20 

2d cos 0 
2 sin 0 cos 0 


sin <t> 


• sin <t> ; 


d 

sin 0 
D sin <t>\ 


( 22 ) 


The angle <t>' represents the angle between incident beam and the direction 
of the most intense part of the scattered beam, that is, the angle that the 
spur on the curves of Figure 6-4 makes with the incident beam. It will be 
noticed that equation (22) has the same form as the equation for a plane 
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diffraction »» S W* - ■?"- *“ ” “ 

X = 2.15A X sin 50° = 165A. 

This -»—««!* «n b. ^ SIS 

good agreement with De Broglie's hypothes.s. 



Fio. 6-7. Curve obtained when the angle 
of the electron beam were each kept at 10°, 


of incidence and the angle of reflection 
while the energy of the electrons was 


increased. 


In one variation of this experiment, an oblique angle of incidence was 
used. An examination of the intensity of the scattered beam showed that 
there was an intense maximum at an angle of reflection equa 
angle of incidence, in accord with Bragg's law of reflection from a crystal 
grating. In this case the atomic planes producing the diffraction pattern 


are parallel to the surface. 

With the angle of incidence kept fixed, measurements were made o 
the intensity of the beam reflected at this angle when the energy of the 
incident electrons was varied. Figure 6-7, in which the intensity of the 
reflected beam is plotted against the square root of the voltage between 
filament and plate, shows a series of maxima almost equally spaced^ Each 
maximum represents a different order of diffraction. The existence of these 
maxima follows directly from an application of Bragg’s law 


nX = 2d cos 0, 


(20) 
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where 0 is now the angle between the incident beam and the normal to the 
atomic planes. Combining this with equation (19), we have 

1 V2me __ l/2 n 

X h 2d cos e K 1 

Whenever the wavelength is such as to satisfy Bragg’s law, there will be 
an intense maximum at an angle of reflection equal to the angle of inci¬ 
dence. Since 0 is kept constant, 2d cos 0 is also constant; there will there¬ 
fore be an intense maximum for each new value of n, the order of diffrac¬ 
tion, as V is changed. From equation (23), the spacings between maxima 
should all be the same and proportional to l/2dcos0. Actually the posi¬ 
tions of the maxima differ slightly from the calculated positions as shown 
by the positions of the arrows in Figure 6-7. This discrepancy can be 
explained as due to the refraction of the electron beam in the crystal, 



Fio. 6-8. The index of refraction of nickel plotted against V l/2 . 

since for the higher voltages the electrons do penetrate the crystal. The 
index of refraction n can be calculated with the aid of the modified form of 
Bragg’s law, which is 

nX = 2 </(m 2 — sin 2 0) ,/2 . (24) 

Values of the index of refraction are plotted against V 112 in Figure 6-8. 
For low energy electrons m is large and greater than unity; at higher energies 
m decreases and approaches unity. This is in agreement with the equation 
(6) for the index of refraction of a medium for a beam of particles. By 
substituting the measured values of m into this equation, we can determine 
the energy. C, of the electrons in the nickel crystal. For example, the index 
of refraction of a 100 ev electron beam, as obtained from Figure 6-8, is 1.1. 
Substituting this value in equation (6), we get 

from which U = 21 ev. 

This large value for the potential energy of an electron inside a metal is in 
agreement with the modern electron theory of metals. 
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6-4 Electron Diffraction Experiments of G. P. Thomson 

G. P- Thomson (1928, * 

ZL— - <*— 


Fig. 6-9. Schematic 
diagram of the electron dif¬ 
fraction experiments of 
G. P. Thomson. 



• . fmm mono to 60 000 volts. The cathode rays, after 


Fig. 6-10. Diffraction pat¬ 
tern obtained by passing a beam of 
electrons through gold foil. (Re¬ 
produced from Thomson, Wave 
Mechanics of Free Electrons, Cornell 
University Press.) 



of a series of well-defined concentric rings about a central spot, as shown in 
Figure 6-10. This pattern is very similar in appearance to x-ray poudei 

diffraction patterns. . 

Ordinary metals, such as gold, silver, aluminum, are microcry stalline 
in structure, i.e., they consist of a large number of very small crystals 
oriented at random. If any wave of length X is incident upon a thin film oi 
such a microcrystalline substance, a definite circular diffraction pattern 
will be obtained; the wavelength X can be determined if the lattice con¬ 
stant, d, of the microcrystals is known. In Thomson’s experiments, a beam 
of electrons moving with speed v was used instead of the x-ray beam, and a 
circular diffraction pattern was obtained. The wavelength X associated 
with the electron can be calculated with the aid of Bragg s formula, using 
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Fig. 6-11. Fleetron diffraction pattern of gold; thickness of the gold film was 
about 250A. (From photograph by Oliver Row and X. K. Muklierjee.) 

the value of d from x-ray data. Actually. Thomson determined the wave¬ 
length of the electrons from the De Broglie formula 



mv 


and then calculated the spacing d between atomic planes, and compared it 
with x-ray determinations. The following table gives a few of the results of 
Thomson's experiments: 


Table 6-1 


Values of d in A 

Metal 

X-Rays 

Cathode Rays 

Aluminum 

4.05 

4.06 4.00 

Gold 

4.06 

4.IS 3.99 

Platinum 

3.91 

3.S8 

Lead 

4.92 

4.99 
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The results of these experiments confirm De Broglie's hypothesis that 

«Jis a wave motion associated with into an 

The electron diffraction camera has since bee* £ study of 

instrument of great prec.smn and u ^‘ y ’ changes , and for 

surface phenomena such as corrosion g Figure 6-11 

the determination of cr ^' al g Oliver Row and N. R. Mukherjee showing 

o, gold; ,h, ■hid— - the go.d M w.s 

about 250A. 


6-5. Waves Associated with Atoms and Molecules 

molecules by crystals was first clearly demonstrated by Stern 


Fio. 6-12. Schematic diagram showing 
the arrangement of apparatus used in the 
diffraction of atoms and molecules 



workers. In these experiments they investigated the diffraction of hydrogen 
and helium molecules, using crystals of lithium fluoride and sodium c o- 
ride. A stream of molecules from an oven at a known temperature I was 
directed against the surface of the crystal at some angle d. The surface ot 
the lithium fluoride crystal in this case behaves in very much the same 
manner as a “crossed" diffraction grating does in optical experiments, 
that is, the diffracting centers are at the corners of squares. The incident 
beam is scattered in all directions, and intensity maxima for any gi\ en 
wavelength occur only at those points where the waves from the different 
diffracting centers meet in phase. 

In the case of the molecular beam scattered by the crystal, the points 
of maximum intensity correspond to regions of maximum pressure of the 
gas. Hence Stem used a very sensitive manometer, M (see Figure G-12), to 
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locate the diffraction pattern produced by the crystal. This manometer 
could be rotated about an axis at right angles to the face of the crystal 
and could thus measure the intensity of the scattered molecular beam at 
various points. Figure 6-13 is a typical curve showing the diffraction 
pattern obtained by reflecting helium from the LiF crystal. The intensity 
maximum at 0° corresponds to the regularly reflected beam in which the 



Fig. 6-13. The diffraction 
pattern obtained with helium 
reflected from a lithium fluoride 
crystal. 


angle of reflection is equal to the angle of incidence. Then, as the ma¬ 
nometer is rotated on either side of the reflected beam, the pressure is 
found to drop to a minimum value at about 5° and to rise again to a 
maximum on either side at 10° from the directly reflected beam. These two 
maxima correspond to the first-order diffraction patterns obtained with a 
grating. 

The wavelength associated with the helium atoms can be calculated, 
using the known spacing of the atoms in the lithium fluoride crystal and 
the positions of the first-order diffraction patterns. The wavelengths cal¬ 
culated in this manner are in excellent agreement with those predicted by 
the De Broglie formula 



mv 


where m is the mass of the helium atom and v is the average velocity of the 
helium atoms calculated from a knowledge of the temperature of the helium 
in the oven. Many experiments were performed using temperatures varying 
from 100° abs to 650° abs. Diffraction patterns were obtained in all cases. 
Similar experiments were performed with hydrogen molecules, H 2 , and the 
wavelengths obtained were found to be in agreement with De Broglie s 
hypothesis. 


Diffraction of Neutrons 


181 


* 6 " 8 farmed bv T H. Johnson in which a beam 

A similar experimeni was performed and allowed 

of hydrogen atoms was reflected - de The oxide was reduced to 

rs ■*- -ys: 

ssrxs r*£=- “— 

and with the results obtained by Stem. 

6-«. Diffraction of Neutrons hppn definitely established, we 

The existence of De Broglie ™ ve ^ ; the interac tion between different 
have one more powerful tool fo y lhes e particles in that it 

types of particles. The neutron q ed by the electrostatic fields of 

has no charge; hence it wi 1 n° b mQst substances very readily. In 

electrons and nuclei, and P utrons with matter takes the form 

the majority of cases the interaction t ^ * fraction of its energy 

of elastic collisions with nuclei. occupies a sufficient volume, the 

velocity depending upon the 

which the neutron is captured y . n Here we shall merely 

of neutron capture in greater detail in Chap er li- results in 

mm z&zsxtt --—- 

—-—- - *-* 

temperature T, their average kinetic energies will be proportional 
temperature, or 

(25) 


«* 


= kT, 


where k is the Boltzmann constant whose value is k - 1.38 X 10 "W**- 
Thus if neutrons come to equilibrium in a block of 
room temperature, which we can take as approximately 300 abs, then 
average kinetic energy of these neutrons will be 

S 300 = 1.38 X lCT 16 X 300 
= 4.14 X 10 -14 erg. 

The average velocity of a neutron of this energy is about 2.2 X 10 5 cm/sec . 
Since 1.6 X 1(T 12 erg = 1 ev, a neutron in equilibrium with matter at, 
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300° abs has an energy of about 1/40 ev. Neutrons of such low energy are 
usually referred to as slow neutrons, or thermal neutrons. 

The De Broglie wavelength of thermal neutrons can thus readily be 
evaluated, yielding 

X - 1.82A, 

which is about the same order of magnitude as x-rays. Hence the experi¬ 
mental techniques developed for x-rays can be applied, with suitable 
modifications, to the study of the interactions of slow neutrons with 



Fio. 6-14. Diagram of the neutron spectrometer used by W. H. Zinn in the study 
of neutron diffraction. (Courtesy of W. H. Zinn, Argonne National Laboratory.) 


matter. Powerful sources of slow neutrons are now available from nuclear 
reactors, sometimes called chain-reacting piles. W. H. Zinn (1947) studied 
the distribution of wavelengths, and hence energies, of a neutron beam 
from a chain-reacting pile which had been slowed down to room tempera¬ 
ture by passing through a large block of graphite. The neutrons were 
reflected from a calcite crystal, and the intensity of the reflected beam at a 
given crystal angle 0 was measured by allowing the neutrons to enter a 
proportional counter filled to a pressure of 40 cm of Hg with boron tri¬ 
fluoride gas enriched with the B 10 isotope, as shown in Figure 6-14. Slow 
neutrons are easily captured by B 10 nuclei, which then emit alpha particles. 
These alpha particles ionize the gas in the chamber, producing a pulse 
whose amplitude is proportional to the energy of the alpha particle. The 
graph of Figure 6-15 shows the distribution of energy among the neutrons 
in the thermal column. 

E. O. Wollan and C. G. Shull have studied the structure of crystalline 
substances, using the Laue diffraction technique and the powder crystal 
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method. In the latter case they ^ ““"^g^o^Naacrysta 1 at an 
the Oak Ridge graphite reactor by "***“«£ neutr0 ns was scattered 
angle of about 6.5'. The ">o'' och ^ C ^ the intensity 0 f the beam 
by the powdered JSS counter filled with BF, g» 

rotates about an axis through 



Fio. 6-15. Energy distribution among neutrons in themm!! 
reactor as determined with a caleite crystal neutron spectrometer. (Z.nn, rny 

71, 755, 1947.) 


the center of the spectrometer table on which the powder is mounted. The 
counter readings are recorded automatically A typical Powder Affracfaon 
pattern obtained with powdered diamond .s show-., in ™ 

numbers above the peaks designate the planes in the d.amond effect.ve in 

producing these intense maxima. . . 

In producing Laue diffraction patterns, such as that shown in Figure 
6-17, Wollan, Shull, and Marney sent a narrow beam of neutrons possessing 
a continuous wavelength distribution of from 0.5A to 3.0A through a 
sodium chloride crystal 0.35 cm thick, with the incident beam parallel to 
one of the axes of the cube. The photographic film was placed 6.4 cm from 
the crystal. However, since neutrons do not affect a photographic film to 
any extent, the film was covered with a sheet of indium, 0.5 mm thick. 
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Neutrons are readily captured by indium, and the unstable nuclei thus 
formed disintegrate with the emission of beta particles. The latter do 



Fig. 6-16. Neutron diffraction pattern produced by powdered diamond. The 
numbers above the peaks indicate the crystal planes which produced them. (Wollan 
and Shull, Phys. Rev., 73, 834, 1948.) 



Fig. 6-17. Neutron Laue diffraction pattern produced by a crystal of rocksalt. 
(Photograph supplied by E. O. Wollan and C. G. Shull.) 

affect the photographic plate. A hole was cut in the center of the indium 
plate to reduce the blackening due to the undeflected neutron beam. 
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Laue patterns of a variety of cysta.s have been obtained in this way, 
utilizing the De Broglie waves associated with neutro 

a 7 Velocity of De Broglie Waves 

The velocity of the De B 

sarily the same as that of the paruc e. , , h of the De Broglie 

"d its frequency^then ^velocity . of this wave is given by the 
usual equation 

( 26 ) 


| w 


v\. 


The momentum P of the particle is related to the wavelength by the 
fundamental equation 

L 


P = X 


( 13 ) 


Let us now assume that the relationship between the totaJ enei«y 6 of the 
particle and the frequency r of the associated wave is given by the usual 
equation from quantum theory 


& = hv, 


( 9 ) 


and that the total energy 5 and the total mass m, including the rest mass, 
are given by the Einstein relativity equation 


6 


me 2 , 


( 27 ) 


and that the momentum p is given by 


mv 


( 28 ) 


where v is the velocity of the particle. It then follows that 


w 




or 


& me 2 

w = - = -» 

p mv 



from which 
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Since the velocity v of a material particle is always less than the 
velocity of light c, the velocity of the De Broglie wave associated with it is 
always greater than c. There is no contradiction between this fact and the 
postulate of the theory of relativity that no signal, that is, energy, can be 
transmitted with a speed greater than c. We have already encountered 
velocities of waves greater than c, for example, the velocity of x-rays in 
material media. R. W. Wood has shown that the index of refraction of 
visible light passing through media in which anomalous dispersion is 
produced is less than unity—for example, yellow light passing through 
a prism of sodium. This means that its wave velocity in sodium is greater 
than c. 

The fact that the wave velocity is greater than the particle velocity 
does not mean that the De Broglie waves get away from the particle. 
Instead we can think of the particle inside a wave packet or group of waves, 
with the entire group or packet traveling with the particle velocity v, 
while the individual waves composing the group travel with the wave 
velocity w. In our discussion of wave and group velocity in the next section 
we shall prove that the group velocity of the De Broglie waves is equal to 
the particle velocity. 

The wave velocity of the De Broglie waves differs from the velocity of 
light in one important aspect: even in free space, the wave velocity is a 
function of the wavelength. To show this, let us write for the momentum 

p = mv, 

and for the total energy & = me 2 , 

so that p = 

c 

Using the relativistic expression for the mass of a particle, the equation 
for its momentum becomes 



where m 0 is the rest mass of the particle. Eliminating v between the last 
two equations yields 



( 30 ) 


h 

— * 

> 


Now. since 


V 
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For De Broglie waves 
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mo 


w = 


hv, 

h 
c 

vX; 


h Iv 2 I 

~c\c 2 X 2 


from which 



( 31 ) 


( 32 ) 


This equation shows that for a particle of rest mass «o > 0, the wave 
velocity «l always greater than c; furthermore the wave velocity-of the 
De Broglie waves is a function of the wavelength even in free space. 

As a special case of De Broglie waves, consider those waves which are 

propagated with a wave velocity » = e. This corresponds to the propaga¬ 
tion of electromagnetic waves. The velocity of the assoc.ated pa c^the 
photon, is therefore also equal to c. If the value w = c is MM m 
equation (31), we find that the rest mass of the photon m 0 - 0, that is, 
there is no such thing as a photon at rest. Photons always move w.th the 

velocity c. 

6-8. Wave and Group Velocities 

In any dispersive medium, that is, one in which the velocity w of a wave 
depends upon its wavelength, waves of different wavelengths are Propagated 
through the medium as a group with a velocity u which is different from w. 
To derive the relationship between these two velocities, et us consider two 
waves of slightly different wavelengths traveling together through a dis¬ 
persive medium. In Figure 6-18 the upper wave ABC has a wavelength 
and a wave velocity w, while the wave A'BC drawn just below it has a 
wavelength X + d\ and is moving with a velocity w + dw in the same 
direction as the upper wave. 

The two waves, although drawn separately, are traveling together 
through the same space. Let us choose an instant when two crests, say 
B and B\ coincide at time t = 0. The amplitude of the combined wave will 
be a maximum at this position. After a certain time t , B' will have moved 
ahead of B by an amount d\ so that now A' coincides with A. The position 
of maximum amplitude has thus shifted in this time to the place where A 
and A' coincide. Let us call this distance s, and define the group velocity u 





188 


Waves and Particles 


§ 6-8 



Fig. 6-18. Wave and group velocities: t is the time required for A' to get into 
phase with /I; in this time B has traveled a distance wt while the position of maximum 
amplitude has advanced a distance * with the group velocity u. 


by the equation 



(33) 


From the figure it can be seen that 

s = wt — 

so that u = w — y • (34) 

It can also be seen from the figure that the distance d\ that B' has moved 
from B in the same time t is 

d\ = (w + dw)t — wt = tdw 

from which l = — • 

dw 


Substituting this value of t in equation (34) yields 


dw 



( 35 ) 
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the same. 

6-9. Group Velocity and Particle Velocity 

It is a comparatively simple matter to show that the group velocity of the 
shown that the wave velocity of the De Broglie waves is given by 


Now 


w = c ■ 


dw _ 

e 

rfx ~ ' 

1, , 


(32) 


m y 


Substituting this value of dw/d\ into equation (35) and using equation (32) 
for w, we obtain 

c 2 

u = — • 
w 

c 2 

But we have shown that v ■= — ; 


(29) 


hence « = v; || 

that is, the group velocity of the De Broglie waves is the same as that of the 
particle. Or, stated in another way, the De Broglie waves move with the 
particle. 


6-10. Heisenberg’s "Uncertainty Principle” 

An interesting interpretation of the duality, wave and particle, of both 
matter and radiant energy has been given by Heisenberg. The concepts of a 
particle and of a wave have been built up on the basis of experiments per¬ 
formed on a comparatively large scale; these concepts are mental pictures 
formed on the basis of such experiments. W hen applied to experiments 
involving quantities of the order of magnitude of atomic dimensions, these 
concepts can have the validity of analogies only. The concept of the elec¬ 
tron as a particle, for example, was derived from the results of experiments 
on the motion of the electron through electric and magnetic fields. The 
problem of particle dynamics is to predict the position and velocity of the 
particle at any time t when its initial position and velocity are known. But 
the experiments on electron diffraction show that this is not always possible. 
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Electrons starting with the same initial conditions are not all scattered 
through the same angle by the crystals; the result is a diffraction pattern 
showing a definite distribution of these electrons with respect to both 
position and momentum. But a diffraction pattern is the best evidence 
that we are dealing with a wave phenomenon. To apply the wave concept 
to a single electron, the electron may be pictured as a small bundle or 
packet of waves extending over some small region of space As. The asso¬ 
ciation of a wave packet with an electron means that the position of the 
electron at any instant of time t cannot be specified with any desired degree 
of accuracy; all that can be said of the electron is that it is somewhere 
within this group of waves which extends over a small region of space As. 

'■ Heisenberg’s uncertainly principle refers to the simultaneous determina¬ 
tion of the position and the momentum of the particle and states that the 
uncertainty, Ax, involved in the measurement of the coordinate of the particle 
and the uncertainly Ap x involved in the simultaneous measurement of its 
momentum are governed by the relationship 


Ax • Ap x > h, 


(36) 


where h is the Planck constant. 

An examination of a few idealized experiments will serve to show how 
the wave concept acts as a limitation on the particle concept, giving rise to 
the uncertainty principle.' One such idealized experiment was given by 
Bohr. Suppose it is desired to determine the position of an electron, using 
some instrument such as a microscope of very high resolving power. It can 

be shown that the resolving power of a mi¬ 
croscope is given by 

X 

Ax = —— » 
sin a 

where Ax represents the distance between 
two points which can just be resolved by 
the microscope, X is the wavelength of the 
light used, and a is the semivertical angle of 
the cone of light coming from the illumi¬ 
nated object. The uncertainty in the determi¬ 
nation of the x coordinate of the position of 
the electron is represented by Ax. To make 
Ax as small as possible, light of very short wavelength must be used, 
either X-rays or gamma rays. The minimum amount of light that can be 
used is a single quantum hv. When the electron scatters this quantum into 
the microscope, as shown in Figure 6-19, the electron will receive some 



Fig. 6-19. Schematic 
diagram of the • gamma-ray 
microscope experiment. 
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momentum from the quantum (Compton effec^ Smce the^tte^l 

quantum can enter the microscope anywhere within the 
angle a, its contribution to the s component of the momentum 
electron is unknown by an amount 

h . 

Ap z = p sin a = - sm a, 


where A/X is the momentum of the quantum. The product of the uncer¬ 
tainties in the determination of the simultaneous values of the position and 
momentum of the electron is therefore 


X h . , \ 

Ax • Avx = —- • r sm a = n. \ 

r sin a X 


Another illustration of the uncertainty principle is supplied by an 
experiment in which a beam of electrons passes through a narrow slit, and 



Fig. 6-20. Diffraction of electrons by a narrow slit. A graph of the intensity 
pattern obtained is shown on the right. 


is then recorded on a photographic plate placed some distance away, as 
sketched in Figure 6-20. Every electron which is registered on the photo¬ 
graphic plate must have passed through the slit, and if its width is Ay, 
then the y coordinate of the electron is indeterminate by an amount Ay. 
Making this width smaller increases the accuracy in the knowledge of the 
y coordinate of the electron at the instant it passes through the slit. But 
with a very narrow slit a very definite diffraction pattern is observed on the 
photographic plate. This diffraction pattern is interpreted to mean that the 
electron receives additional momentum parallel to the slit at the instant 
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that it passes through the slit. If p is the momentum of the electron, the 
component in the y direction is p sin 0 , where 0 is the angle of deviation. 
The electron may be anywhere within the diffraction pattern, so that if a 
is the angular width of the pattern, the uncertainty in the knowledge of the 
y component of the momentum of the electron is 


Ap u = p sin a. 


The angular width of the diffraction pattern is determined by the slit width 
Ay and is given by the equation 

Ay sin a = X. 

Hence the product of the uncertainties in the simultaneous determination 
of the y coordinate and y momentum of the electron in its passage through 
the slit is 


Ay • Ap u 


X 

p sin a • —- 

sin a 


pX. 


From De Broglie’s hypothesis 



therefore Ay • Ap y = h. 

Another set of variables can be used to express Heisenberg’s uncer¬ 
tainty principle. If & is the energy of the system at time /, then it may be 
shown that 

A& • At ^ h, (37) 


where A& is the uncertainty in our knowledge of the value of the energy & 
and At is the uncertainty in the knowledge of the time. 


6-11. Probability Concept 

The wave-particle parallelism must be extended to include an interpreta¬ 
tion of the intensity of light and also the intensity of the electron beam. 
According to the wave theory of light, the intensity is determined by the 
square of the amplitude of the electric vector at the point under considera¬ 
tion. On the corpuscular theory the intensity of the beam of light must be 
determined by the number of photons per second which pass through a unit 
area perpendicular to their direction of motion, or 

N ~ Yl (38) 

where Kq is the amplitude of the electric vector and N is the number of 
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uni, volume 

in the continuous wave; that .s, the expre-wn JJ ~ K° involves 
tenIl An C altemative^pproach e wttie'problern is through a statistical inter- 

preta^on The square of the amplitude, K can be thought of « propor¬ 
tional to the probability of a photon’s crossing unit area perpendwu < 
the direction of motion in unit time at the point under ^-derat on F 
example if a beam of light passes through a narrow slit a d is 'ncKlc 
upon a photographic plate, a definite diffraction pattern "****%* 
showing regions of great intensity alternating with regions of xery sm . 
intensity. On the statistical interpretation, the probabd.ty of a photon s 
striking the photographic plate is very great where the intensity is grea 
and is very small where the intensity is small. In the case of a ^ ' vel j' 
beam of light, say, one in which a single photon passes through thesht 
every minute, it is impossible to predict just where any .ndiv.dua photo . 
will strike the photographic plate. All that can be said is that the Prob¬ 
ability of the photon's striking a certain portion of the plate is large just 
where the wave theory predicts large intensity and the probability is small 
just where the wave theory predicts small intensity. If only a few photon 
strike the photographic plate, their arrangement will undoubtedly be 
haphazard. But if a sufficient time is allowed to elapse so that a large 
number of photons reach the photographic plate, the result will be the 
diffraction pattern predicted by the wave theory. 

The above mode of description can be applied to the diffraction of ai. 
electron beam by a narrow slit. The wave associated with the electron is the 
De Broglie wave. There is a certain probability that an electron, after 
passing through the slit, will strike a given point on the photographic 
plate; this probability is proportional to the square of the amplitude of the 
associated De Broglie wave. It is impossible to predict just where any one 
electron will strike the plate; 3 r et, after an interval of time sufficient to 
allow a large number of electrons to strike the plate, a definite diffraction 
pattern will be observed, and the intensities at the different points will 
correspond to the amplitudes of the diffracted waves at those points. 

The phenomena of transmission and reflection at a plane surface can 
be explained in a similar manner. If a system of waves is incident on a plane 
surface, part of it will be reflected and part transmitted, and their intensi¬ 
ties will be proportional to the squares of the amplitudes of the reflected and 
transmitted waves respectively. According to the corpuscular theory, the 
particle associated with the incident wave has a certain probability of 
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being reflected and a certain probability of being transmitted, these 
probabilities being proportional to the squares of the amplitudes of the 
corresponding waves. 

From the discussion of the last two sections it can be asserted that 
while there is an indeterminacy in the description of phenomena from the 
corpuscular point of view, there is no lack of determinacy from the point 
of view of the wave theory. The wave functions necessary to describe these 
phenomena are continuous functions of the coordinates and the time. 
These wave functions are obtained from the solutions of the appropriate 
wave equations: in general, second-order partial differential equations 
involving the coordinates and the time. For the case of light, these wave 
functions are obtained from the solutions of the differential equations 
which form the basis of the electromagnetic theory of light. For the case of 
material particles, these wave functions are obtained from the solutions of a 
wave equation first formulated by Schroedinger and forming the basis of a 
new division of physics called wave mechanics. 

6-12. Schroedinger's Equation for a Single Particle 

A typical wave equation in Cartesian coordinates is 

d 2 U . d 2 U . d 2 U 1 d 2 U 

dx 2 + dy 2 + dz 2 W 2 di 2 ' (3,) 

where U is the wave function which is propagated with the wave velocity w. 
For example, in the case of electromagnetic waves, U may represent any 
one of the components of the electric vector or of the magnetic vector which 
is propagated through space. Schroedinger’s contribution was the incor- 
poration of De Broglie’s waves associated with material particles into the 
above equation. 

For the case of a single particle of mass m, velocity v, and total energy 
6, the following equations have been shown to apply: 

& = hv t (9) 

h 

P = -. (-3) 

& hv 

W = \v = — = — • (26) 

V V 

Since the kinetic energy of the particle is the difference between the total 
energy 6 and the potential energy V , we can write 

mv 2 = 2(6 - V), 

assuming that v c so that the relativity expressions need not be used. 
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Now 

p = mv = y/2m(& — V) t 

( 16 ) 


hv 

( 40 ) 

so that 

V2 m(6 - V) 



In general, only those wave functions U which are harmonic functions 

represented by the exponential function «*”*, where t = Suppose 

IT = 


represents the wave function where « is a function of the coordinates only. 
Two successive differentiations of the funct.on with respect to the tune 

only yield 

= --irVue 2 "* 

fit 2 


= -4* W. 


( 41 ) 


Substitution of the values from equations (40) and (41) into the wave 
equation yields 


d 2 U , d 2 U d 2 U 

i - o • - _2 


dX' 


dy 


dz' 


^ (6 - V)U, 


( 42 ) 


which is one form of Schroedinger's wave equation for a single particle. By 
canceling the exponential factor from each term of the wave equation, a 
similar equation is obtained for the amplitude u, which is 


d 2 u d 2 u d 2 u 
dx 2 + dy 2 + dz 2 


&ic 2 m 


(6 - V)u. 


( 43 ) 


It will be noticed that the time does not enter explicitly into this amplitude 
equation; in the wave mechanics of a particle, the function u is usually 
referred to as the wave function. The potential energy V is, in general, a 
function of the coordinates. The problem in wave mechanics is to put in the 
appropriate value for V and seek solutions of Schroedinger’s equation. It is 
beyond the scope of this book to solve these partial differential equations, 
but the results of such solutions will be made use of wherever necessary in 
the discussion of atomic physics. 

The interpretation of the wave function has already been indicated in 
the previous section in the discussion of the De Broglie waves associated 
with matter. Solutions of Schroedinger’s equation will give u as a continuous 
function of the coordinates, and hence its value will be determined for 
every point in space. The square of this wave function or amplitude, u , is 
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proportional to the probability of finding the particle at any given point in 
space. Or if the product u 2 dv is formed, it can be considered as a measure 
of the probability of finding the particle in this volume element dv. Summing 
up these products over all space, and equating this sum to unity, or ex¬ 
pressing it mathematically, 

J U 2 dv =1, (44) 

space 

is equivalent to saying that it is certain that the particle is somewhere in 
space. If the wave function u is chosen to satisfy the above integral equa¬ 
tion, the function is said to be normalized and the product u 2 dv now meas¬ 
ures the absolute value of the probability of finding the particle in the 
particular volume element dv. While the above discussion has been limited 
to a single particle, the effect produced by a large number of particles is 
simply the sum of the elementary effects produced by the individual 
particles. Thus, in wave mechanics, the problem of determining the motion 
of a single particle is reduced to that of determining the probability of 
finding the particle in any particular place at a given time. 

6-13. Electron Optics 

Nearly all the phenomena that are usually associated with light and 
x-rays, and which form the subject of optics, can also be observed with 
electrons. Electrons can be reflected and refracted; interference and diffrac¬ 
tion phenomena can be produced at will; electrons from a point source may 
be focused by passing them through properly shaped electric or magnetic 
fields; such fields play the role of lenses. A completely new branch of science, 
known as electron optics, has been developed within recent years, and 
investigations in this subject not only have led to a better understanding 
of physical phenomena but have also produced several important instru¬ 
ments which have wide applications. One of these is the electron microscope. 

A microscope is used to provide an enlarged image of a small object as 
well as to show greater detail in its structure. The latter property is deter¬ 
mined by the resolving power of the microscope. We have already seen 
that the limit of the resolving power of a microscope is determined by the 
wavelength of the incident radiation. In the case of optical microscopes, the 
limit of the resolving power of the optical microscope is of the order of 
magnitude of the wavelength of visible light, which we may take as 5000A. 
But, since the wavelengths associated with electrons are determined by 
the relation 



mv 


it is possible to get much smaller wavelengths by using appropriate accel- 
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5-21. A simplified cross section of a small electron microscope. 


(Courtesy 


of RCA Laboratories.) 



Fig. 6-22. A photograph of the experimental model of the small electron micro¬ 
scope with the control panel. (Courtesy of RCA Laboratories.) 
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erating voltages on the electrons and thus to produce microscopes with 
much greater resolving power. Electron microscopes have been produced 
with resolving powers of about 20A, using accelerating voltages from 30 kv 
to 100 kv. 

Figure 6-21 shows a simplified cross section of a compact electron 
microscope of high resolving power, and Figure 6-22 is a photograph of the 
experimental model with the control panel. This microscope uses magnetic 
fields both for the objective lens and for the projection lens. Either an 
electromagnet or a permanent magnet may be used for these lenses. The 
specimen to be investigated has to be very thin so that electrons of about 


Fig. 6-23. Light micrograph of 
mo nohydra ted aluminum oxide. A 
representative micrograph that is 
perhaps a factor of three from the 
theoretical limit of an optical micro¬ 
scope using visible light. Magnification 
500 X. (Courtesy of J. Hillier, RCA 
Lal>oratorics.) 


30 kev energy can be transmitted through it without loss of energy. The 
instrument is designed so that the image can be focused on a fluorescent 
screen for visual examination, and is also arranged so that a photographic 
plate can be put in front of the screen to photograph the image. A diffusion 
pump is connected to the microscope to provide a vacuum of about 
5 X 10“ 5 mm of mercury pressure. This instrument can also be provided 
with an adapter so that it can be used as an electron diffraction camera. 
Other electron microscopes have been designed for the study of the surfaces 
of thick specimens by the reflection of electrons from the surface. 

An idea of the meaning of the term resolving power as well as the dif¬ 
ference in resolving powers between light and electron microscopes can be 
obtained from the three photographs shown in Figures 6-23, 6-24, and 6-25 
taken by James Hillier. Figure 6-23 is a photograph taken with a light 
microscope of monohydrated aluminum oxide. This micrograph is esti¬ 
mated to be about a factor of three from the theoretical limit of a micro¬ 
scope using visible light. Figure 6-24 is an electron micrograph of the same 
material and shows the resolution achieved in commercial instruments in 
use around 1940. Figure 6-25 is an electron micrograph of the tip of one of 
the crystals of the same substance and is representative of the resolution 
that could be achieved in 1950. It is estimated that this micrograph is also 
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of monohydrated oxide. Represent alive 
electron microscopes in 11*40. 


Fia. 6-24. Ele. 

resolution achieved 
13,000 X. (Courtesy 

Fir. 6-25. Electron micrograph of the tip of one of the plates ol 
hydrated aluminum oxide as in Fig. 6-2*. Representative of there 
in 1050. The resolving power is about a factor of three from the the 
electron microscopes of about 1050. Magnification 00.000 X. Compare 
(Courtesy of J. llillier, RCA Laboratories.) 


about a factor of three from the theoretical limit of resolution of present- 
day electron microscopes. 

The development of the electron microscope has provided a powerlui 
tool for the study of the structure of large molecules and the structure of 
bacteria as well as for the photography of viruses and other very small 
objects. Further developments in this field will undoubtedly increase the 
resolving power to better values 
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Problems 

6-1. Calculate the length of the wave associated with a particle of one gram 
mass moving with a velocity of 2 X 10 s cm/sec. Discuss the probability of 
performing a successful diffraction experiment with a stream of such particles. 

Ans. 3.3 X 10- 32 cm. 

6-2. Calculate the wavelength associated with an alpha particle emitted by the 
nucleus of an atom of radon. Compare this wavelength with the diameter of 
the nucleus. 

Ans. 6.13 X 10” 13 cm. 

6-3. It can be shown that the rate at which a gas at absolute temperature T 
moves out of an orifice in an oven is the same as that of a gas moving out of the 
aperture with a uniform velocity equal to Je where £ is the average velocity of 
the molecules. Further, the average kinetic energy of the molecules of a gas is 
given by 

IMC* = IkT, 

where C* - — C 2 . 

8 

k is Boltzmann’s constant and is equal to 1.37 X 10“ 16 erg/molecule/deg. 

(a) Derive an expression for the length of the waves associated with a stream of 
molecules of a gas at temperature T. (b) Calculate the wavelength associated 
with a stream of helium molecules issuing from an oven at 300° abs. (c) Devise an 
experiment for showing the existence of these waves, giving approximate dimen¬ 
sions of the essential parts of the apparatus. 

Ans - (a) x = A \/i§r 

(b) X = 3.14 A. 

6-4. Electrons from a heated filament are accelerated by a difference of potential 
between the fijament and the anode of 30 kv; a narrow stream of electrons coming 
through a hole in the anode is transmitted through a thin sheet of aluminum, 
(a) Assuming Bragg’s law to hold, calculate the angle of deviation of the first- 
order diffraction pattern, (b) Determine the velocity of these waves in the alu¬ 
minum foil. 

Ans. (a) <t> = 20 = 55 min. 

(b) w = 9.04 X 10 10 cm/sec. 

6-6. A stream of electrons of 240 ev energy is incident upon the surface of 

platinum at an angle of 30° to the normal. The electron energy U in platinum is 

known to be about 12 ev. (a) Calculate the index of refraction of platinum for 

these electrons, (b) Determine the angle of refraction, (c) Determine the wave 

velocity of the electron waves in platinum, (d) Determine the velocity of the 

electrons in platinum. . , . , 

Ans. (a) m = 1.025. 

(b) 29°. 

(c) 9.5 X 10" cm/sec. 

(d) 9.48 X 10 8 cm/sec. 
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u = w/2. 

6-7. Ripples « .6. »*- - • “t.t tt=<S 

(2ttS/\p) 112 in which 5 is the surface tension and p is tne aen j 
Show that the group velocity of the npples is u - 

6-8. (.) U*t o, wavelength A «.«!. °>““ h * tte"^ 

lion M with a wave velocity w given by p = «/»• Show that g P 
is given by 


"“"O + sS) 


(b) Determine the ratio of the group velocity to the wave velocity of 
light of wavelength 6000A, in a glass, from the following data, when 
5890, fi = 1.5682; when A = 6235, m - 1.5663. 
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The Hydrogen Atom 


7-1. Spectrum of Hydrogen 

Hvdrogen, the simplest of all the elements, has been investigated most 
extensively both experimentally and theoretically. The knowledge ob 
tained from this study has acted as a guide to the study of the more com¬ 
plex elements. One of the greatest aids in determining the structure o t 
atoms of any one element has been the study of the radiation emitted and 
absorbed by the element. When the light from an element in the gas or 
vapor phase is analyzed with the aid of a spectroscope it is found to con¬ 
sist of a series of very sharp lines of definite wavelengths characteristic of 
the element emitting the radiation. Most of the atomic spectra are very 
complex, and their analysis involves exceedingly careful and painstaking 
measurements of the wavelengths and their relative intensities. As a re¬ 
sult of this work many of the spectral lines of each element were found to 
be related in a simple manner expressed by means of a simple equation 
suggested by Rydberg (1889) in which the reciprocal of the wavelength, 
that is, the wave number, of a line is given as the difference between two 
numbers, or two terms. In this chapter we shall limit our considerations 

to the hydrogen atom. . 

As long ago as 1885, Balmer succeeded in obtaining a simple relation¬ 
ship among the wave numbers of the lines in the visible region of the hy¬ 
drogen spectrum. Balmer’s equation expressed in modern notation is 


(D 



where X is the wavelength and P is the wave number of the spectral line. 
r h is a constant known as Rydberg's constant for hydrogen and n is an 
integer greater than 2. The empirical value of Rydberg’s constant for 
hydrogen is 

R h = 109,677.581 cm" 1 . 


By substituting for n in equation (1) the successive values 3, 4, 5, 6, • • • , 
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we obtain the wave numbers of the lines in the Balmer series. Figure 7-1 
is a photograph of the lines of the Balmer series. The relative positions of 
these lines on a wave number scale are shown in Figure 7-2. It is obvious 



Fia. 7-1. Photograph of the omission spectrum of hydrogen showing the Balmer 
series lines in the visible and near ultraviolet region. II* shows the theoretical position 
of the scries limit. (Reprinted by permission from Atomic Spectra aiul Atomic Structure, 
by (i. Herzbcrg, Dover Publications.) 


from the equation that as n approaches infinity, the lines crowd together 
and approach a limit known as the series limit. The value of the limit of 
the Balmer series is Rn/2 2 = 27,419.40 cm -1 . 


H 


or 






Series 

limit 



Fig. 7-2. Graph of the positions of the Balmer series lines on wave number and 
wavelength scales. 

Another way of expressing the Balmer formula is by writing the 
wave number of each line as the difference between two terms 

v = T t - T, ( 2 ) 

where T t = R\\/2 2 is the value of the series limit, and T = R\\/n 2 is the 
variable term. This mode of expressing the series relationship will be found 
very useful for more complex spectra. 


7-2. Bohr's Theory of the Hydrogen Atom 

The first quantitatively correct derivation of the Balmer formula on the 
basis of an atomic model was given by Bohr (1913), in his theory of the 
hydrogen atom. This theory has played such an important role in the 
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development of atomic physics that, even though it has been modified 
and extended by the later developments in quantum mechanics, it will D< 
worth while to present the original simplified theory. Bohr adopted Ru - 
erford's nuclear model of the atom; on this basis the hydrogen atom should 
consist of a singly charged positive nucleus and an electron outside the 
nucleus, since the atomic number is equal to unity. Assuming Coulomb s 
law of force and Newton’s laws of motion to be applicable in the atomic 
domain, the path of the electron around the nucleus should be a conic 
section. As a first approximation assume that this conic section is a circle 
of radius r with the nucleus fixed at the center of the circle. If E is the 
charge on the nucleus and e the charge on the electron, then from Coulomb s 
law, the force of attraction between the nucleus and the electron is 



since the atomic number Z = 1 and E = — Ze = —e. From Newtons 
second law of motion 

F = ma = - — , ( 4 ) 

r 


where m is the mass of the electron, a is its centripetal acceleration, and 
v is its velocity. The minus sign indicates that the acceleration is directed 
toward the center of the circle. Equating (3) and (4), we get 

e 2 mv 2 


from which 



(5) 


The potential at any point distant r from the charge E is E/r so that the 
potential energy of the electron is 

(*) 

r r 


The kinetic energy of the electron is \mv 2 . Therefore the total energy 6, 
which is the sum of the potential and kinetic energies, is 

e 2 

& = \mv 2 — —» (7) 


which, upon the substitution of equation (5), becomes 



( 8 ) 
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Since in this discussion the nucleus has been considered stationary, equa¬ 
tion (8) represents the total energy of the atom excluding the rest mass 
energy of the two particles. It will be noticed that 6 = 0 when r = « ; 
that is, the zero level of energy is taken as that of the ionized atom. The 
minus sign shows that the energy of the atom is decreased as the electron 
comes closer to the nucleus. It is reasonable to assume that this decrease 
in energy is given out in the form of light. 

On the basis of classical electrodynamics, the atom should radiate 
energy continuously at a rate proportional to the square of the accelera¬ 
tion of the electron. The frequency of the radiation should be the same as 
the mechanical frequency of the electron. The mechanical frequency is 
proportional to the angular velocity w of the electron. The value of the 
angular velocity can be obtained from equation (5), 



Since v = wr, 



Now equation (8) shows that the energy of the atom is — c 2 /2r; therefore, 
as the atom radiates energy, the radius of the orbit should decrease con¬ 
tinually. This would produce a continuous increase in the mechanical fre¬ 
quency of the electron and should result in a continuous increase of the 
frequency of the radiation emitted and hence produce a continuous spec¬ 
trum. 

To explain the observed sharp line spectrum of hydrogen, Bohr intro¬ 
duced two fundamental postulates. The first postulate is that of all the elec¬ 
tron orbits , only those orbits are permissible for which the angular momentum 
of the electron is a whole multiple of h/2r, and that no energy is radiated while 
the electron remains in any one of these permissible orbits. Since the angular 
momentum of the electron in any orbit is mvr, only those orbits are per¬ 
missible which satisfy Bohr’s postulate, which may be stated as 


nh 

mvr = T* 


(9) 


where n is an integer. These orbits are sometimes called stationary orbits. 

The second postulate states that whenever radiant energy is emitted or 
absorbed by an atom, this energy is emitted or absorbed in whole quanta of 
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amount hv, and that the energy of the atom is changed by this amount; thus 



( 10 ) 


where 6, represents the initial value of the energy of the atom, &/ represents 
the final value of this energy, v is the frequency of the radiation emitted 
or absorbed by the atom, and h is the Planck constant. If 6,* is greater 
than &f, energy is radiated, and if 6, is less than &/, energy is absorbed 
by the atom. Thus on Bohr’s theory, the atom radiates energy only when 
an electron jumps from a stationary orbit of higher energy to one of lower 
energy. 

The radii of these permissible orbits can be calculated by eliminating 
v from equations (5) and (9), yielding 



(ii) 


The smallest orbit will be that for which n = 1; its radius r x can be de¬ 
termined by substituting the empirically determined values of the con¬ 
stants h, m , and e. This yields 


r x = 0.529 X 10~ 8 cm = 0.529A. 


It will be noticed that this numerical value is of the same order of magni¬ 
tude as that obtained on the basis of the kinetic theory of gases. 

The radius r n of any other orbit of quantum number n is given by 

r„ = n 2 r lt 

so that radii of successive orbits increase as the square of n. 

The energy & n of the atom when the electron is in the stationary 
orbit characterized by the quantum number n can now be determined by 
eliminating r from equations (8) and (11), yielding 



2 x 2 me 4 


( 12 ) 


According to Bohr’s second postulate, the frequency v of the energy 
radiated when an electron goes from orbit n,- to orbit n/ is 



v = 


h 


(13) 
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so that 


2irW /I 1 \ 

A 3 U 2 *?/' 


04) 


Equation (14) has exactly the same mathematical form as Balmer’s for¬ 
mula. To compare this equation with spectroscopic data, it will be more 
convenient to write it in terms of wave numbers where 


v = 


1 

X 


v 

—» 
c 


05) 


yielding 


2 r 2 me K ( 1 1 \ 

P “ ch 3 \n 2 / n?j* 


06 ) 


The identity of equation (16) with Balmer’s formula can only be estab¬ 
lished by comparing the numerical value of /? H obtained spectroscopically 
with the numerical value of the factor 

2x 2 me 4 
ch 3 ’ 


using the values of m, e, c, and h determined by independent experiments. 
Putting in the values of these constants yields 

^ = 109,740 cm-, 


in excellent agreement with the value of /?h within the limits of error of 
the experiments. The numerical value of the above factor may be changed 
slightly by better determinations of e and h, but the impetus given to 
atomic physics by Bohr’s original theory cannot be diminished. 

In this simple model of the hydrogen atom the nucleus is at the center 
of the atom, while the electron may be in any one of the circular orbits 
characterized by the quantum numbers n = 1, 2, 3, 4,.... As long as the 
electron remains in its orbit no energy is radiated, but whenever an elec¬ 
tron jumps from an outer orbit to an inner orbit, energy is radiated in the 
form of light. A line of the Balmer series corresponds to a jump of the 
electron from an initial orbit of quantum number n greater than 2 to the 
final orbit for which n = 2 (see Figure 7-3). The red line or H a line of 
the Balmer series corresponds to a transition from orbit of quantum number 
n, = 3 to orbit of quantum number n f = 2. Any one atom at any instant 
can emit only one photon of frequency v, but since there are always many 
atoms in any quantity of hydrogen which is examined spectroscopically, 
there are always other atoms which emit photons of different frequencies 
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n=6 

Fia. 7-3. Quantum jumps giving rise to the different spectral series of hydrogen. 


so that the result is the series of lines actually observed. The relative num¬ 
ber of atoms in which the electrons go from a given initial state to a given 
final state determines the relative intensity of the particular spectral line 
corresponding to this electron transition. 

In addition to the Balmer series, other groups or series of spectral 
lines of hydrogen have been discovered. The Lyman series lies entirely in 
the ultraviolet region; the wave numbers of the lines of the Lyman series 
are given by 


2ir 2 me 4 /I 1 \ 

P " ch* Vl 2 n.V’ 


(rti = 2, 3, 4, • • •), 


that is, an electronic jump from any outer orbit to the innermost orbit 
(n/ = 1) gives rise to a line of the Lyman series. When the electron is in 
the lowest orbit, n = 1, the hydrogen atom is said to be in its normal 
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state. When the electron is in any orbit for which the quantum number n 
is greater than unity, the hydrogen atom is said to be in an excited state. 

Three other series of lines are known for hydrogen; these series are 
all in the infrared region and are known as the Paschen series for which 



'‘Mill § till ! 

Fio. 7-4. Relative positions of the lines of the different spectral series of hydrogen. 


n, = 3, the Brackett series for which n, = 4, and the Pfund series for 
which nj = 5. The relative positions of these spectral series are shown 
in Figure 7-4. 

7-3. Motion of the Hydrogen Nucleus 

The extraordinary success with which Bohr’s simple hydrogen atom model 
not only explains quantitatively the Balmer series but also predicts the 

cu 

Fio. 7-5. Rotation of the 
nucleus and electron about a 
common axis through 0. 


existence of the other spectral series encourages us to proceed with further 
refinements of the theory. The simplest method is to remove some of the 
restrictions imposed upon the original model. One such restriction was 
that the nucleus remained fixed at the center of the circular orbits. This 
can be true only if the nucleus has infinitely large mass. But if the mass of 
the nucleus is M, then both the nucleus and the electron will rotate about 
a common center of mass with a common angular velocity w. The new 
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axis of rotation is on the Hne 

divides this line m the inverse ratio of the r m ^ d ce of the nuc l eU s 
the electron from the axis of rotation and A the distance 
from the same axis, as shown in Figure 7-5, then 



a M 

( 17 ) 


A m 


and 

r « a + A, 

08 ) 


M 

( 19 ) 

from which 

a ' r M + m 



m 

( 20 ) 

and 

A r M + m 


Further, if a is the linear velocity of the electron and V is 

the linear velocity 

of the nucleus, then 

v = ao> 

( 21 ) 

and 

V = Ao). 

( 22 ) 


The kinetic energy of the system is the sum of the kinetic energies of the 
electron and the nucleus, or 

S k = \MV 2 + \mv 2 


= \MA 2 <* 2 + \ma 2 a> 2 . 


( 23 ) 


Substituting the values for a and A from equations (19) and (20), we 
reduce the expression for the kinetic energy of the system to 



1 mM_ r2 j 

2 M + m 



The expression for the kinetic energy of this system differs from that in 
which the nucleus was considered at rest in that the quantity m replaces 
the mass m of the electron. An examination of equation (25) shows that 
when M = «, M is equal to m ; #x is usually referred to as the reduced elec¬ 
tronic mass. 
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In a similar manner, it can be shown that the potential energy of the 
system, 6 P = — e 2 /r, is given by 

e 2 

6 P = - — = ~Mw 2 r 2 , (26) 

so that the total energy 6 is 

& = &k + & P = §M« 2 r 2 — nu> 2 r 2 

or & = —\tio) 2 r 2 . (27) 

From equations (26) and (27) we get, for the total energy of the atom, 

~ e 2 

6 = - — » ( 28 ) 


which is identical in form with equation (8). 

Bohr’s first postulate applied to this atomic system is that the angular 
momentum of this system is a whole multiple of h/2r. The angular mo¬ 
mentum of this system is the sum of the angular momenta of the proton 
and electron, that is, 

MA 2 u) + ma 2 w, 

.vhich, with the aid of equations (19) and (20), becomes nr 2 u). Hence 
Bohr’s first postulate now becomes 

« nh 

nr 2 u = — • ( 29 ) 


Eliminating w from equations (26) and (29), we get 

n 2 h 2 


r = 


4tV 


( 30 ) 


Substituting this value of r into equation (28), we get for the total energy 
of the hydrogen atom in a state of quantum number n 



( 31 ) 


Making use of Bohr’s second postulate as given by equation (10) and 
changing from frequency to wave number, we get, for the wave numbers 
of the spectral lines, 


2 ir 2 me A 1 f \_ _ 

ch 3 ’ m\n/ n 2 / 


( 32 ) 
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or 


where 


R = 


and 



( 33 ) 


( 34 ) 


( 35 ) 


Equation (34) shows that the Rydberg constant Udej^nd^ upon the 
mass of the nucleus. The difference between equat.ons (32) and (lb) 

in the correction factor l/(l + , which, though small, is not outside 

the limits of accuracy of spectroscopic experiments. It will be more■ wjstrac- 
tive to rewrite equation (32) to include the atomic number Z explicity. 
Remembering that in equation (3) the nuclear charge E was replaced by 
-Ze, the factor e* should be (-Ze)V or ZV, so that equation (32) 
should read 


Z 2 - 


2t 2 me 
ch 3 


«. 2 ) 


1 + A/ 



An examination of equation (36) leads to three very interesting con¬ 
clusions. In the first place, spectral series similar to those of hydrogen 
should exist for ions which have a hydrogenlike structure, i.e., a nucleus of 
charge — Ze and a single external electron. For example, singly ionized 
helium, He + , of nuclear charge -2e should give a series of spectral lines 
whose wave numbers are given by the equation 


v 




Except for the small change in the value of the Rydberg constant due to the 
difference in the nuclear masses, these wave numbers are four times as large 
as the wave numbers of the lines in the corresponding series of hydrogen. 
Such lines have actually been observed in the spectrum of helium. 
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Other hydrogenlike spectra have been observed for doubly ionized 
lithium, triply ionized beryllium on up to multiply ionized oxygen. The 
following table lists the values of the Rydberg constant for hydrogen and 
hydrogenlike ions and shows its dependence on the mass of the nucleus. 


Table 7-1 


Dependence of the Rydberg Constant on the Mass of the Nucleus* 


Nucleus 


iH‘ 

iH* 

iH 3 

iHe* 

,He 4 

3 Li‘ 

3 Li 7 

,Be> 

sB'> 

«C 1S 

jN 14 

* 0 “ 


Rydberg constant in cm 


-I 


109,677.581 

109,707.419 

109,717.348 

109,717.344 

109,722.264 

109,727.295 

109,728.723 

109,730.623 

109,731.835 

109,732.286 

109,733.004 

109,733.539 


• Values taken from Atomic Energy States, edited by Charlotte E. Moore, Bureau of 
Standards, Circular 467. 


A second interesting conclusion that follows from equation (36) is 
that a knowledge of the Rydberg constant for hydrogen and ionized 
helium can be used to calculate the ratio of the mass of the proton to the 
mass of the electron. Using the subscripts H and He for the quantities 
characteristic of hydrogen and ionized helium, we get 

m 

Rh _ 1 Mnt 


By substituting the value 

M He = 3.97 m/H 

obtained from mass spectroscopic data into the above equation as weU as 
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the values of Rh and Rn*> we S et 

'Xli = 1840, 
m 


in excellent agreement with values 


determined by other methods 


(see 


!2 "”a « y tap.— 

wmsmMm 

meats of the masses of many isotopes, the ton- 

could be computed, taking into consideration the fad ^ . 

sisted not only of the isotope of mass number 16 but also of ' 0 f bid t- 
of mass numbers 17 and 18. The relative chem.cal atom.c "e'ghts ofhyd 
gen and oxygen computed by Aston differed by about 2 pa tsm 10.0K 
that determined by direct physical and chem.cal “f^oda. B. ge and 
Menzel (1931) suggested that this discrepancy could be expla y 

assuming the existence of two isotopes of hydrogen, H and li , 


ratl0 U r f e y 5Q Murphy, and Brickwedde (1932) performed a seriesof experi- 
ments on the spectrum of hydrogen to find the isotope H . ey us 
21-foot concave diffraction grating and photographed the lines of t he Balme 
series. The dispersion of the instrument was 1.3A per mm. 1 hey first used 
ordinary tank hydrogen in the discharge tube and obtained a faint trace 
of a line slightly displaced from the regular H/j line. On the assumption 
that this faint line was due to the presence of a small quantity of deuterium 
in the hydrogen, they decided to prepare samples of hydrogen containing 
larger concentrations of deuterium and thus increase the relative intensity 
of this line. To accomplish this, they took liquid hydrogen, allowed most 
of it to evaporate, and used the small part that remained. In the process of 
evaporation, the lighter constituent evaporates at a greater rate, leaving 
the residue with a greater concentration of the heavier constituent. Inn o 
different samples were used: (1) the part that remained after the liquic 
hydrogen evaporated at atmospheric pressure, and (2) the part that 
remained after the liquid hydrogen evaporated at a pressure slightly higher 
than the triple point pressure. \Y ith these samples, the intensity of the dis¬ 
placed line was greatly enhanced, showing that they were now much richer 
in the isotope H 2 . The results of their experiment on four lines of the 
Balmer series are given in Table 7-2. 

The discovery of deuterium led rapidly to methods for isolating it in 
comparatively large quantities, enabling scientists to use it in many 
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Table 7-2 


Separation of the Balmer Lines Due to the Two Isotopes of Hydrogen 


Spectrum Lines 

Hi 

Hi - Hj 

Hi - Hi 

Hi-H? 

Calculated 

1.793A 

1.326A 

1.185A 

1.119 A 

Observed using 
ord. H 


1.346 

1.206 

1.145 

Observed using 
evap. H (1) 


1.330 

1.199 

1.103 

Observed using 
evap. H (2) 

1.791 

1.313 

1.176 

1.088 


different fields of investigation in chemistry and biology as well as in 
physics. In physics, deuterium and the ionized atom known as the deuteron 
have been of inestimable value in the study of atomic nuclei. 


7-4. Elliptic Orbits for Hydrogen 

Bohr’s original theory, which dealt only with circular orbits, was extended 
by Sommerfeld to include elliptic orbits. To accomplish this, Sommerfeld 
generalized Bohr’s first postulate for the determination of the permissible 
orbits to read 



where is a coordinate which varies periodically, p, is the corresponding 

value of the momentum, and n, is an integer. The symbol § means that 

the integration is taken over a whole period of motion. In the case of 
circular orbits there is only one coordinate which varies periodically, 
namely, the angle <t> which the radius vector makes with the x axis. In the 
case of elliptic motion, not only does the angle 4> vary, but the length of 
the radius vector r also varies periodically, as shown in Figure 7-6. The 
elliptic orbits will therefore be determined by the two quantum conditions 

p*d<t> = n+h (3B * 




( 39 ) 
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called the quantum number. Let the on|in o electro. 

-—"“ b —* 



Fio. 7-6. Elliptic orbit of the 
electron in the hydrogen atom. 


The first integral can be evaluated very easily since the momentum P* 
corresponding to the coordinate * is merely the angular “° men ‘ u “- * “ 
the electron in the elliptic orbit, and this, from Kepler s law '‘ s a conSt “ 
(see Appendix VI, equation [6]). Integrating equation (38) over one 

period, from 0 to 2ir, yields 


jT p*d<t> 


n+h 


or 


P* = P 


n+h _ kh 
~2r ~ 2 t * 


( 40 ) 


that is, the angular momentum is always an integral multiple of h/2w) 
n* is now replaced by the letter A: since the latter is more commonly used 

to denote the azimuthal quantum number. 

The second integral, when evaluated (see Appendix VIII), yields 
the equation 


n r h 


2xp 


(i - .*> 


2\l/2 


- 2 TP, 


( 41 ) 


where € is the eccentricity of the ellipse. Substituting the value for p from 
equation (40) yields 

kh 

n ’ k = ( 1=75175 - kh 


or 


n r + k 


k 

(1 — € 2 ) 112 ' 


If we set 


n = nr + k t 


( 42 ) 


then 



( 43 ) 
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n is called the principal quantum number. The total energy of the electron 
in the elliptic orbit depends only on the length of its semimajor axis 
(see Appendix VIII) and is given by 



( 44 ) 


The total energy can also be expressed in terms of the eccentricity (see 
Appendix VIII), as follows: 


& 


mZ 2 e 4 ( 1 - e 2 ) 
2 P 2 


( 45 ) 


Substituting the values for « and p from equations (43) and (40), respec¬ 
tively, we get 


c 2 r 2 me 4 Z 2 

& - rfhT~ 


( 46 ) 


which is identical with the expression for the energy of the electron in a 
circular orbit of quantum number n. The introduction of elliptic orbits does 
not result in the production of new energy teims; hence no new spectral 
lines are to be expected because of this multiplicity of orbits. However, 
since the spectral lines of hydrogen do show tine structure when examined 
with instruments of high resolving power, its explanation must lie else¬ 
where. It was not satisfactorily explained until the introduction of the 

concept of electron spin in 1925. (See §8-4.) 

It is interesting to determine the possible electronic orbits for any 
given principal quantum number n. The length of the semimajor axis a is 
obtained from equations (44) and (46): 


h 2 


n‘ 


\irme 2 Z 



( 47 ) 


while the semiminor axis is given by 

b = a(l — « 2 ) 1/2 » 


( 48 ) 


so that 

i i a ° 

b = nk-. 

where 

“o - J me * 0.529 X 10- cm 


( 49 ) 


is the radius of the first Bohr orbit. These equations show that the length of 
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the semimajor axis is azimuthal quantum 

while the length of the semimmor ax.sdepe po level or the 

number k. For the first orb>t correspond, ngto^lo r = j since 

normal state of hydrogen e pr P <i ^ fae an integer , when 

whTn n ^ “% = 0. On the basis of this theory of the 




Fio. 7-7. Possible electronic 
orbits for a given total quantum 
number n. 



structure of the atom, it was decided that k can never be zero since ha 
would mean that the ellipse would be reduced to a straight lme and that 
the electron would have to pass through the nucleus twice during .very 
period. The smallest possible value for k is thus always iinity 
n = k = 1, the first orbit is a circle identical with the first Bohr oibit. 
With n = 2, k may have the values 1 or 2, so that there are two possible 
orbits for n = 2, a circle and an ellipse. Similarly there are three possible 
orbits for n = 3, a circle and two ellipses, as shown in Figure '-7. l*oi 
ionized helium, Z = 2, the orbits are similar but the radius of the fust orbit 
is a 0 /2. The orbits for the other hydrogenlike atoms can be constructed 

in the same manner. . . 

It may at first sight appear strange that with the introduction of two 
quantizing conditions instead of one, no new energy levels and no new 
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spectral lines are predicted. An examination of these two conditions shows, 
however, that both of them have exactly the same periodicity; that is, as the 
angle <t> goes from 0 to 2x, the radius vector r goes from its maximum value 
through the minimum value and back to its maximum value. A mathe¬ 
matical examination of multiply periodic systems shows that whenever the 
ratio of two of the periods of such a system is a rational number, the two 
quantum conditions degenerate into a single quantum condition. But if the 
ratio of the two periods is an irrational number, that is, if the two periods 
are incommensurable, then there will be two independent quantum condi¬ 
tions. In general, there will be as many independent quantum conditions 
of the form 

<f>Pidqi = nih ( 37 ) 


as there are incommensurable periods in the motion. In such cases the 
system is referred to as a nondegenerate system. One method for removing 
this degeneracy, in the case of the elliptic motion of the electron in hy¬ 
drogen, is to take into consideration the relativity change of mass as the 
velocity of the electron in its orbit changes. Sommerfeld has carried out 
this calculation and has shown that the path of an electron is a rosette, 
as shown in Figure 7-8, which may be considered as an ellipse whose major 
axis processes slowly in the plane of the ellipse about an axis through one 
of the foci. The equation of the path of the electron is 

1 _ 1 + < cos 

r ” all - « 2 ) 


which differs from that of an ellipse in that the angle <t> is replaced by the 
angle M>, where ^ is a number less than unity and is given by 



zv 

cV 


When the angle <t> is increased by 2 t, r does not return to its original value 
but reaches it only after the angle has been increased by 2x, or when 
<t> has been increased by the angle 2ir/f. Hence the radius vector r returns 
to its original value only after the axis of the ellipse has processed through 
an angle 

2t 

&<t> = — 2t. 


The effect of the relativity correction on the expression for the total 
energy of the orbit is to introduce an additional term in equation (46). 
This additional term is 



2,W Z 4 a 2 A? _ ?\ 
A* Z *\k J 


1 


» 


( 50 ) 
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where 



(51) 


is known as the Sommerfeld fine structure constant. ™ 8 
L energy does depend upon the 

the effect of splitting up the energy level into n terms very 



Fio. 7-8. Rosette figure of the path of an electron in hydrogen when the relativity 
correction is taken into consideration. 

The energy of the first orbit, n = 1, can have only one possible value since 
k = 1, or there is only one energy level for n = 1. For principal quantum 
number n = 2, the energy can have two possible values corresponding to 
the two values of /c, 1 and 2; that is, there are two energy levels for n - 2. 
Similarly there are three possible energy values or energy levels for n - 3, 
and so on. For the first line of the Balmer series, corresponding to the 
change in the principal quantum numbers n, = 3 ton/ = 2, there are six 
possible transitions for the different values of k. This means that, with a 
spectroscope of very high resolving power, the H a line should appear to 
consist of six lines very close together. Actually the H a line has fewer com- 
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ponents. To make experiment and theory agree, some of the transitions 
have to be ruled out by some selection principle. The selection principle 
chosen is that the azimuthal quantum number k can change only by +1 
or — 1 or, expressed in mathematical form, 

(52) 

The application of this selection rule to the Balmer series shows that each 
line should consist of three components; similarly, each line of the Paschen 
series should consist of five components, while the lines of the Lyman 
series should all be single lines. The fine structure of the Balmer lines and 
some of the lines of ionized helium have been carefully studied but the 
agreement with the theoretical predictions is not very good. Most of these 
discrepancies were later removed by the introduction of the hypothesis of 
electron spin (see Chapter 8). Further discussion of the fine structure of 
spectral lines will be postponed until the subject of electron spin has been 
considered. 

7-5. Energy Level Diagram for Hydrogen 

The results of the discussion of the spectrum of hydrogen can be presented 
in graphical form by means of an energy level diagram which makes use 
of the fact that the wave number of any spectral line is the difference be¬ 
tween two terms which represent the energies of the initial and final states 
of the atom. The energy level diagram for hydrogen, neglecting fine struc¬ 
ture, is shown in Figure 7-9. The energy levels are drawn as horizontal 
lines and the wave number scale, in cm -1 , is shown in the figure. The low¬ 
est energy level corresponds to the normal state of hydrogen. Transitions 
to this level from any higher level give rise to the Lyman series of lines. 
The origins of the other spectral lines are indicated in the figure. It will 
be noted that the energy levels crowd together as the principal quantum 
numbers get large, since each term is of the form 

T = -,■ (53) 

n 

From this it follows that the lines of a spectral series will converge toward 
the series limit. 

Transitions from higher to lower energy levels can occur spontane¬ 
ously. In order to get into one of these higher energy states, the atom must 
be excited by some external agency. Such excitation may take place be¬ 
cause of the transfer of energy during collisions between atoms in a gas at 
high temperature. Atoms may also be raised from the normal to the excited 
states by impact with electrons having the right amount, of kinetic energy. 






Fig. 7-9. Energy level diagram for hydrogen. Wavelengths of the lines of the 
Lyman, Balmer, and Paschen series are in angstroms. 
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A simplified experimental arrangement for producing collisions between 
electrons and hydrogen atoms is shown in Figure 7-10. The tube contains 
hydrogen at low pressure. Electrons liberated from the hot filament F are 
accelerated toward the grid G by a difference of potential V. When they 
enter the region between the grid G and the plate P, these electrons will 
have an amount of energy equal to Ve = \mv 2 . If these electrons suffer 
no energy loss on collision, they will travel to the plate and be registered 
by the galvanometer. As the voltage is increased, the current to the plate 



Fig. 7-10. Method of determining the ionization potential of hydrogen. 

will be increased until the energy of the electrons is just the right amount 
to raise the hydrogen atom from the normal state to one of its excited 
states. When this value is reached there will be a drop in the current to 
the plate, indicating that many electrons have given up their energy to 
hydrogen atoms to raise them to an excited state. As the voltage is in¬ 
creased still further, a point will be reached at which ionization of the gas 
will set in, resulting in a very large increase in the current through the 
tube. At this value of the voltage, known as the ionization potential , the 
electrons from the filament have just sufficient energy to ionize the hydro¬ 
gen atom; that is, to remove the electron from the lowest orbit of hydrogen, 
n = 1, to n = « f i.e., outside the atom. The numerical value of this ioni¬ 
zation potential can be computed from the values of the two energy levels 
6* and 6>\, and is 

( 54 ) 


v = 13.595 volts. 
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The value of the ionization potential determined empirically is 13.54 volts, 

in crnod agreement with the Bohr theory. 

In the energy level diagram a shaded region of continuous energy 
values is shown extending beyond the last quantized orbit, n = » ^lus 
corresponds to the fact that the electrons which are knocked out of the 
hydrogen atom have kinetic energies representing the differences be we 
the ionization energy and the energies of the incident electrons. 1 e e e - 
irons outside the hydrogen orbits are not subject to quantum conditions 
since their motion is not periodic. The kinetic energies of these electrons 
mav have any values whatever. When an electron in the neighborhood ol 
a hydrogen ion falls into one of its orbits, the system will radiate energy. 

If the initial kinetic energy of the electron is zero, and it falls into orbit 
„ = 2, the system will radiate an amount of energy corresponding to the 
limit of the Balmer series. If the initial kinetic energy of the electron is 
greater than zero, then when it falls into orbit n = 2, the system will radi¬ 
ate a greater amount of energy. The frequency of this radiation will be 
greater than the frequency of the series limit. Since the initial kinetic en¬ 
ergy can have any value whatever, a continuous spectrum should appear 
at the end of the Balmer scries beginning at the position of the series limit. 
The continuous spectrum at the end of the Balmer series has actually been 

observed. , 

Another important method of raising the hydrogen atom from the 

normal to one of its excited states is through the absorption of light. If 
the incident light contains one of the wavelengths of the LymaJi series, 
say 1025.8A, then those atoms which absorb this light will be raised from 
energy level n = 1 to the higher energy level n = 3. The atoms in this 
higher state can return to the normal state by the emission of radiation 
either in a single step with the emission of the same wavelength, or in two 
successive stages, from n = 3 to n = 2, and then from n - 2 to n - 1. In 
the latter case two lines will be emitted, the H a line of the Balmer series 
and the first line of the Lyman series, X = 1215.7A. Fluorescent radiation 
is the name given to the light emitted by atoms which have been excited 

by the absorption of light. ....... 

The hydrogen atom may be ionized by the absorption of light ol ire- 
quency greater than that of the Lyman series limit, i.e., of wave number 
greater than /?„. The kinetic energy of the electron knocked out of the 
hydrogen atom will then be the difference between the energy of the inci¬ 
dent radiation and the energy of the hydrogen atom in the normal state, or 

\mv 2 = hv — hv L . (55) 

But this is Einstein’s photoelectric equation in which v L is the frequency 
of the Lyman series limit, and v is the frequency of the incident radiation. 
The energy level diagram of hydrogen can be used in the discussion 
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of hydrogenlike atoms by merely changing the scale, since the energy 
terms differ only by the factor Z 2 , neglecting relativity terms. 

7-6. De Broglie's Hypothesis and the Quantization of Orbits 

The older quantum theory sketched in the preceding sections, while very 
successful when applied to the hydrogen problem, could only be applied 
either in a semiempirical or in a qualitative manner to other problems in 
atomic physics. Schroedinger’s wave mechanics, based upon De Broglie’s 
hypothesis, has been much more successful in obtaining rigorous mathe¬ 
matical solutions for many of these problems. It is interesting to see how 
Bohr’s quantization hypothesis comes out of this new theory and what 
the modern picture of the hydrogen atom is. 

On De Broglie’s hypothesis, the wavelength associated with an elec¬ 
tron is given by 



mv 


Instead of an electron moving in a stationary orbit, we must now think of 
a series of waves moving in this orbit. In order that the waves should not 
cancel one another by interference, they must move in such a manner as 
to produce a stationary or standing wave in the orbit. The necessary con¬ 
dition that must be fulfilled is that the length of path should be a whole 
multiple of the wavelength. Or stated mathematically, 

2 xt = nX (57) 

where n is a whole number and r is the radius of the orbit. Substituting 
the value for X, we get 



mv 


nh 

or mvr = — » 

which is identical with Bohr’s quantization hypothesis. 

7-7. Application of Wave Mechanics to the Hydrogen Problem 

In wave mechanics, Schroedinger’s equation is used as the basic dynamical 
equation and in the case of the hydrogen problem, this equation and the 
appropriate restrictive conditions replace all of Bohr’s postulates. In this 
problem an electron of charge e is at a distance r from a nucleus of charge 
E = — Ze so that the potential energy of the electron with respect to the 
nucleus is 

Ze 2 
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With this value of the potential energy substituted in Schroedinger s equa 
tion (§6-12), it becomes more convenient to use spherical coor ina es 
(r, 0 , <t>) instead of Cartesian coordinates (x, y, z). There is a regu ar orma 
procedure for solving such second-order partial differential equations (see 
the references at the end of the chapter). In the solution of this equation, 
wave functions u are sought subject to the restrictive conditions that they 
must be everywhere finite, single-valued, and continuous, with continuous 
first derivatives. It is found that solutions satisfying the above conditions 
exist for all positive values of the total energy &, and for those negative 
values of the total energy which satisfy the condition that 

s = _ (59) 


where n is a positive integer. The above equation is identical with the ex¬ 
pression for the energy of a stationary state characterized by the principal 
quantum number n in the Bohr theory. It must be remarked that no ad¬ 
ditional hypotheses or assumptions are introduced in the solution of 
Schroedinger’s equation. The fact that certain quantities restricted to 
integral values appear as the result of solutions of partial differential equa¬ 
tions is not new in mathematical physics. The solutions of the differential 
equations governing the vibrations of strings and membranes, particularly 
those involving stationary modes of vibration, are solutions in which in¬ 
tegers play a very important part. For example, a string fixed at both 
ends can have stationary modes of vibration set up in it only when the 
length of the string is an integral multiple of X/2, where X is the length of 
the wave traveling along the string. Thus, in the new wave mechanics, 
the quantum number n appears naturally as the result of the solution of a 
fundamental equation, although Bohr introduced it without any apparent 
reason, except that it did predict the correct values for the frequencies of 
the spectral lines of hydrogen. 

The complete solution of Schroedinger’s equation introduces not just 
the single integer n, but three integers usually denoted by the letters 
n, l , and m. (The letter m is not to be confused with the mass of the electron.) 
While the quantum number n may have any integral value, the quantum 
numbers l and m are restricted in values by the conditions of the problem. 
The quantum number l may have the values 


l = 0, 1, 2, • • • (n - 1). 


( 60 ) 


By comparing these values with the values of the azimuthal quantum 
number k of the older theory, it is seen that l may be identified with 
k — 1. The quantum number m may take all integral values from —l 
through 0, to -H; that is, it can have 21 + 1 values. For example, for 
l = 2, m may have the values —2, — 1, 0, +1, +2. The quantum number m 
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is usually called the magnetic quantum number; it will be considered in 
greater detail in the next chapter. 

The wave function u is, of course, dependent upon the values assigned 
to the quantum numbers n, l, and m. The functions which satisfy Schroe- 
dinger’s equation for the discrete energy states are usually called proper 
functions or eigen functions. While no immediate physical significance can 
be attached to these proper functions, it will be recalled that u 2 dv can be 



interpreted as the probability of finding the electron in the volume ele¬ 
ment dv. Of greater interest is the probability of finding the electron at a 
given distance r from the nucleus. If u 2 is multiplied by the surface area of 
a sphere, 4irr 2 , then the term 4 rr 2 u 2 dr represents the probability of finding 
the electron within a spherical shell of radius r and thickness dr. In Figure 
7-11, r 2 u 2 is plotted against the distance r for quantum numbers n = 1, 
l = 0; n = 2, l = 1; n = 3, l = 2. These quantum numbers correspond to 
those representing the circular orbits in Bohr’s theory. From the figure, it is 
seen that the probability of finding the electron at any distance from the 
nucleus has a maximum at the distance equal to the radius of the corre¬ 
sponding Bohr orbit. 

The picture of the hydrogen atom from the standpoint of wave 
mechanics can be presented in another manner. The term eu 2 dv f where e is 
the electronic charge, represents the probability of finding the electric 
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charge in the volume element dv. This is sometimes called the density 
distribution of the electric charge in the atom or the electronic cloud aroun 
the nucleus. It must not be assumed that the electronic charge is smeare 
out over the atom, although calculations based on this assumption lead to 
correct results. The density at any point in the electronic cloud represen s 
the probability of finding the electron in the particular volume element in 
the neighborhood of that point. 

It may be argued that Bohr’s simple picture of the hydrogen atom has 
been given up for a somewhat nebulous picture of the atom without gaining 
anything thereby. However, many things which were inexplicable on Bohr s 
theory come naturally out of further refinements of wave mechanics. For 
example, Bohr had to postulate that an atom in a stationary state should 
not radiate, contrary to classical electrodynamics. In the wave mechanical 
theory of radiation, it is shown, in a manner analogous to the classical 
theory, that an atom in a stationary state will not radiate energy because 
the radiations from the different parts of the electronic cloud will cancel 
each other by interference. Further, it is shown that only those frequencies 
will occur in the spectrum of the atom which are formed by the differences 
in the frequencies of two atomic states. This leads directly to Bohr s 
frequency condition, 

6 .- 6 / 

Another important contribution is the calculation of the intensity of a 
spectral line. A surprising result of this calculation is the prediction that the 
most intense lines will be those for which the changes in the quantum 
numbers l and m obey the rules that 

M = ±1 < 61 > 

and Am = 0, or ±1. ( 62 ) 

These selection rules apply not only to the hydrogen type of atom but to 
other atoms in which a single electron is responsible for the changes in the 
atomic energy states. There are no selection rules for the quantum 
number n. 

Problems 

7-1. Discuss the relationship between the frequency of rotation of the electron 
in the circular Bohr orbits and the frequency of the radiation emitted when the 
quantum number changes by unity. Show that for very large quantum numbers, 
the frequency of rotation of the electron and the frequency of the radiation 
emitted when the quantum number changes by unity approaches the value 
i/ = 2 cR/n\ 
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7-2. Using the data from Table 7-1, plot a curve showing the dependence of 
Rydberg’s constant on the nuclear mass. Determine the value of » from 
this curve. 

7-3. Hydrogen of mass number 3 sufficient for spectroscopic examination is put 
into a tube containing ordinary hydrogen. Determine the separation of the 
H a lines that should be observed. 

Ans. AX = 2.38A. 

7-4. (a) Draw an energy level diagram for the energy levels characterized by 

the principal quantum numbers n = 2 and n = 3, taking the relativity correc¬ 
tions into consideration. Show the transitions permitted by the selection rule, 
(b) Draw a diagram showing the positions of these lines relative to the position 
of the line predicted without relativity correction. 

7-5. Ultraviolet light of 800A is incident upon hydrogen in a quartz tube. Calcu¬ 
late the kinetic energies with which electrons will be ejected from the hydrogen 
atoms. Express the results in ev. 

Ans. 1.94 ev; 12.14 ev. 

7-6. Calculate the limit of the Paschen series in wave numbers, angstrom units, 
and ev. 

7-7. In an electron tube containing hydrogen, such as that shown in Figure 7-10, 
the maximum kinetic energy of the electron is 13.0 ev. Determine which lines 
of the hydrogen spectrum will be emitted by the gas. 
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Optical Spectra and 
Electron Distribution 


8 - 1 . Introduction 

The study of atomic spectra has yielded invaluable information concerning 
the arrangement and distribution of the electrons within the atom. Most 
of the principles and rules used in spectroscopy have been obtained empiri¬ 
cally, but within the past few years, with the development of wave me¬ 
chanics, many of them have been placed on a good theoretical foundation. 
One of the most important of these principles is Bohr’s frequency condition, 
which states that the frequency of any line of the spectrum is proportional 
to the difference between the values of the energies of two states of the 
atom emitting the radiation; that is 


0 ) 


where v is the frequency of the emitted radiation, 6, is the energy of the 
initial state of the atom, &/ is the energy of the final state of the atom, and 
h is the Planck constant. Expressed in terms of the corresponding wave 
number P, this equation becomes 



where c is the velocity of light. Equation (2) shows that the wave number 
of any spectral line can be expressed as the difference between two terms: 

v = Ti — T h O) 

where each term, T, expressed in wave numbers, represents an atomic 
energy state or energy level. 

Atomic spectra can be grouped in two general classifications: (1) 
optical spectra, and (2) x-ray spectra. For any given element, the wave 
numbers of the lines in the x-ray spectra are much greater than those in the 
optical spectra. From this it can be inferred that the difference in energies 
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between two states of an atom which emits an x-ray spectral line is very 
large and that the energy values of these atomic states are also very large. 
The wave numbers of the lines of the optical spectra are comparatively 
small. It will be shown not only that the difference between two atomic 
energy states is small, but that the energies of the atomic states giving rise 
to these optical lines are also small. In general, the optical spectrum of any 
given element is much more complex than the x-ray spectrum of the same 
element. In this chapter, a few typical optical spectra will be considered, 
together with the relationship of these spectra to the extranuclear structure 
of the atom. X-ray spectra will be discussed in the next chapter. 


8-2. Optical Spectral Series 


A great deal of work had been done in analyzing optical spectra in the 
century preceding the publication of Bohr’s theory of hydrogen. The 
spectral lines of an element had been arranged in several series, and as aids 
in selecting lines belonging to the same series, various types of evidence 
were used such as (1) the physical appearance of the lines, whether “sharp” 
or “diffuse,” (2) the methods used in producing the spectra, whether with 
the aid of an arc or a spark, and (3) the behavior of the lines when the 
emitting atoms were subjected to external electric and magnetic fields, e.g., 
the Zeeman effect. 

Rydberg (1889) suggested that the optical series then known could be 
arranged in such a way that the wave number of any line in the series 
would be given by the difference between two terms as follows 


P 



RZ 2 

(n + 0 ) 2 ’ 


( 4 ) 


in which R is Rydberg’s constant, n is an integer, and </> is a fraction less 
than unity which is practically constant for all lines of the series. The series 
approaches a limit for very large values of n; the term P. is the wave 
number approached by the series in the limit as n approaches infinity. 
Z has the value unity for series due to neutral atoms, the value two for 
singly charged ions, three for doubly charged ions, and so on. The similarity 
between Rydberg’s formula and Bohr’s frequency condition is obvious. 
In each case the wave number of a line of a spectral series is given as the 
difference between a fixed term and a variable term. The fixed term is the 
wave number of the series limit represented by either P* or T\. The variable 
term is a wave number associated with an atomic state described by a 
specific value of the integer n and the constant <t >. 

Of the several series of spectral lines from any one element, the most 
intense are the principal series, the sharp series, the diffuse series, and the 
fundamental or Bergmann series. In terms of Rydberg’s formula, these 
series are represented by the following equations: 
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principal series 

_ n 

R 

(n = 2, 3, 4, • • ■); 

P — P«© 

(n + P) 2 

sharp series 

R 

(n + S) 2 


II 

8* 

(n = 2, 3,4, • • •); 

diffuse series 

P = Z>oc 

R 

(n = 3,4, 5, - - •); 

(n + D) 2 

fundamental series 

R 

(n + F ) 2 


P= P. 

(n = 4, 5, 6, • • •)• 


(5) 


The fixed term P* is replaced by P*, D x , or P*, and the constant <t> in 
the variable term is replaced by P, 5, D, or P in Rydberg’s formula. The 
constants P, 5, D, and P all have different values. It has been found 
empirically that the fixed terms have the following values: 


and 



R 

(1 + S ) 2 ; 

R 

(2 + P) 2 ; 
R 

(2 + P) 2 ; 
R 

(3 + Z)) 2 * 


It will be noticed that the sharp and diffuse series both have the same series 
limit. A shorthand notation is frequently used in writing the equations for 
the different series. This is done by using the letters which appear in the 
denominator of the particular term to represent the term. Thus nP is 
written as an abbreviation of the term R/(n + P) 2 , nS for R/(n -f S) 2 , 
nD for R/(n + D) 2 , and so on. In this notation, the lines of the different 
series are written as follows: 


principal series 

i>= IS -nP (n = 2, 3, 4, 5, • • •); 


sharp series 


P = 2P - nS 


(n = 2, 3, 4, 5, • • •); 


( 6 ) 
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diffuse series 

P = 2P - nD 
fundamental series 

p = 3 D — nF 

From the analyses of their spectra, term values have been computed 
for many of the energy states of all the elements. While the wave number 
of any line can be expressed as the difference between two terms, the 
converse is not always true; that is, not all the differences that can be 
formed between the term values of an atom represent spectral lines. In 
order to account for the nonappearance of certain lines, selection rules are 
necessary. Such selection rules, originally formulated empirically, can be 
derived by means of wave mechanics. They are best stated in terms of 
possible changes in quantum numbers intimately related to the structure 
of the atom. The simplest formulation is in terms of an atom model, the 
so-called vector model of the atom. Many other points, such as the fine 
structure of some spectral lines, and the Zeeman effect, are best explained 
with the aid of this vector model. 

8-3. Vector Model of the Atom: Orbital Angular Momentum 

It will be recalled that in Bohr’s theory of the hydrogen atom, the electron 
was assumed to be moving in a circular orbit with angular velocity w. 
Angular velocity is a vector quantity and is represented by a vector along 
the axis of rotation, perpendicular to the plane of the orbit. Because of this 
angular velocity, the electron has a definite angular momentum, p*, which, 
on Bohr’s theory, was a whole multiple of h/2ir represented by k(h/2ir) } 
where k is the azimuthal quantum number. In the vector model of the 
atom, the quantum number k is replaced by the quantum number l, and the 
electron is assigned the orbital angular momentum 

(7) 

Angular momentum is also a vector quantity and is represented by a vector 
along the axis of rotation. If the unit of angular momentum is chosen as 
h/ 2t, then the angular momentum vector will be l units long. It will be 
convenient to use / to represent the orbital angular momentum. It must be 
remarked here, however, that wave mechanics shows that the magnitude of 
the angular momentum of an electron has the value 

(«) 
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While it will be more convenient in the discussion of the vector mode! of the 
2 m tt use the vector I, in any calculations that ha^^obe made its 
magnitude l will be replaced by the correct value Vl(l+ 1 j. It wUbe 
recalled that l can have the values 0, 1, 2, • • •, (« ). " ere n 

principal quantum number. 



Fio. 8-1. Method of addition of angular momentum vectors. 


In considering the more complex atoms, each electron outside the 
nucleus is assigned an orbital angular momentum as well as a principal 
quantum number n. The total orbital angular momentum of the atom, 
denoted by the letter L, is the vector sum of the orbital angular momenta 
of the individual electrons. However, this vector sum, I, is restricted by 
quantum conditions to integral values. For example, in the case of two 
electrons for which l = 2 and / = 1, the sum L may have any one of the 
three values 3, 2, or 1. The method of adding these vectors is shown in 
Figure 8-1. 

The quantity h/2* is so widely used as a unit of angular momentum, 
and occurs so often in atomic and nuclear physics, that it is now commonly 
represented by the single symbol h (read h bar); thus 



8-4. Electron Spin 

In order to account for the fine structure of the lines in the spectral series of 
some of the elements and also to account for the anomalous Zeeman effect, 
Uhlenbeck and Goudsmit (1925) introduced the hypothesis that the elec¬ 
tron rotates or spins about an axis just like a top. The angular momentum 
of the electron due to its spin, p„ is assigned the value 



(9) 




238 Optical Spectra and Electron Distribution 


§8-4 



M (b) 


Fio. 8-2. Addition of electron spin vectors (a) tor three electrons, (b) for four 
electrons. 

where s has the value Vectorially this can be represented by s of length \ 
in units of h/2w. Again it must be n oted that, according to wave mechanics 2 
the magnitude of s \sVs(s + 1 ) rather than s; that is, V§/2 rather 
than In the vector treatment of the atom, the spin quantum number s 
will be used, but in actual calculation its wave mechanics value will be 
substituted. 

The vector sum, S, of the angular momenta of several electrons is 
subject to the following restrictions: for an odd number of electrons, S must 
be an odd multiple of for an even number of electrons, S must be an 
integer. This means that the vectors representing the spin must always be 
parallel or antiparallel, i.e., oppositely directed. This is shown in two 
typical cases in Figure 8-2, one for three electrons for which S can have the 
values \ or $, the other for four electrons for which S can have the values 
0, 1, or 2. 

8-5. Total Angular Momentum Vector 

In many cases, for example in the alkali elements, the changes in the atomic 
configuration giving rise to the optical spectrum are produced by the 
motion of a single electron. The total angular momentum of a single 
electron is the vector sum of the orbital and spin angular momenta of the 
single electron. The total angular momentum is given by j(h/2ir) where j is 
the total angular momentum quantum number. The vector j, representing 
the total angular momentum, is defined by the equation 



with the restriction that the vector sum must always be an odd multiple 
of 2 - Since s is always equal to j can have only two values for a given 
value of /, namely, * + § and Z - J except when l = 0, in which case j can 
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Fig. 8-3. (a) Addition of the vectors l and s to form j according to the vector 

model, (b) Addition of the vectors l and s to form 7 according to wave mechanics. 

have the value \ only. Thus for / = 2 and s = J, see Figure 8-3(a), j can 
have the values f and $. 

Again it must be remarked that, from wave mechanical considerations, 
the magnitude of the vector j should be Vj(j +1)- In the ad dition o f 
vectors l and s to form the vector j, the magnitude of / is taken as y/l{l -f- 1), 
and that of s is taken as \/s(s + 1). The numerical values of /, s, and j, 
which are needed for determining the wave mechanical values of the corre¬ 
sponding vectors, are the values obtained from the vector model of the 
atom. The angle between the vectors / and s in Figure 8-3 (b) can be ob¬ 
tained from the figure with the aid of the cosine law, yielding 


cos (s, l) = 


J(J+I)-*(*+» -«(*+» 
2 Vs(s + 1 )’ Vl(l + 1 ) 



(ID 
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If the changes in atomic states are produced by the action of two or 
more electrons, then the value of the total angular momentum of these 
electrons, denoted by 7, will depend upon the interaction or the coupling 
between the orbital and the spin angular momenta. Experience has shown 
that the type of coupling which occurs most frequently is the Russell- 



Fig. 8-4. (a) Addition of the vectors L and S to yield integral values of 7. (b) Ad¬ 
dition of the vectors L and S to yield odd half-integral values of 7. 


Saunders or L-S type of coupling. In this type of coupling all the orbital 
angular momentum vectors of the electrons combine to form a resultant L, 
and independently all their spin angular momentum vectors combine to 
form a resultant S. The total angular momentum of the atom is then given 
by the relation 


J = L + S, 


02 ) 


with the restriction that J must be an integer if S is an integer, and J must 
be an odd multiple of \ if *S is an odd multiple of This type of coupling is 
illustrated in Figure 8-4 for L = 2, S = 1, and L = 2, S = f. It can be 
seen from the figure that the number of possible values of J, for L > S, is 
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2 5-j-l. The reader can construct similar figures for other values of L and S 
and show that when L < S, J can have 2L + 1 values. In particular, if 
L = 0, J can have only one value, namely J = S. 

8-6. Magnetic Moment of an Orbital Electron 

An electron moving in a plane orbit of area A is equivalent to a current i 
given by 

t = -^» (13) 

cT 

where T is the period of the electron in its orbit, i the current in em units, 
e the charge of the electron in es units, and c the ratio of the em to the 
es unit of charge. A plane circuit carry¬ 
ing current (see §1-13) has a magnetic _ «. 

moment n given by 

so that the magnetic moment of the or- \~ 
bital electron is 

eA 

H = — • (14) Fig. 8-5. Elliptic orbit of an 

electron. 

To evaluate this magnetic moment, 

assume that the electron is moving in an elliptic orbit. With polar coordi¬ 
nates r and as shown in Figure 8-5, the area can be expressed as 


= */ r2d +■ 


Now the angular momentum of the electron p* is constant and can be 
expressed as 

o d<t> 


V* = mr2 


The elimination of r 2 between the last two equations yields 


a = \ r^dt =$—r. 

Jo m m 


The magnetic moment n is therefore 


M = ^Tc p - 
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The angular momentum p* can also be expressed in terms of the orbital 
quantum number l as 

Ih 


2t 


from which 



(17) 


The magnetic moment of the orbital electron is therefore an integral 
multiple of the quantity eh/\irmc . This quantity is known as the mag¬ 
netic moment of a Bohr magneton and will be represented by the symbol 
Mb- Substitution of the numerical values for the constants yields 

Mb = 7 — = 9.27 X 10 -21 erg gauss -1 . 

4irmc 

Since the electronic charge is negative, the magnetic moment due to its 
orbital motion, 

= lM Bt 

can be represented by a vector opposite to that of l 


8-7. Magnetic Moment Due to Spin 

An electron spinning about its axis should also behave as a tiny magnet 
and possess a magnetic moment due to this spin. However, nothing is 
known about the shape of an electron or the manner in which its charge 
is distributed. Lacking this information, it is impossible to calculate its 
spin magnetic moment in a manner analogous to that used for the orbital 
motion. In order to obtain agreement with experimental results, it is nec¬ 
essary to assign to the spin magnetic moment the value 



08) 


where 

so that 



p, = 2 s 


ch 


4 rmc 


(19) 


On the basis of the vector model of the atom, s is always 5 , so that the 
magnetic moment due to spin would have the value of one Bohr mag- 
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neton. According to wave mechanics this value of • should be replaced by 

V^+T) = v's/ 2 -1“ this case 



= 1.62 X 10“ 20 erg gauss 




8-8. Magnetic Quantum Numbers 

tVhen the atoms of an element are placed in a very strong magnetic field 
of intensity H the electrons, because of their magnetic moments will ex- 
tending to orient them. One of the effects of 
lion of this external magnetic field is that there now exists a definite 


Fio. 8-6. Projection of I in the direction of the 
magnetic field H determines the magnetic orbital 
quantum number mi. 



direction in space to which the vector quantities may be referred. If the 
magnetic field is strong enough to break down the coupling between the 
electrons so that each electron acts independently, then the spin and 
angular momentum vectors will take up definite positions in space with 
respect to the magnetic field. These vectors, however, may be oriented 
only in certain definite directions with respect to the magnetic field. 
According to wave mechanics, the directions that the vector l may assume 
are such that its projection in the direction of the magnetic field must 
always have an integral value. 

The projection of l on the magnetic field direction is denoted by m u 
and is called the magnetic orbital quantum number. The possible values of 
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mi are l, l — 1 , 1 — 2, • • • 0, •••—/, that is, there are 21 4- 1 possible 
values of m,. This is illustrated in Figure 8-6 for l = 3. The angle 0 between 
/ and H is given by 

cos 0 = y • (20) 

1 he torque due to the magnetic field causes the angular momentum 
vector l to precess about the direction of the magnetic field as an axis, 



Fio. 8-7. Precession of the angular momentum 
vector l about H as an axis. 


always maintaining the same inclination 0, as shown in Figure 8-7. The 
additional energy A& due to the action of the magnetic field is given by 

A& = pH COS 0. (Chap. 1, Eq. (211) 


Substitution of the values of p and cos 0 from equations (17) and (20) 
yields 



( 21 ) 


This equation will be useful in the discussion of the Zeeman effect. 

The vector s representing the spin angular momentum can assume 
only two possible positions with respect to the magnetic field: it may be 
parallel to it or antiparallel; that is, oppositely directed to it. Its projec¬ 
tion along the direction of the magnetic field is denoted by m 3 , which is 
called the magnetic spin quantum number, and can have only two values, 
+\ or as illustrated in Figure 8-8. 
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There are similar restrictions on the positions that the ^ l an |“^ 
vector / can assume in the presence of a magnetic field, bi 
we are dealing with only a single electron, j can have only odd half-in egra 

H 


Fig 8-8 Projection of the spin vector s in the direc¬ 
tion of the magnetic field showing the two possible values 
of m,. 


m s =5 


m s ="2 


values: the restriction on the positions of j is that m„ the projection of j 
on the direction of the magnetic field, must have odd half-integral values. 
Figure 8-9(a) shows the possible values of m, ior j - 




Fig. 8-9. (a) Projection of j in the direction of the magnetic field H showing the 

possible values of m,- according to the vector model of the atom, (b) Projection of the 
vector j to give the same values of m,- as in (a) according to wave mechanics. 


On the basis of wave mechanics, m> remains a half-intege r for the 
corresponding values of j even though the magnitude of j is Vj(j + 1). 
The orientations of j with respect to the magnetic field are, however, 
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slightly different, as illustrated in Figure 8-9(b). It will be noted that there 
are 2+ 1 values for n\j in both methods of projection. The term space 
quantization is usually applied to the above restrictions imposed on the 
orientation of the vectors l, s, and./ in the presence of a magnetic field. 

8-9. Pauli’s Exclusion Principle 

All these quantum numbers ha\ing been introduced, the problem now is 
to assign the appropriate set of quantum numbers to each electron in the 
atom in order to specify the state of the electron. Wave mechanics does not 
offer any guiding principle for the assignment of these quantum numbers. 
However, Pauli (1925) introduced a principle, known as Pauli's exclusion 
principle , for the assignment of quantum numbers to the electrons in the 
atom. Pauli’s exclusion principle stata that no two electrons in an atom can 
exist in the same state. Now, the state o f any one electron can be completely 
specified by a group of four quantum numbers, such as n, l, mi, m, or n, /, 
j, mj. Hence Pauli’s exclusion principle states that the group of values 
assigned to the four quantum numbers must be different for different 
electrons. 

Electrons having the same value for the principal quantum number 
n form a definite group , or shell, or energy level. Electrons with the same n 
are further subdivided according to the value of the orbital angular mo¬ 
mentum l. Differences in l values, for the same value of n, denote com¬ 
paratively smaller energy differences than equal values of l and different 
values of n. Those electrons which possess the same value of l for a given 
n are said to be in the same subgroup, or subshell, or sublevel. The possible 
number of electrons in a subgroup depends upon the possible orientations 
of the vectors / and s; that is, upon the possible values of mi and m„ or 
upon the possible values of j and m>. Table 8-1 shows the maximum pos¬ 
sible number of electrons in a given group for n = 1,2, and 3. 

Several interesting facts can be obtained from a study of Table 8-1. 
The maximum number of subgroups for a given value of n is n. The maxi¬ 
mum possible number of electrons in a given subgroup is 2(2 1 + 1). A 
subgroup is filled or completed when the sum of the vectors mi is zero. Also 
the sum of the vectors m s is zero for a completed subgroup. From wave 
mechanical considerations, it can be shown that for a closed shell S = 0, 
L = 0, and J = 0; that is, the contributions of the electrons in a closed 
shell to the total angular momentum of an atom are zero. Hence, in order 
to determine the angular momentum of an atom, only those electrons 
which are outside closed shells need be considered. 

8-10. Distribution of Electrons in an Atom 

In assigning electrons to the different groups and subgroups in an atom, 
we must have recourse not only to optical and x-ray spectra, but also to 
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Table 8-1 



Possible Number of Electrons in a Given Group 


No. of No. of 
Electrons Electrons 

in in 

Subgroup Completed 

G 
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Table 8-2 


Distribution of Electrons in the Atoms 


X-Ray Notation 

K 

1 J 

« 1 

*_1 

■ 

Values of n. 1 

1.0 

2.0 

2.1 

3.0 

3.1 


4.0 

4.1 

4.2 

m 

■ 


Spectral 

Notation 

Is 

2 s 

2 P 

3s 

3p 

3d 

4s 

4 P 

4 d 

4/ 

i 


N 

tm 

| 

if 











1 

# \ 

8 

s 

3 

.8 .a 
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o 

M 

.H 

0*3 

II 
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r 


< 

££ 












H 

1 

13.595 

1 










*S./» 

'So 

He 

2 

24.580 

2 










Li 

3 

5.390 

2 

1 









*S|/« 

% 

Be 

'Cl 

9.320 

2 

2 









B 

Ml 

8.296 

2 

2 

1 








*Pl« 

C 

G 

11.264 

2 

2 

2 








»P 0 

N 

7 

14.54 

2 

2 

3 








*S„* 

0 

8 

13.614 

2 

2 

Kfi 








*Pt 

F 

9 

17.418 

2 

2 

VS 








*P«/. 

Ne 

10 

21.559 

2 

2 

KS 








'So 

No 

m 

5.138 




1 







•S,,* 

Mg 

12 

7.644 




2 







'■So 

A1 

13 

5.984 


Neon 


2 

1 






*P./t 

Si 

14 

8.149 

Con Oku rat ion 

2 

2 






J Po 

P 

15 

10.55 




2 

3 






4 Sj;t 

s 

10 

10.357 

10 Electron 

2 

4 






*P* 

Cl 

17 

13.01 


Core 


2 

5 






8 P|/» 

A 

18 

15.755 




2 

6 






'So 

K 

19 

4.339 







1 




*S„j 

Ca 

20 

0.111 







2 




'So 

Sc 

21 

0.538 






1 

2 





Ti 

22 

0.818 



ArKon 



2 

2 




a Fi 

V 

23 

0.743 


Con ft ku rat ion 


3 

2 




4 P»/« 

Cr 

24 

0.704 






5 

1 




7 S, 

Mn 

25 

7.432 






5 

2 




•s«* 

Fe 

20 

7.808 


18 Electron 


6 

2 





Co 

27 

7.802 



Core 



7 

2 




4 Fo/« 

Ni 

28 

7.033 






8 

2 




V« 

Cu 

29 

7.724 






10 

1 




*Si/j 

Zn 

30 

9.391 






10 

2 




'So 

(in 

31 

0.00 






10 

2 

1 



*P>/J 

Ge 

32 

7.88 






10 

2 

2 



J Po 

A a 

33 

9.81 






10 

2 

3 



4 s,„ 

Se 

34 

9.75 






10 

2 

4 



a P* 

Br 

35 

11.84 






10 

2 

5 



’P>/* 

Kr 

36 

13.996 
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2 
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Distribution of Electrons in the Atoms 


X-Ray Notation 

Values of n, l 


Spectral 

Notation 


N 

c 2 

§ 

1 

£ 

3 

.a .s 

| 

7. 

°.2 j 

3 

.2 

* P 


I 



< 

S I 

Hf 

72 

5.5 

Ta 

73 

7.7 

W 

74 

7.98 

Re 

75 

7.87 

Os 

76 

8.7 

Ir 

77 

9.2 

Pt 

78 

8.96 

Au 

79 

9.223 

Hr 

80 

10.434 

T1 

81 

6.106 , 

Pb 

82 

7.415 

Bi 

83 | 

8.3 

Po 

84 

8.4 

At 

85 

9.5 

Rn 

86 

10.745 




Note: The lowest spectral term and the ionization potential for each element obtained 
from Table 23 of National Bureau of Standards, Circular 467, with corrections supplied 
by Charlotte E. Moore. 


other phenomena, such as the magnetic and chemical behavior of the 
element. The normal state of an atom is one in which all the electrons are 
in the lowest possible energy levels. In the atom of the simplest element, 
hydrogen, Z = 1, the normal state is characterized by the quantum num- 
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b n = 1 1 = 0; mi is, of course, zero, and m. may be either + 2 or *• 
The atom of the next element, helium, 2 = 2, has both its e ec rons 
ieH n = ,1 = 0- m. is +h for one electron and -§ for the second elec¬ 
tron This shell is now completed or closed. It will be recalled t at e ium 
is one of the inert gases; therefore it may be expected to have a very stable 
eleetnm configuration. This should also be true of all the other inert gase. 
In the atom of the next element, lithium, Z = 3, two dectrons can 
be put in the shell n = 1, l = 0, but the third electron must be put into 
a new shell n = 2, l = 0. Lithium is one of the alkali elements and has a 
valence of unity. This means that a single electron, in shell n = 2, can be 
detached easily from the atom to form the lithium ion, Li + . This is indi¬ 
cated by the fact that its ionization potential is only 5.39 volts, whereas 
for He it is 24.58 volts (see Table 8-2). Another interesting point is that 
the lithium ion, Li+, has the same configuration as neutral helium. Une 
may expect the atoms of the other alkali elements, sodium, potassium, 
rubidium, and caesium, to be built up in a similar manner, that is, a single 
valence electron starting a new shell outside a closed configuration typical 
of an inert gas. This is shown in Table 8-2, which gives the distribution of 


electrons in the atoms of the elements. 

It is convenient at this point to introduce the x-ray notation for the 
different groups. The group or shell for which n = 1 is called the K she , 
n = 2 the L shell, n = 3 the M shell, and so on. Beryllium, for example, 
with Z = 4, has two electrons in the completed K shell, and two additional 
electrons in the L shell, thus completing the first subgroup in this shell. 
Beryllium is one of the alkaline earth elements with a valence of 2. The 
atoms of the other elements of this group, magnesium, calcium, strontium, 
barium, and radium, should have similar structures, that is, two electrons 
outside an inert gas or closed shell configuration. This can be verified from 


Table 8-2. 

Boron, Z = 5, has two electrons in the completed K shell and three 
electrons in the L shell, and two in the completed subgroup n = 2, / = 0, 
the third electron starting the new subgroup n = 2, l = 1. The atoms of 
the other elements in this group, aluminum, gallium, indium, and thallium, 
similarly have three electrons outside a closed shell, two in a completed 
subgroup l = 0, and one in the next subgroup 1=1. 

This process of atom building can be continued by the addition of an 
electron to the L shell subgroup l = 1, as the element of atomic number 
Z + 1 is formed from element of atomic number Z. In each case the posi¬ 
tive charge on the nucleus must be increased by one. The L shell will be 
completed with the element neon, Z = 10, with two electrons in the K 
shell and eight electrons in the L shell. Neon is one of the inert gases and 
has a very stable configuration. Fluorine, Z = 9, has two elec trons in the 
K shell and seven electrons in the L shell. In chemical action it is found 
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that fluorine has a valence of —1, indicating that it very easily forms an 
ion F~ by adding an electron to the L shell, forming a stable configuration 
similar to that of neon. 

The next eight elements, from sodium, Z = 11, to argon, Z = 18, 
are formed by adding the additional electrons to the M shell for which 
n = 3. Sodium has an electron (n = 3, l = 0) outside a closed shell; mag¬ 
nesium has two electrons outside this closed shell, both in the subgroup 
l = 0, thus completing it. The next subgroup with / = 1 is begun with 
aluminum, Z = 13, and completed with argon, Z = 18. It may be re¬ 
marked here that the chemical properties of an element are determined 
mostly by the electrons in the outer shell of the atom. 

Potassium, Z = 19, retains the argon configuration of the first eight¬ 
een electrons, but the nineteenth electron starts a new group, n = 4, be¬ 
longing to the N shell. Calcium. Z = 20, has two electrons in the N shell 
n = 4, / = 0. It might have been expected that these electrons would have 
been placed in the still incomplete M shell n = 3, l = 2, but spectroscopic 
evidence is against this. However, the next group of atoms from scandium, 
Z = 21. to copper, Z = 29, have their additional electrons placed in the 
M shell n = 3, / = 2, which is then completed. From gallium, Z - 31, to 
krypton. Z = 36, an inert gas, the additional electrons are added to the 
N shell n = 4, l = 1. By examining Table 8-2, the reader will find the 
order in which electrons have been assigned to the various groups and 
subgroups. It will be of interest to check this assignment with the chem¬ 
ical properties of the elements, remembering that these properties are con¬ 
trolled essentially by the outer electrons. 

8-11. Spectral Notation 

In the course of the development of spectroscopy, several types of nota¬ 
tion have been used. The following is the modern notation. In describing 
the electron configuration small letters are used to represent the values of 
l as follows: 

l = 0, 1, 2, 3, 4, 5, • • - 

s. P, d,f,g,h, - 

That is, if an electron is in a shell for which l = 0, it is called an s electron, 
for / = 1, a p electron, and so on. The value of the total quantum number 
n is written as a prefix to the letter representing its l value. The number 
of electrons having the same n and l values is indicated by an index writ¬ 
ten at the upper right of the letter representing their l value. Thus the 
eleven electrons of sodium in the normal state are designated as follows: 

Is 2 2s 2 2p 6 3s; 

that is, there are two Is electrons, two 2s electrons, six 2p electrons, and 
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one 3s electron. One must be careful not to confuse the symbol s written 
for 2 = 0 with the same symbol used for the spin quantum number. 

Capital letters are used to represent the total orbital angular momen¬ 
tum of an atom according to the following scheme: 

L = 0, 1, 2, 3, 4, 5, 

S, P, D, F,G, H, - • • 

The value of the total angular momentum of the atom, J, is written as a 
subscript at the lower right of the letter representing the particular 
value of the atomic state. The number of possible values of J for a given 
value of L is written as a superscript at the upper left of the letter repreaen/inp 
the L value. Thus 2 P„ 2 , 2 Psis, read "doublet P one half,” etc., or P 2 , P,, 
3 P 0 read “triplet P two,” ..., and so on. For example, in the case ot tne 
alkali atoms, J has two values for each of the P, D, F terms, but can have 
only one value for the S term. But, by custom, to keep the notation sym¬ 
metrical, S is allotted the superscript 2. As will be shown, this superscript 
is an indication of the multiplicity of the terms of the atomic configuration. 

8-12. Spectrum of Sodium 

The optical spectrum of sodium is typical of the spectra of all the alkali 
atoms. In its normal state, the sodium atom consists of a closed core of 
ten electrons and one additional electron in the 3s state. Since the closed 
core contributes nothing to the angular momentum of the atom, only the 
states of this eleventh or optical electron need be considered in discussing 
the spectrum of neutral sodium. 

The atoms of sodium can be raised from the normal state to higher 
energy states by bombarding them with electrons, or by subjecting them 
to high temperatures in a flame or in an electric arc, or by allowing them 
to absorb radiant energy from an external source. The atom in one of the 
higher energy states is said to be in an excited state. When the atom returns 
to a state of lower energy, radiation is emitted in the form of a photon of 
very definite frequency given by Bohr’s frequency condition. The spec¬ 
trum of sodium, as shown in Figure 8-10, consists of several series of spec¬ 
tral lines, some of which were mentioned in §8-2. When these spectral 
lines are examined with instruments of high resolving power, it is found 
that many of the lines consist of doublets, that is, two lines very close 
together. Such lines are said to exhibit^ne structure. For example, the well- 
known yellow line of sodium, frequently referred to as the sodium D line, 
consists of two lines close together of wavelengths 5889.96A and 5895.93A; 
that is, they are separated by about 6A. These lines form one of the doub¬ 
lets of the principal series. The other lines of the principal series are in the 
ultraviolet region. Lines of the principal series are due to transitions from 
a P state to the lowest 5 state. Since the smallest value of the principal 
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quantum number for the optical electron of sodium is n = 3, the lowest 
state is designated as a 35 state. Since l = 0, the value of j for this state 
is j = 5 = J. For the P state L = l = 1 , and since J = L + \ and L — 


(Principal Series) 



«0©«5«S 


Sharp Series (short leaders) 
Diffuse Series (long leaders) 


Fio. 8-10. The emission spectrum of sodium showing lines of three series. The 
upper numbers are wavelengths, in A, of the lines of the principal series. The short 
leaders below the spectrum indicate the lines of the sharp series, while the long leaders 
indicate the lines of the diffuse series. (Reprinted by permission from Atomic Spectra 
and Atomic Structure, by G. Herzberg, Dover Publications.) 


the total angular momentum of the P state is \ or f. Since there are two 
values of J, the P state is a doublet state and is designated as 

2 P l/2i 2 P 3/2- 

Similarly for the D terms for which L = l = 2, J = j — $ or $, 80 that 
the D term is a doublet and is designated as 

2 Aj/2* 2 ^s/2i 

and the F term L = l = 3, J = j = § or is designated as 

2 F5/2. 2 F7/2• 

The 5 state is always a single state but since the other states of the atom 
are all doublets, the 5 state is also designated as 

2 £i/2- 

The energy level diagram of sodium, Figure 8-11, shows the relative 
positions of these energy levels, drawn approximately to scale. The 2 Pz\i 
level is actually slightly above the 2 Pi / 2 level, but the separation is too 
small to be shown in the figure. For example, the separation of the 2 P 
levels giving rise to the yellow lines of sodium is only 17 cm -1 , whereas 
the term value is about 25,000 cm -1 . Similarly the 2 D and 2 F levels are 
drawn as single levels. The principal quantum number n is written for 
each term in the figure. It will be noticed that the large wave numbers are 
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Fig. 8-11. Energy level diagram of sodium. The numbers along the lines are the 
wavelengths, in angstroms, emitted during the indicated transitions. 

associated with the low energy terms. This is due to the fact that the zero 
level of energy is taken as the energy of the ionized atom; the energy val¬ 
ues are all negative, but the minus signs have been omitted as a matter of 
convenience. The lowest energy level is the 3 2 Si/2 level and its numerical 



256 Optical Spectra and Electron Distribution 


§ 8-12 


value is 41,449.0 cm -1 . This is equivalent to 5.14 electron volts, and is the 
energy that must be supplied to remove the electron from the 3 2 Si / 2 level 
to infinity. For this reason the higher voltages coincide with the higher 
energy levels, and the ionization potential, 5.14 volts, is placed at n = «>. 

The principal series of sodium is produced by transitions from the 
2 P states to the lowest state, 3 2 Sj, 2 . These lines are all doublets since they 
originate in the 2 Pi 12 . 3/2 levels and end in the 2 «Si/ 2 level. The yellow 
lines of sodium are due to the transitions 

\/ U = 5895.93A, 3 2 S 1/2 - 3 2 P 1/2 1 (Z), line) 

^ X = 5889.96A, 3 2 S ll2 - 3 2 P 3/2 f (Z> 2 line). 

The wave number of any line of the principal Series is given by 

p = 3 2 S 1/2 - n 2 P ll2 , (n = 3, 4, 5, • • •) 

or P = 3 2 5 1/2 - n 2 P 3/2 (n = 3, 4, 5, • • •). 

The lines of the sharp series are due to transitions from the higher 2 S 1/2 
levels to the 3 2 P i /2 . 3/2 levels, and their wave numbers are given by 

p = 3 2 P I/2 - n 2 S ll2 (n = 4, 5, 6, • • •) 

P = 3 2 P 3/2 - n 2 5,/ 2 (n = 4, 5, 6, • • •)• 

Transitions from the 2 D levels to the 3 2 P levels give rise to the diffuse 
series, and those from the 2 F levels to the 3 2 D levels give rise to the fun¬ 
damental series. 

Transitions can take place between S and P states, P and D states, 
D and F states, but under normal conditions, no transitions can take 
place between S and D states, or S and F states, or P and F states. The 
transitions that can take place are given by the following selection rules 
for the vectors L and J : 


M = ±1 
AJ = ±1 orO. 


(22o) 

(22b) 


The selection rule for J prohibits transitions between some of the doublet 
levels even though they are not ruled out by the selection rule for L. For 
example, in the diffuse series, the transition 2 PU2 — 2 Ds/ 2 is forbidden, 
while the other three transitions are permitted. 

The doublet character of the energy levels is typical not only of 
sodium and the other alkali elements, but also of the singly ionized alka¬ 
line earth elements such as Be+, Mg+, Ca + , and so on. A glance at Table 8-2 
will show that the singly ionized atoms of the alkaline earths have exactly 
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the same electronic structure as the neutral alkali atoms, Oat 
electron outside a closed core typical of the configuration of l he atoms o 
the inert elements. It should be emphasized that the douWet character o 
the energy levels is satisfactorily accounted for by the hypothecs that the 
electron possesses a spin. 


8-13. Absorption of Energy 

If white light is sent through sodium vapor and then examined with a 
reflection grating, it is found that those wavelengths which correspond to 
the lines of the principal series of sodium are missing. Such a spectrum is 
called an absorption spectrum. R. W. Wood and h.s collaborators per- 
formed a series of experiments on the absorption spectrum of sodium. In 
one such experiment the vapor was obtained by heating metallic sodium 



Fio. 8-12. Photograph of the absorption spectrum of sodium showing some of the 
lines in the ultraviolet region. The numbers are the wavelengths of the lines in angstroms. 
(Reprinted by permission from Atomic Spectra and Atomic Structure by H. Herzberg, 
Dover Publications.) 


in a steel tube faced with quartz windows. It was necessary to use quartz 
windows in this experiment since most of the lines of the principal series 
of sodium are in the ultraviolet region. As many as sixty lines were ob¬ 
served in this absorption spectrum. That only lines of the principal series 
appear in the absorption spectrum is due to the fact that most of the atoms 
in the tube are in the lowest state, 3 2 .S, /2 . A photograph of the absorption 
spectrum of sodium is shown in Figure 8-12. In emission, the lines of the 
principal series correspond to transitions from the 2 P\i 2 , 3/2 levels to the 
ground state, 3 2 S l/2 ; in absorption, the transitions are from the lowest 
state, 3 2 Si/ 2 to the 2 Pi, 2t 3/2 levels. 

An interesting experiment would be to send monochromatic light of 
wavelength equal to that of the sodium D lines into a tube containing 
sodium vapor. R. W. Wood performed such an experiment, using the yel¬ 
low light from an oxyhydrogen flame containing sodium. The yellow light 
was focused on the axis of an evacuated test tube containing sodium 
vapor. On looking down into the test tube it was found that the sodium 
vapor, near the wall of the tube where the incident beam entered, emitted 
yellow fluorescent radiation. Other investigations showed that the fluo¬ 
rescent radiation consisted only of the yellow lines of sodium. By referring 
to the energy level diagram, it can be seen that the atoms in the normal 
state, 3 2 5 i/ 2 , were raised to the next higher states, 3 2 Pi /2 , 3 / 2 , by the ab~ 
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sorption of the yellow D lines. On returning to the normal state these 
atoms emitted radiation of the same wavelength. This type of fluorescent 
radiation is called resonance radiation. 

An entirely different method of raising the atoms from their normal 
to excited states is to utilize the kinetic energy of an electron beam. A 
simplified schematic diagram for accomplishing this is shown in Figure 8-13. 
The electrodes are in an evacuated tube containing a small amount, of 


To spectroscope 



Fio. 8-13. A diagram of the apparatus for determining the resonance and ioni¬ 
zation potentials of sodium. 

sodium vapor. Electrons from the heated filament F are accelerated by a 
difference of potential V to the grid G. The plate P is at the same potential 
as G, so that in the space between P and G the electrons are moving with 
a kinetic energy given by 

\mv 2 = Ve. 

Although electrons undoubtedly collide with some of the sodium atoms, 
no radiation is observed when the voltage between F and G is below 2.1 
volts. When this voltage is reached, the sodium vapor in the region be¬ 
tween G and P is observed to emit yellow light. An examination of this 
light with a spectrograph shows that it consists of the sodium resonance 
lines only. The interpretation of this phenomenon is that an electron, on 
colliding with a sodium atom, loses an amount of energy, equivalent to 
2.1 ev, to the sodium atom, thereby raising it from the normal to the next 
higher state, 3 2 Pi /2 . 3 / 2 - On returning to its normal state, the sodium atom 
then emits the resonance radiation. This means that the energy of the 
incident electron must be at least equal to the quantum of energy cor¬ 
responding to the sodium D lines. This can be checked by substituting 
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the appropriate values in the formula 

he 

Ve = hv = — • 

and calculating X. This yields X = 5898A, in good agreement, within_ the 
limits of experimental error, with the wavelengths of the ^ hn e s of sodmm^ 
This potential, at which the resonance lines appear, is called 

^'^tn the voltage between the filament and grid in the ^ove appa¬ 
ratus is increased to about 4 volts, the color of the lighttemittedby the 
sodium vapor changes, indicating that additional spectral ‘mes are bemg 
emitted. At this voltage, the spectrogram shows in add.Uonto the/)l g 
the presence of the doublet 3 2 S„ 2 - 4 2 P, ? . 3/2 of wavelengths 3302A and 
3303A of the principal series, and the doublet 3 P 1 / 2 . 3/2 5 1/2 

lengths 6154A and 6161A of the sharp series. Other lines appear at 4.4 
and 4.6 volts. At 5.14 volts, ionization of the sodium vapor occurs as in¬ 
dicated by the very large increase in current from the filament to the 
plate, and, at the same time, the spectrograph records the appearance of 

the entire optical spectrum of sodium. 

The emission of the entire optical spectrum when the voltage reaches 

the value of the ionization potential, 5.14 volts, can readily be explained 
by the fact that the electrons from the filament which have an amount of 
energy equal to 5.14 electron volts are capable of ionizing the sodium 
atoms. In this process electrons are removed from the normal state, 
3s3 2 S 1/2 , of the sodium atoms. An electron returning to an ionized atom 
may enter any one of the excited states and finally reach the normal state 
by a series of successive quantum jumps. Corresponding to each quantum 
jump there is an emission of radiation of appropriate frequency, giving 
rise to the lines observed in the optical spectrum. The intensity of a spec¬ 
tral line is determined by the number of atoms in which identical transi¬ 
tions take place simultaneously. The transitions giving rise to the intense 
spectral lines must have a greater probability of occurrence than those 
producing the weaker lines. The most probable transitions are those per¬ 
mitted by the selection rules. The probability that transitions will occur 
which are not permitted by the selection rules is vanishingly small under 
ordinary conditions. 


8-14. Normal Zeeman Effect and the Vector Model 

In our previous discussion of the Zeeman effect (Chapter 4), we found that 
the classical theory was adequate to explain the normal Zeeman effect but 
was totally inadequate to explain the anomalous Zeeman effect such as 
that exhibited by the sodium D lines. Let us now examine the treatment 
of the Zeeman effect on the basis of the vector model of the atom. 
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It was remarked earlier in this chapter that one of the reasons for 
the introduction of an electron spin was to explain the anomalous Zeeman 
effect. If the spin of the electron is left out of consideration, then the only 
angular momentum possessed by the electron is that due to its orbital 
motion of amount 



In the presence of a magnetic field of intensity H, the vector l precesses 
around the direction of the magnetic field as axis. The angular velocity of 
precession may be obtained by direct calculation or from a famous the¬ 
orem due to Larmor, which states that the effect of a magnetic field on an 
electron moving in an orbit is to superimpose on the orbital motion a pre- 
cessional motion of the entire orbit about the direction of the magnetic 
field with angular velocity o given by 



(23) 


in which e is in es units. Figure 8-7 shows two positions of the vector l as 
it precesses about the magnetic field at constant inclination, and the cor¬ 
responding positions of the electronic orbit. The additional energy of the 
electron due to this precessional motion was shown to be given by 

A& = nil cos 0 

eti rr 

= m, -- H, ( 21 ) 

Airmc 


where m/ is the projection of l on //. In terms of the Larmor precession, 
the expression for the additional energy can be written as 

c h 

Afe = m t o — • (24) 


Since is restricted to the (2/ + 1) integral values i, l — 1, • • •, 0, 
• • • , —l, the effect of the magnetic field is to split up each energy level 
into 21 -f- 1 components spaced an amount (« eh/Amnc)H apart. This is 
illustrated in Figure 8-14 for two energy levels, one for which l = 2, the 
other, l = 1. If &' 0 represents the energy of the level l = 1 in the absence 
of a magnetic field, and represents the energy of this level in the pres¬ 
ence of the magnetic field of intensity H, then 


-f- 


eh 




\ianc 


H. 
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Fig. 8-14. Splitting of energy levels in a magnetic field into 2( + 1 components. 
Section on the left represents the single transition in the absence of a magnetic field, 
while that at the right represents the splitting of these two energy levels in a magnetic 
field and the possible transitions yielding the normal Zeeman effect. 

Selection rule: Amj = 0, ± 1. 


Similarly, if &o and &h represent the energies of the level l = 2 without 
and with the magnetic field respectively, then 

&h = &o + AS" = &o + m[' ]^ irJnc #• 


The quantity of energy radiated in the presence of the magnetic field is 
given by 

eh 

kVa = &H “ = «0 “ &0 + ( m !' ~ m l) ^ irmc H 


= hvQ + A777 / - H , 
A-Trmr 
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from which 


VH = *0 + A 772/ 


eH 

4‘irmc 


t 


(26) 


where vh is the frequency of the radiation emitted with the magnetic field 
present, and u 0 is the frequency of the radiation in the absence of the mag¬ 
netic field. The restrictions imposed upon the changes in the magnetic 
quantum number m t are given by the selection rule 


Am/ = 0, or ±1. (27) 

Application of this selection rule to equation (26) yields 

v h = v 0 for Am/ = 0 (28o) 

and v H = u 0 ± for Am/ = ±1. (28b) 

I hose frequencies are identical with those obtained on the classical theory 
for the normal Zeeman effect. Although there are nine possible transitions 
for the energy levels shown in Figure 8-14, these are grouped into only 
three different frequency components as indicated by equations (28a) and 
(28b). It is thus evident that the orbital angular momentum alone is not 
sufficient to account for the anomalous Zeeman effect although adequate 
for the normal Zeeman effect. 


8-15. The Lande g Factor 

\\ ith the introduction of electron spin, the total angular momentum of the 
atom J becomes the vector sum of the orbital and spin angular momenta 
L and S;thus 

J = L + S. ( 12 ) 

Because of the interaction between these two angular momenta, the 
vectors L and S, while maintaining their relative orientations, precess about 
their resultant J. The magnetic moment due to the orbital motion, ml, 
is given by 

eh 

(,7) 

Because of the negative charge, ml is directed oppositely to L. The magnetic 
moment due to the spin of the electron is given by 


Ms = 2S 


eh 

4irmc 


(19) 


Again ms is directed oppositely to S because of the negative charge of the 
electron. The relationships between the magnetic moments and the angular 
momenta are shown in Figure 8-15. In the scale chosen, ml is drawn twice 
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«,« length of hi bene. „ ntuot be ™ 

resultant magnetic moment m is therefore not along - 
£ and S precess about 7, ml and ms must also precess about J. If each 



Fig. 8-15. Diagram showing the relationship between the magnetic moment 
vectors and the angular momentum vectors. 


these vectors is resolved into two components, one parallel to J and the 
other perpendicular to it, then the value of the perpendicular component 
of each vector, averaged over a period of the motion, will be zero, since it is 
constantly changing direction. The effective magnetic moment of the atom 
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will therefore be tij, the sum of the components of ml and ms along J. 
This is given by 

M/ = ML COS (L, J) - f- MS COS (S, J) (29) 

where cos (L, J) represents the cosine of the angle between L and J , and 
similarly cos (S, J) represents the cosine of the angle between S and J. 
By applying the cosine law to the triangle formed by L, S, J in a manner 
analogous to that used in deriving equation (11), we get 

cos (L, J) = W+» + MJ+l)-S(S+l) 

2VL(L+ 1) Vj(j + 1) 


and 


cos (5, J) = g g+ 1) + J(J+1)-L(L+1) . 

2V50S+ 1) VJ(J + 1) 


Substituting these values in equation (29) as well as the values of ml and ms 
from equations (17) and (19) respectively, we get 

3 J(J + 1)4- S(S+ 1) - HL 4- 1) 

4irmc 2 Vj(j + 1 ) 

M ultiplying numerator and denominator of the above equation by 
Vj{J + 1), we get 

,, = V7(7+Tj(i + ^ 1) + 5(S+1) -^ L + 1 ^ 

4 irmc \ 2 J (J + 1) ) 


or 



where 


9 


1 + 


J(J -4- 1) + S(S + 1) - L(L + 1) 
2 J(J + 1) 


(30) 


(31) 


The quantity g is called the Lan d6g factor. It determines the splitting of the 
energy levels in the presence of a weak external magnetic field and shows 
that this splitting is determined by the values of L, S , and J. For levels in 
which the total spin S is zero, mj " ill be opposite in direction to L, and the 
energy levels will split up in a magnetic field in a manner identical with that 
shown for the normal Zeeman effect. 

Equation (30) is the defining equation for the Land6 g factor. Remem¬ 
bering that 

\r eh 
Mb = - - » 

■\ttT71C 
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we can rewrite equation (30) as 

mj — MbqJ t 


so that 



(32) 


Now hj/Mb is the magnetic moment of the electronic system expressed in 
Bohr magnetons, and J is the total angular momentum of this system 
expressed in units of h/2 t. Thus the Landt g factor is the ratio of the magnetic 
moment of the system expressed in Bohr magnetons , to its angular momentum, 

expressed in units of h/2ir. ... 

If the atom is placed in a magnetic field H which is relatively weak so 
that the coupling between L and S is not broken down, then their resultant 
J will precess about the direction of the magnetic field as an axis. 1 he 
additional energy A& due to the action of the magnetic field on this atomic 
magnet will be 

Ad> = hjH cos ( J , H) 



eh 

Aicmc 


H\/J(J + 1) cos ( J , H). 


But VJ(J + 1) cos ( J , H) is the projection of the vector J on the direc¬ 
tion of the magnetic field, and is given by the magnetic quantum number 
m/; so that 


r e h rr 

AG> = -- Hgmj. 

\rmc 


(33) 


The quantity -- H 

\rmc 

is called a Lorentz unit; it is a unit of energy used for expressing the splitting 
up of the energy levels in a magnetic field. 

8-16. Anomalous Zeeman Effect 

When the light from a sodium flame or arc, which has been placed in a 
magnetic field of about 30,000 gausses, is examined with the aid of a spec¬ 
troscope of high resolving power, it is found that each of the lines of the 
principal series exhibits the following anomalous Zeeman pattern: the 
longer wavelength component, 3 2 *Si/ 2 — 2 P\i 2 , splits into four lines, while 
the shorter wavelength component splits into six lines. The splitting of the 
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Dj D 2 Zeeman components 


Fig. 8-16. Diagram showing the splitting of the energy levels of the sodium D lines 
in a weak magnetic field and the transitions giving rise to the anomalous Zeeman 
pattern according to the selection rule Amy - 0, ± 1. 


energy levels giving rise to these lines can be determined with the aid of 
equation (33). This will be done for the sodium D lines as typical of the 
lines of the principal series. 

For the 3 2 Si /2 energy level, L = 0, S = J = hence from 
equation (31) 


9=1 + 


■* + M 
2-H 


= 2 . 


Since mj can have the values \ and — 5 , gmj can have the values +1 and 
— 1. Table 8-3 gives the values for the quantum numbers necessary for the 
determination of the splitting factor gmj for each of the energy levels 
of the sodium D lines. 

Figure 8-16 shows the Zeeman components which appear when the 
light from the source is viewed perpendicular to the direction of the mag¬ 
netic field. The lines designated by o are polarized with the electric vector 
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State 

L 

s 

J 

9 

mj 

gmj 

3 2 Si/2 

3 2 Pi/2 

3 2 / > 3/2 

0 

1 

1 

i 

i 

i 

i 

i 

1 

2 

$ 

$ 

i. -i 
i. -i 

#. t. -i. -t 

1. -1 
h -* 

2, 1, -2 


perpendicular to the direction of the magnetic field while the lines desig 
nated by *■ are polarized parallel to the magnetic field. The polarization o 
these lines can be predicted from wave mechanical considerations whic 
lead to the result that transitions for which Am, = 0 give rise to the ir 
components, and the transitions for which Am,- = ±1 give ruse to t e <r 
components. When the light is viewed parallel to the magnetic field, on y 
the lines for which Am, = ±1 appear, and these are now circularly polar¬ 
ized. The direction of circular polarization for Am,- = +1 is opposite to 
that for which Am, = -1. Thus the introduction of electron spin has led to 
complete agreement between the experimental results and the theory ol the 
anomalous Zeeman effect. 


a -17. The Stem-Gerlach Experiment and Electron Spin 

A direct experimental demonstration of the existence of the magnetic 
moment of an electron, particularly that due to its spin, is given in an 
experiment first performed by Stern and Gerlach (1921), using neutra 
silver atoms. Similar experiments were performed later with other atoms 
such as hydrogen, lithium, sodium, potassium, copper, and gold. A glance 
at Table 8-2 will show that the normal state of each of these atoms is a 
2 S V 2 state, for which L = 0, J = S = i That is, in the normal state of a 
silver atom, its entire magnetic moment is due to the spin of one electron. 
It has been shown that when such atoms are placed in a magnetic field of 
intensity H, they become oriented in such directions that m J} the projection 
of J in the direction of the magnetic field, can have the two values + J and 
— i only. The additional energy of the atom due to its position in the 
magnetic field is given by 

AS = — Hgmj. <39> 

4 lane 

If these small atomic magnets are placed in a uniform magnetic field, 
they will experience torques which will orient them with respect to the 
magnetic field. If the magnetic field is inhomogeneous, each atomic magnet 
will also experience a force which will accelerate it. The magnitude of this 
force on each magnet can be determined by differentiating equation (33) 
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F _jh_dH 

F ~ irmcTx mJ ' 


where dH/dx determines the inhomogeneity of the magnetic field. 

In the Stem-Gerlach experiment, a narrow beam of silver atoms com¬ 
ing from an oven O, after passing through the defining slits Si and S 2 , 
was allowed to pass through an inhomogeneous magnetic field and recorded 
on plate P, as shown in Figure 8-17. The entire apparatus was in an evacu¬ 
ated chamber. The inhomogeneous magnetic field was produced by an 



LnJ 

Cross section of 
pole pieces 


Fig. 8-17. Arrangement of apparatus in the Stem-Gerlach experiment. 


electromagnet with specially designed pole pieces. One pole piece was in the 
form of a knife-edge, while the other pole piece had a channel cut in it 
parallel to the knife-edge. Each silver atom could assume only one of two 
possible directions in the magnetic field, given by my = -f 5 or — It has 
been shown that for the 2 S 1/2 state, g = 2 , and gmj = +1 or — 1 , so that 
the force experienced by each atom due to the inhomogeneity of the field is 


F 


eh 

Aicmc 


dH 

dx 


„ dH 

dx 


(35) 


where M B = 7 ^- = 0.927 X 10 " 20 em units. 

4irmc 

In terms of the vector model, those atoms with electron spins directed 
parallel to the magnetic field will experience a force in one direction, while 
those with oppositely directed spins will experience a force in the opposite 
direction. According to this, the beam of atoms should split into two beams 
in its passage through the inhomogeneous magnetic field. This splitting 
of the beam into two parts of approximately equal intensity was actually 
observed in these experiments. Figure 8-18 shows the type of pattern 
observed in these experiments. From the amount of the separation of the 
two beams and the degree of inhomogeneity of the magnetic field, it was 
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shown that the component of the magnetic moment of the atom in the 
direction of the field was equal to one Bohr magneton, M B - 



(a) (b) 


Fig. 8-18. Type of pattern on photographic plate made by a beam of silver atoms 
(a) without magnetic field on, (b) with magnetic field on. 

The results of the Stern-Gerlach experiment, together with the 
explanation of the multiplicity of atomic energy levels and the anomalous 
Zeeman effect, strongly support the hypothesis of the existence of an 
electron spin. 

8-18. Magnetic Properties of Atoms 

The magnetic properties of an atom are due to the orbital motions of the 
electrons and to their spins. If the spins of the electrons are oriented so 
that the resultant spin is zero, the atom will have diamagnetic properties. 
This can be deduced by an application of Lenz’s law; that is, if an external 
magnetic field is impressed upon a system containing such atoms, the emf 
induced in each electronic orbit will be such as to oppose the change 
inducing it. Hence the resultant magnetic field will be smaller than the 
impressed magnetic field. If the resultant spin of the atom is not zero, then 
the atom will behave as a small magnet with the magnetic dipole lining up 
parallel to the magnetic field. An assemblage of such atoms will behave as a 
paramagnetic substance. Of particular interest is an atom like iron, Z = 26. 
As shown in Table 8-2 the 26 electrons in the normal state have the 
configuration 

ls 2 2s 2 2p fl 3s 2 3p*3d 6 4s 2 . 

All the subshells are filled with the maximum allowable number of electrons 
except the 3d subshell. For a completed subshell = 0- The maximum 
number of electrons that may be in a 3d subshell is 10, and for this number 
= 0; but with only 6 electrons in the 3d shell of iron, Em, may have 
any one of the values equivalent to 0, 2, or 4 Bohr magnetons to correspond 
to the possible spin orientations of the 4 missing electrons. The magnetic 
moment of the iron atom is known to be 4 Bohr magnetons; hence the 6 
electrons in the 3d subshell must be aligned so that 5 of them have their 
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spins oriented in one direction and 1 electron has its spin aligned opposite 
to them for a total magnetic moment of 4 Bohr magnetons. Assemblages of 
iron atoms in the vapor phase should thus be paramagnetic. 

It is possible, under exceptional conditions, for a number of paramag¬ 
netic atoms to be grouped together, in the solid phase, to form a small 
domain with a resultant magnetic moment. In such a grouping, the atoms 
interact with each other to produce changes in the electronic configurations 
and thus alter their energies to produce a stable form. A crystal of such a 
substance will usually contain a large number of these magnetic domains. 
The latter will usually be randomly oriented so that the substance will 
exhibit no resultant magnetic moment. However, when a strong external 
magnetic field is applied to the substance, these domains will be lined up 
with their magnetic moments parallel to this field, and may retain some of 
this orientation when the external magnetizing field is removed. These 
substances then exhibit permanent magnetization or ferromagnetism. 
Among the ferromagnetic substances are iron, nickel, and cobalt, and some 
special alloys, such as the Heusler alloys which consist of copper, manga¬ 
nese and aluminum. Ferromagnetism is thus not an atomic property, but a 
property of a special arrangement of groups of atoms into magnetic 
domains. 

8-19. Spectra of Two-Electron Atoms 

Atoms of the alkaline earth elements, beryllium, magnesium, calcium, 
strontium, barium, and radium, have two electrons outside a closed 
configuration typical of the inert elements. The total angular momentum 
of any one of these atoms is merely the sum of the angular momenta of the 
two electrons outside the closed core.When the atom is in the normal state, 
both electrons have the same principal quantum number n and are in the 
completed subgroup for which l = 0. The application of Pauli’s principle 
leads to the conclusion that the two electrons must have their spins in 
opposite directions, so that the total spin quantum number S = s x + s 2 = 

2 — 2 = 0. The total angular momentum J = L + S = 0, so that the 
normal state is a singlet state and is designated by the symbol l S 0 . 

The excited states of a two-electron system can arise from a variety of 
configurations of the two electrons consistent with the Pauli exclusion 
principle. The P states, for example, are due to those combinations of the 
angular momenta l\ and l 2 whose vector sum L = Zi + l 2 is unity. For the 
D states L = fi + l 2 = 2, and so on. The spin vector S can have only two 
values S = |-f^ = lorS = 5 — § = 0. If S = 0, then J = L, and the 
state is a singlet state such as 'Pi for L = 1, X D 2 for L = 2, and so on. If 
S = 1, then J can have the three values L + 1, L, L — 1, yielding a triplet 
state such as 3 P 2 , 3 Pi, 3 P 0 , for L = 1; 3 D 3 , 3 D 2 , 3 D X for L = 2, and so on. 
A two-electron system therefore has two distinct sets of energy levels, the 
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Fig. 8-19. Energy level diagram of calcium. Wavelengths are in angstroms. 


singlet set arising from configurations in which the electron spins are in 
opposite directions, S = 0, and the triplet set arising from configurations 
in which the electron spins are in the same direction, S = 1. In this latter 
set must be included those states for which L = 0 and S = 1, even though J 
has only the single value unity. These states are designated as 3 <Si states, 
and are customarily called triplet states. 

The energy level diagram of calcium showing some of the singlet and 
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triplet states is given in Figure 8-19. These energy levels are for those 
configurations in which one electron always remains in the 4s state (n\ = 4, 
l\ = 0), while the second electron changes its state. Other energy levels, in 
which neither electron is in the 4s level, are known to exist, but they will 
not be considered here. Some of the transitions giving rise to spectral lines 
are indicated in the figure. It is found that, as a general rule, singlet terms 
combine with other singlet terms, and triplet terms combine with other 
triplet terms. Intercombination lines due to transitions between triplet and 
singlet states have been found, but are few in number and are usually less 
intense than the nonintercombination lines. Several intercombination lines 
are shown in the figure. 

When the changes in the atomic states are produced by jumps of a 
single electron, only those spectral lines will be observed which are per¬ 
mitted by the selection rule Al = ± 1. In such cases, the selection rule for L 
is also AL = ±1. The selection rule for J is AJ = 0 or =fc 1, with the excep¬ 
tion that the transition from J = 0 to ./ = 0 is forbidden. Transitions 
between singlet states produce spectral series consisting of singlet lines. 
Transitions between triplet states produce spectral series consisting of lines 
which exhibit fine structure when examined with instruments of high 
resolving power. The lines of the principal series, due to the transitions 
5 3 £i — h 3 P 2 ,1-0* never have more than three components. Similarly the 
lines of the sharp series, due to the transitions 4 3 / > 2 ,i,o — n 3 Si, may have 
three components. The lines of the diffuse series, 4 3 / > 2 ,i, 0 — n 3 D 3 , 2 ,i and 
of the fundamental series, 3 3 /> 3 , 2 ,i - n 3 F 4t3t2 , may have as many as six 
components. 

If a calcium atom should find itself in a 4 3 P 2 state or a 4 6 P 0 state, then, 
according to the selection rules, it will not be able to return to the normal 
state with the emission of radiation. Such states are called metastable states. 
The atom may go from the metastable state to the normal state if it gives 
up the appropriate amount of energy to another atom during a collision 
process. Or the atom may absorb radiation which will raise it from the 
metastable state to a higher energy state, from which, selection rules per¬ 
mitting, it may return to the normal state with the emission of radiation. 

It is interesting to note that the lines of the singlet series exhibit the 
normal Zeeman efTect, while the lines of the triplet series exhibit the anoma¬ 
lous Zeeman effect. This is in agreement with deductions from the Landc 
g formula. For the singlet series, S = 0, J = L, and therefore g = 1, so that 
the splitting up of the energy levels will be in whole multiples of the Lorentz 
unit, and the permitted transitions will produce the normal Zeeman pattern. 

In addition to the alkaline earth elements, there are other elements 
such as zinc, cadmium, and mercury, which possess singlet and triplet sets 
of atomic energy levels as determined from spectroscopic analysis. Examina¬ 
tion of Table 8-2 shows that these atoms contain two electrons outside 
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closed configurations. Helium, which possesses only two electrons, must 
also be included in the above group. An interesting point about helium is 
that no intercombination lines due to transitions between its triplet and 
singlet states have ever been found. Because of this fact, it was at one time 
supposed that there were two different kinds of helium, parhelium, possess¬ 
ing singlet states, and orthohelium, possessing triplet states. The difference 
between the two sets of states is, of course, due to the two possible orienta¬ 
tions of the electron spin axes. 

8-20. Nuclear Spin and Nuclear Particles 

Many of the lines of the spectral series, when examined with spectroscopes 
of very high resolving power, are found to consist of several lines very close 
together. Such lines are said to exhibit hyperfine structure. Two distinct 
types of hyperfine structure have been observed. One type, in which the 
lines of a spectral series all have the same number of components, has been 
explained as due to the presence of two or more isotopes of the element. The 
discovery of the hydrogen isotope of mass number 2, discussed in §7-3, 
depended upon the finding of an additional component in the lines of the 
Balmer series displaced slightly from the Balmer lines coming from hydro¬ 
gen atoms of mass number 1. The relative intensities of the components of 
a line are directly related to the relative abundance of the isotopes. Such 
isotopic hyperfine structure has been observed in the spectral lines of 
many elements. 

The second type of hyperfine structure cannot be explained as due to 
the presence of isotopes because it has been found in the spectral lines of 
elements, such as bismuth, which are believed to consist of single isotopes 
only. In these cases, the number of components is different for different 
spectral lines, and their relative displacements are such that they cannot 
be explained on the basis of the existence of other isotopes. The explanation 
of this type of hyperfine structure of spectral lines, suggested by Pauli, is 
that the nucleus of the atom also spins about an axis, and possesses a 
nuclear angular momentum due to spin of amount 



where 1 is the nuclear spin quantum number. 

The total angular momentum of the atom will now be the vector sum 
of the nuclear angular momentum and the total electronic angular momen¬ 
tum, and is denoted by F {h/2 tt) where 


F = 1+ J. 


( 36 ) 
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F, the vector sum of 7 and J, is called the hyperfine quantum number and 
is restricted to integral or odd half-integral values. It is beyond the scope 
of this book to give an extended discussion of the analysis of hyperfine 
structure. Some of the results of this analysis, however, are of interest, since 
they have been used in predicting the types of particles that probably exist 
in the nucleus. For this reason, some of the values of the nuclear spin 
quantum number 7 are listed in Table 8-4. 

An examination of Table 8-4 shows that the spin quantum number 7 
is zero for isotopes of even atomic number and even mass number; that is, 


Table 8-4 


The Nuclear Spin Quantum Numbers of Some Elements 

\ t nmip 


Isotopic 

Nuclear Spin 

CWI11IV* 

Number 

Element 

Mass 

Quantum 

z 


Number 

A 

Number 

/ 

1 

H 

1 

i 

1 

H 

2 

1 

2 

He 

4 

0 

3 

Li 

6 

1 

3 

Li 

7 

3 

* 

7 

N 

14 

1 

8 

0 

16 

0 

9 

F 

19 

1 

15 

P 

31 

4 

17 

Cl 

35 

I 

80 

Hg 

199 

4 

80 

Hg 

201 

i 



198, 200 



80 

Hg 

202 , 204 


0 

82 

Pb 

207 

4 

82 

Pb 

204, 206, 208 

0 

83 

Bi 

209 

9 

J 


the spectral lines from these isotopes exhibit no hyperfine structure. The 
isotopes whose spectral lines exhibit hyperfine structure can be classified 
into three groups: (1) for isotopes of even atomic number and odd mass 
number, I is an odd half-integer; (2) for isotopes of odd atomic number and 
odd mass number, 7 is also an odd half-integer, and (3) for isotopes of odd 
atomic number and even mass number, 7 is an integer. 
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The argument which follows is based on the assumption that the spin 
angular momentum of the nucleus is the vector sum of the spin angu ar 
momenta of the particles within the nucleus and that these spins are a igne 
with their axes either parallel or antiparallel. That is, we are carrying over 
into the nucleus the same type of hypothesis which was found to work or 
the electrons outside the nucleus. Before the discovery of the neutron, tne 
nucleus was assumed to consist of A protons and A-Z electrons; the re¬ 
sultant nuclear charge was therefore equivalent to Z protons. The tota 
number of particles in the nucleus was thus 2A-Z. Since 2A is always an 
even number, every element of odd atomic number would possess an odd 
number of particles, and its spin quantum number I should be an odd half¬ 
integer. This is not always found to be so experimentally. For example, 
nitrogen, 7 N 14 , has a spin quantum number 1=1. Similarly, the lithium 
isotope, 3 Li 6 , has a spin quantum number 7=1. Consider the odd isotopes 
of mercury of mass numbers 199 and 201. Since Z = 80, 2A-Z is an even 
number for each of these isotopes, but I is found to be an odd half-integer 
in each case. After the discovery of the neutron, Heisenberg suggested that 
the nuc.leus should consist of protons and neutrons only, and that each 
particle should have a spin angular momentum of £ h. On this basis the 
number of pTOtons in the nucleus is equal to the atomic number Z, and the 
number N of neutrons in the nucleus is A-Z. The total number of particles 
in the nucleus is equal to the mass number A . The isotopes of any one ele¬ 
ment therefore differ only in the number of neutrons in the nucleus. 1 he 
discrepancies in the values of the spin quantum numbers mentioned above 
now disappear. On Heisenberg’s hypothesis, / should be an integer for 
isotopes of even atomic mass number, and should be an odd half-integer 
for isotopes of odd atomic mass number. These predictions are in agreement 
with experimental results. 

8-21. Nuclear Magnetic Moments—Molecular Beam Method 

We have shown that a nucleus has an angular momentum due to its spin. 
In addition, the nucleus also possesses a magnetic moment. Accurate data 
on the magnetic moments of atomic nuclei should provide additional 
information on the nature of nuclear forces and should also help in selecting 
an appropriate nuclear model. Very precise methods have been developed 
for the determination of nuclear magnetic moments. One of these, known 
as the magnetic resonance method , was developed by Rabi and his co-workers, 
and is a direct outgrowth of the Stern-Gerlach type of experiment. This 
experiment depends essentially upon resonance between the precession 
frequency of the nuclear magnet about a constant magnetic field direction 
and the frequency of an impressed high frequency magnetic field. 

Just as the magnetic moment of an electron is expressed in terms of a 
Bohr magneton, so the nuclear magnetic moment is expressed in terms of 
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u eh 

M ' = 4tMc (37) 

in which M is th«* mass of the proton. The nuclear magneton is thus only 
about 1/1840 of a Bohr magneton. If / is the nuclear spin quantum number, 
the angular momentum of the nucleus due to its spin is Ih/2ir. Just as we 
introduced the Land <$<7 factor to relate the magnetic moment of the electrons 
of an atom to their total angular momentum, so we can introduce a nuclear 
g factor to relate the magnetic moment n of a nucleus to its spin angular 
momentum. The nuclear g factor is defined as the ratio of the nuclear magnetic 
moment , expressed in units of nuclear magnetons , to the spin angular mo¬ 
mentum, expressed in units of h/2*. Thus 



(38) 


Hence. 


n = gIM n 


gi 


eh 

4 *Me ’ 


(39) 


When a nucleus of magnetic moment n is in a constant magnetic field 
of intensity H, it will process about the direction of the magnetic field with 


JUl 



Fig. &-20. Paths of molecules in the molecular beam resonance experiment. The 
two solid curves indicate the paths of two molecules which have different magnetic 
moments and velocities and whose moments arc not changed during passage through 
the apparatus. This is indicated by the small gyroscopes drawn on one side of the paths, 
in which the projection of the magnetic moment along the field remains fixed. The two 
dotted curves in the region of the B magnet indicate the paths of two molecules, the 
projection of whose nuclear magnetic moments along the field has been changed in the 
rogion of the C magnet. This is indicated by means of the two gyroscopes drawn on the 
dotted curves, for one of which the projection of the magnetic moment along the field 
has been increased, and for the other of which the projection has been decreased. 
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a frequency v given by Larmor’s theorem 

nH ( 40 ) 

Ih * 

The magnetic moment „ of a nucleus can thus be found by detemuning 
the Larmor frequency - which the nucleus of sp.n quantum number l 
^ atwn constant magnetic field //. Instead of working wrth 
nuclei alone, Rabi and his co-workers used beams of molecules whose total 

electronic angular momentum is zero. Figure 8-20 sho«s the P 

typical molecules in the different magnetic fields used >» 

resonance experiment for measuring nuclear magnetic moments; Figure 8-2 



Fio. 8-21. Schematic diagram of the apparatus used in the molecular beam 
experiment. 


is a schematic diagram of the apparatus. A narrow stream of molecules 
issues from the source at 0. A very small fraction of these molecules will 
pass through the collimating slit S and reach the detector at D. In the 
absence of any inhomogeneous magnetic deflecting fields, the molecules 
traverse straight-line paths OSD and form the so-called direct beam. 

The magnets A and B are specially designed to produce inhomogeneous 
magnetic fields. The magnetic fields are in the same direction, but their 
gradients, dH/dz, are in opposite directions as shown in Figure 8-20. A 
molecule with magnetic moment m will be deflected in the direction of the 
gradient if n t} the projection of m in the direction of the field, is positive, 
and will be deflected in the opposite direction if n z is negative. Molecules 
which left the source along the line OSD will be deflected to one side. Other 
molecules which leave 0 at some angle to the line OSD will follow paths 
indicated by the solid lines and reach the detector Z>. The force experienced 
by any such molecule in the inhomogeneous field due to the A magnet is 



a similar expression holds for the force due to the B magnet. The actual 
deflection produced by each magnetic field can be established from a 
knowledge of the velocity of the molecule, which is determined by the 
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temperature of the source, and from the geometry of the apparatus. If no 
change occurs in n z as the molecule goes from the A field to the B field, the 
deflections in these fields will be in opposite directions. It is a simple matter 
to adjust the two magnetic field gradients to make these deflections equal 
in magnitude and thus bring the molecules to the detector, that is, to 
“refocus” the beam. When the two magnetic fields are properly adjusted, 
the number of molecules reaching the detector D in any given time interval 
is about the same whether the magnets are on or off. 

Magnet C produces a homogeneous magnetic field of intensity //. In 
the same region there is a high frequency alternating magnetic field (not 
shown in Figure 8-20) produced by sending current in opposite directions 
through two parallel wires Ii placed between the pole faces of the magnet C, 
as shown in Figure 8-21. The oscillating magnetic field II \ is at right angles 
to the homogeneous magnetic field // produced by the C magnet. W hen a 
molecule of magnetic moment n enters this region, it will process about II 
with the Larmor frequency v. The interaction with the oscillating magnetic 
field Hi will produce a torque which may either increase or decrease the 
angle between n and //; in general, if the frequency/ of the alternating 
magnetic field is different from the Larmor frequency of precession v , the 
net effect produced will be small, since the torque produced by the alter¬ 
nating magnetic field will rapidly get out of phase with the precessional 
motion. But when / = v, the increase or decrease produced in the angle 
between n and H will be cumulative and this change in angle will become 
quite large. The molecule will then follow one of the dotted paths when it 
gets into the region of the B magnet and will not enter the detector at D. 
In some of the experiments, the frequency of the alternating magnetic field 
is kept at a constant value, and the intensity of the magnetic field II pro¬ 
duced by the C magnet is varied. Figure 8-22 is a typical curve which shows 
the beam intensity plotted as a function of the magnetic field strength II 
while the frequency of the alternating field is kept constant. It will be 
observed that resonance occurs for a definite value of H\ the resonance 
value is the minimum value of the curve. The resonance curve of the Li 7 
nucleus shown in Figure 8-22 was obtained with a beam of LiCl molecules. 
In other experiments with the Li 7 nucleus, molecular beams of LiF and 
Li 2 were used. 

Solving equations (39) and (40) for g and substituting the resonance 
frequency / for the Larmor frequency v, we get 


4 *Mc f 




(42) 


Since the values of the constants M, e, and c are accurately known, the 
substitution of the measured values of the resonance frequency / and the 
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intensity „f .be hen,*™ n^e.ic *»* *%«£ <“{ 
the g factor for the particular nucleus under investigatio . 

spin quantum number / is known, then 

nJ < 43) 

A* = 9 l 

Will give the magnetic moment of the nucleus in nuclear magnetons ivhile 

substitution of the values of g and I in equation (39) " ' g‘ ve .7 , 

magnetic moment in em units. For example, m the case of the L nucleus, 
/ = 3/2 and the measured value of g is 2.1688; hence .ts nuclear magnetic 
moment is 3.2532 nuclear magnetons. 
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Fig. 8-22. Resonance curve of the Li 7 nucleus observed in LiCl. 


Of very great importance in nuclear physics are the magnetic moments 
of the proton, deuteron, and neutron. Millman and Kusch (1941) made a 
precise measurement of the magnetic moment of the proton, while Kellogg, 
Rabi, Ramsey, and Zacharias (1939) made a precise determination of the 
ratio of the magnetic moments of the proton and deuteron. From these 
measurements the magnetic moment of the proton was found to be 2.7896 
nuclear magnetons and that of the deuteron was found to be 0.8565 nuclear 
magneton. If we assume that a deuteron consists of a proton and a neutron 
and that the magnetic moment of the deuteron is the sum of the magnetic 
moments of the proton and the neutron, then the magnetic moment of the 
neutron is n n = —1.933 nuclear magnetons. Alvarez and Bloch (1940) 
made an independent determination of magnetic moment of the neutron 
by sending a beam of slow neutrons through a modified type of molecular 
beam magnetic resonance apparatus. Using the value I = 1/2 for the spin 
of the neutron, they obtained n n = —1.935 nuclear magnetons for the 
magnetic moment of free neutrons. 
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8-22. Nuclear Induction and Resonance Absorption 

A significant modification of the magnetic resonance principle was proposed 
and developed by F. Bloch (1946). In the molecular beam experiments, the 
determination of the value of the nuclear moment consists in measuring 
the frequency of the alternating magnetic field at which the intensity of 

Zl 



y 

• 

Fig. 8-23. Schematic diagram of the arrangement of the transmitter and receiver 
coils in the nuclear induction experiment. The cross section in the y-z plane of the 
spherical sample is shown shaded. M is the direction of the magnetic polarization, H is 
a constant magnetic field in the z direction produced by a magnet (not shown) with its 
poles above and below the sample. (After Bloch, Hansen, and Packard, Phys. Rev., 
70. 475, 1946.) 

the molecular beam reached a minimum; this frequency is equal to the 
Larmor precession frequency of the nuclei in the constant magnetic field. 
The modification introduced by Bloch consists essentially in measuring the 
induced emf, or some effect due to this induced emf, produced by a change 
in the orientation of the nuclear magnetic moments in a sample of a sub¬ 
stance. This sample is frequently in the form of a liquid or a solid. 

The experimental arrangement used by Bloch and his co-workers is 
shown in outline in Figure 8-23. The sample under investigation, spherical 
in shape, is placed between the poles of an electromagnet which provides a 
constant magnetic field H in the z direction. A flat coil of several turns, 
called the transmitter coil, in the y-z plane, surrounds the spherical sample. 
Current of frequency / from a high frequency generator is supplied to this 
coil, producing an alternating magnetic field H x in the x direction. 

A second coil, called the receiver coil, surrounds the sample; this coil 
has its axis in the y direction. An emf will be induced in the receiver coil 
whenever the magnetic flux in the y direction is changed. The receiver coil 
is connected to an appropriate circuit to measure the emf induced in it. 

The effect of the constant magnetic field H is to cause the nuclear 
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magnets to precess about the z axis with the Larmor precessional frequency; 
each nuclear magnet will have a component of its magnetic moment in the 
direction of H. Since we are dealing with matter in bulk, the effect of this 
alignment is to produce a paramagnetic substance having a magnetic 
moment M per unit volume. Some time will be required to establish this 
magnetic moment after the application of the constant magnetic field; this 
time is called the relaxation lime and may vary from a fraction of a second 
to thousands of seconds. The relaxation time depends upon the interactions 
between the nuclear magnetic moments and the electronic motions and 
configurations, and thus depends upon the temperature. 

The magnetization of the sample will produce a magnetic flux in the 
system. Referring again to the figure, the receiving coil will record an emf 
only when the magnetic flux through it, in the y direction, is changed. A 
change in the magnetic flux will be produced by the action of the alternating 
magnetic field; the closer its frequency is to the Larmor precessional fre¬ 
quency of the nuclei in the constant magnetic field, the greater will be the 
change in flux produced. 

In one of the earliest magnetic induction experiments, Bloch, Hansen, 
and Packard (1946), using water as the sample, observed a relaxation time 
of a few seconds. When a concentrated solution of Fe(N0 3 ) 3 in water was 
used, the relaxation time was found to be of the order of 10 4 to 10 5 sec. 
With this sample, they found that for a resonance frequency / = v = 
7.765 X 10° sec -1 , the value of the constant magnetic field H = 1826 
gausses, yielding a nuclear 0 -value for the proton in agreement with the 
results obtained with the molecular beam experiments described previously. 
With improvement in the design of the apparatus, Bloch and his co-workers 
were able to make very accurate determinations of the ratios of the mag¬ 
netic moment of the proton to that of the deuteron, the triton, and the 
neutron. Of great importance is the fact, demonstrated by Rogers and Staub 
(1949) using a rotating high frequency field, that the sign of the magnetic 
moment of the neutron is opposite to that of the proton. 

The evaluation of the magnetic moment of any one type of particle 
depends upon an accurate knowledge of the value of the constant magnetic 
field at the resonance frequency. Since convenient material samples con¬ 
taining hydrogen, such as water, paraffin, oil, can be used in the nuclear 
induction experiments, Bloch pointed out that the procedure can be reversed 
to determine the value of the magnetic field in which nuclear resonance has 
been induced in such a sample. This method is now being widely used, for 
example, in measuring the magnetic fields in cyclotron magnets. 

A method, parallel to the above, for measuring nuclear moments but 
using radiofrequency techniques, was developed by Purcell, Torrey, and 
Pound (1946). This is called the magnetic resonance absorption method. In 
their first experiment, they put a piece of paraffin, 850 cm 3 , into a resonant 
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cavity and placed the resonator in a strong magnetic field. Power was fed 
through a loop into the cavity at about 30 X 10 6 cycles/sec. The output 
of the resonator was balanced against a portion of the output of the gen¬ 
erator. When properly balanced, the magnetic field was varied slowly; at 
one particular value of H, 7100 gausses, a sharp resonance absorption was 
observed. The frequency was 29.8 X 10 6 cycles/sec. The values of the 
proton magnetic moment calculated from these values of v and II are in 
agreement with previously determined values within the limits of experi¬ 
mental error. They also suggested that this method could be used for 
accurate magnetic field determinations, and for the determination of the 
sign of the moment by using radiofrequency fields with rotating components. 

The molecular beam magnetic resonance method, the nuclear induc¬ 
tion methods, and the magnetic resonance absorption methods have been 
developed and refined to be methods of very great precision. It would take 
us too far afield to discuss the various refinements; we shall merely quote 
the results wherever needed. 

The present values of the nuclear magnetic moments of the proton, 
neutron, and deuteron, in units of the nuclear magneton, are 

Mp = 2.79255 

Mo *-1.91354 ( 44 ) 

Md = 0.85737 

It will be noted that the sum of the moments of the neutron and proton 
differs from the deuteron moment by 0.022 nuclear magnetons. There is 
no satisfactory explanation of this difference at present. 


Problems 


8-1. Using vector diagrams, determine the different values for the total orbital 

angular momentum of a two-electron system for which = 3 and = 2. 

Ans. L = 5, 4, 3, 2, 1. 


8-2. Using vector diagrams, determine the possible values of the total angular 
momentum of an / electron (a) according to the vector model, (b) according to 
wave mechanics, (c) Determine the angle between the vectors s and / in part (b). 

Ans. (a) j = i, 

_ . V63 V35 

(b) ? = 


(c) 


2 2 
60°, 131° 49'. 


8-3. Using vector diagrams, determine the possible values of the total angular 
momentum of an electron system for which (a) L = 2, S = 3, (b) L = 3, S =2. 
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8-4. Using vector diagrams, define the poss.ble v^^s oi the^otal anguiar 

momentum of an electron system for which (a) L - 3, 5, t ) 

8-6. Determine the electron configuration of (a) barium in the normal state, 
and (b) mercury in the normal state. 

8-6. Determine the angular velocity of the precessional motion of^an electron 

CmnpariTthis pre^siolal^o'Ly'oTthl"orbit with the change in the angular 
velocity of the electron on the basis of the classical Lo.entz theory. 


8-7. Determine the maximum change in the energy of a p electron due to the 
precessional motion of its orbit in a magnetic field of 30,000 gausses.^ ^ 


8-8. Draw a diagram showing the relative separations of the sodium D lines and 
their Zeeman components produced by a magnetic field of 30,000 gausses. I 
wave number scale. 


8-9. (a) Using the wavelengths given in the energy level diagram of calcium, 

determine the values of the two lowest resonance potentials, (b) If electrons of 
2.8 ev energy are used to excite the calcium atoms, which spectral lines will be 
emitted by calcium? 

8-10. Two resonance potentials have been observed with mercury vapor, 4.86 
and 6.67 volts. The ionization potential of mercury is 10.43 volts. Compute (a) the 
wavelengths of the mercury resonance radiation, (b) the wave number of the 
lowest state of mercury. Check your results by reference to standard tables or 
energy level diagrams. 


8-11. The wavelengths of the lines obtained on a spectrogram were measured 
and classified into three series as follows: 


Principal Series 
6707.85A 
3232.6 

2741.3 
2562.5 

2475.3 


Sharp Series 
8126.5A 
4971.9 
4273.3 
3985.8 
3838.2 


Diffuse Series 
6103.5A 
4603.0 

4132.3 
3915.0 
3794.7 


From the above data the series limit, expressed in wave numbers, was determined 
as 43,486 cm -1 for the principal series, and 28,582 cm -1 for the sharp and 
diffuse series. 

(a) Convert the wavelengths given above to wave numbers. 

(b) Construct an energy level diagram using a wave number scale. 

(c) Determine the ionization potential of this element and then place a 
voltage scale on the energy level diagram. 

(d) Identify the element. 
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(e) Determine the first resonance potential of this element. 

(f) Determine the principal quantum numbers for each energy level. 

8-12. In the molecular beam magnetic resonance method, a resonance minimum 
is obtained for F 19 nucleus with a beam of NaF at a frequency of 5.634 X 10® 
cycles per second in a homogeneous magnetic field of 1408 gausses. Calculate its 
nuclear magnetic moment in nuclear magnetons. 

Ans. 2.622. 
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chapter 



X-Ray Spectra 


9 -1. Characteristic X-Ray Spectra 

Moseley (1913) made a systematic investigation of the characteristic 
x-ray spectra of the elements. The elements investigated were used as 
targets in x-ray tubes and the radiation from each target was analyzed 
with the aid of a single crystal spectrometer. A potassium ferrocyamde 
crystal was mounted on the spectrometer table and the spectrum was re¬ 
corded on a photographic plate. The spectrometer and the photographic 
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Fig. 9-1. Relative positions of the K and L x-ray series spectral lines of silver. 


plate were placed in an evacuated chamber to avoid absorption of the long 
wavelength x-rays in the air. The spectral lines observed were grouped 
into two series, a short wavelength group known as the K series, and a 
comparatively long wavelength group known as the L series. I he wide 
separation of these two series of lines is illustrated in Figure 9-1 for the 
case of silver in which the K series wavelengths extend from 0.486A to 
0.563A, while the L series lines are in the wavelength range 3.3A to 4.7A. 
Other investigators have found two other series of lines of still longer wave¬ 
lengths in the heavier elements, Z > 66, classified as M series and A series. 

Moseley found that the character of a given series was practically the 
same for all the elements studied, and that the frequency of a particular 
line of a series varied in a regular manner from element to element in the 
periodic table. By plotting the square root of the frequency of one of the 
lines, say the K a line (the most intense line of the K series), against the 
atomic number of the element emitting this line, Moseley obtained a 
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straight line. Figure 9-2 shows such a graph, now known as a Moseley 
diagram. The K a line is actually a doublet; in Moseley’s work this doublet 
was not resolved but appeared as a single line. The equation of any one 
of the lines on a Moseley diagram, to a good approximation, is given by 


v = C{Z - a ) 2 


(D 


where C and a are constants. For the K a line, C was found to be equal to 
\Rc t where R is the Rydberg constant, c is the speed of light, and a was 



Fig. 9-2. Moseley diagram in which the square root of the frequency is plotted 
against the atomic number of the emitting element for two lines of the K series. 

found to be practically 1. The equation for the frequency of the K a line 
of any element can therefore be written as 

= \Rc(Z - l) 2 . <*) 

It must be remembered that Moseley did this work almost a half 
century ago. Some of the elements now known were then unknown. The 
atomic number of an element merely represented its position in the ar¬ 
rangement of the elements according to their atomic weights. In order to 
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ship between Bohr's theory and Moseley’s work can best be sho«n y 
rewriting equation (2) for the frequency of the K a line to read 

(3) 


vie* = cR(Z — D 2 (p-^) 


The interpretation of this equation on the Bohr theory is that the/C, 
line is emitted when an electron goes from the orbit of principa quantum 
number n = 2 to the orbit of principal quantum number n = 1 i he ap¬ 
pearance of the factor (Z - 1) rather than Z in equation (3) can be 
explained by assuming that the electron which goes from orbit n - 2 to 
n = 1 is “screened” from the total nuclear charge Z by the negative charge 
of a single electron. This explanation can best be understood by consider¬ 
ing the manner in which x-rays are produced. The element in the target 
consists of neutral atoms in which the first shell, n = 1, contains two elec¬ 
trons, and, according to Pauli’s principle, no more electrons can get in to 
this K shell. The only time an electron can go from the L shell, « - 2 to 
the K shell is when one of the electrons is missing from the K shell, the 
obvious inference is that, during the operation of the x-ray tube, a cathode 
ray knocks out an electron from the K shell of an atom. Since most of the 
other shells have their full quota of electrons, this K electron will have to 
go either to one of the unoccupied outer levels or completely outside the 
atom, depending upon the amount of energy transferred to the atom by 
the incident cathode ray. As a result of this process, the K shell will now 
have only one electron in it. If an electron from the L shell should go into 
the K shell, it will do so with the emission of a quantum of radiation 
whose frequency is that of the K a line. The electron which goes fiom the 
L shell to the K shell moves in an electric field which is essentially that of 
the positive nuclear charge and the negative charge of the single electron 
still remaining in the K shell. This electric field is therefore equivalent to 
that of a positive charge of magnitude (Z — l)e. The effect of the outer 
electrons on this electric field can be shown to be very small. 


9-2. X-Ray Energy Level Diagram 

A simplified energy level diagram can be used to show the changes in 
atomic configuration which give rise to the K and L series of x-ray spectral 
lines. In this diagram, Figure 9-3, the zero energy level is taken as that of 
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the normal state of the neutral atom. This differs from the optical case in 
which the zero level of energy is that of the ionized atom. Let us assume 
that the cathode ray which is incident on an atom has sufficient energy to 
remove one electron from the K shell to the outside of the atom. If & K 
represents the work done in removing this K electron, then the energy of 
the system can be represented at a level &k above the zero level. This atom 
is now ionized with one electron missing from the K shell. 

Let us consider the same neutral atom once more and suppose that 
the impinging cathode ray has not sufficient energy to remove an electron 
from the K shell, but does have sufficient energy to remove one from the 




Fig. 9-3. Simplified x-ray energy level diagram. 


L shell to the outside. Then, if the atom is ionized by the removal of one 
electron from the L shell, the energy of the system will be &l, and can be 
represented by a line at the proper height above the zero level. Similarly 
represents the work done in ionizing a neutral atom by removing an 
electron from the M shell, and & n represents the work done in removing 
an electron from the N shell of a neutral atom. 

Suppose that the atom is now in the energy state &k, that is, one 
electron is missing from the K shell. If an electron goes from the L shell 
to the K shell, the atom will then be in the energy state represented by 
that is, one electron will now be missing from the L shell. The fre¬ 
quency of the spectral line radiated when an electron goes from the L to 
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tt. K W « when the energy U of the .h» is ch»ged fron, S* t. 
S Ll is given by Bohr’s frequency condition: 

&k - 


(<) 


VA' = 


There is also a definite probability that an electron might go from the Af 
sheM directly to the K shell, leaving the atom in the energy state 6^ The 
line emitted in this transition is the K fi line; its frequency is giv 


VK 


&K — 6.V 


(5) 


Or an electron may go from the -V shell directly to the K shell with the 
emission of the K y spectral line of frequency 

&K ~ &N 


VKy 


( 6 ) 


Similar analyses can be used for the transitions producing the L and_M 
series of spectral lines. For example, if the atom » m the energy state Si, 
an electron may go from the M shell to the L shell with the emiss.on of the 
L a line of frequency 


V L. 


(7) 


When the voltage across the x-ray tube is sufficiently high, a very large 
number of atoms in the target of the tube will be raised to the energy state 
S x , others to the energy state &l, and so on, by the action of the cathode 
rays incident upon the target. The K series of spectral lines will be emitted 
by those atoms in which the electrons go directly from the L, M, or N 
shells to the K shell; the L series of spectral lines will be emitted by those 
atoms in which the electrons go directly from the M or N shells to the L 
shell. The intensity of a spectral line will be proportional to the number 
of atoms in which the appropriate transitions take place. The K a line, for 
example, is the most intense line of the K series, while the K y line is the 
faintest one. In most of the atoms in the energy state & K , therefore, elec¬ 
trons go from the L shells to the K shells. Stated in a different manner, the 
probability that an electron will go from the L shell to the K shell is much 
greater than the probability that an electron will go from the M shell 
directly to the K shell. The probability that an electron will go from the 
N shell to the K shell is very small. 

With the precision and resolving power available in modern x-ray 
spectroscopy, many of the lines have been resolved into two or more com¬ 
ponents. The K a line, for example, has been resolved into two components 
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K a i and K a2 for all elements of atomic number greater than 15. The Kg 
line has been resolved into two components for most of the elements of 
atomic number greater than 36. The K y line has not yet been resolved. The 
fine structure observed in x-ray spectral lines must obviously be due to 
the multiplicity of some of the energy levels. One might determine this 
multiplicity from an analysis of the emission spectra. It will be more in¬ 
structive, however, to show how this multiplicity of the energy levels can 
be determined by more direct experiments in which electrons from the 
inner shells of atoms are removed from them by the action of x-rays from 
an external source. This is an extension of the photoelectric effect to the 
region of x-ray wavelengths. There are two general experimental methods 
for investigating this phenomenon. One is to study the absorption spectra 
of the x-rays; the other is to determine the energies of the electrons ejected 
from the atoms. 

9-3. X-Ray Absorption Spectra 

A method for studying the x-ray absorption spectrum of an element is 
illustrated in Figure 9-4. The continuous spectrum from some suitable tar¬ 
get T is used in this experiment. A narrow beam of x-rays coming through 
the slits .S’i and S 2 is incident upon the absorbing material A containing 



To electrometer 


Fig. 9-4. Diagram showing the arrangement of apparatus for measuring the 
absorption of x-rays. 

the element under investigation. The transmitted beam is then analyzed 
by the crystal C of the x-ray spectrometer, and the intensity of each wave¬ 
length A is measured by the ionization it produces in the ionization cham¬ 
ber 7. A photographic plate may be used in place of the ionization chamber; 
the intensity will then be determined by the blackening on the photo¬ 
graphic plate. 

Each particular setting of the crystal corresponds to a definite wave¬ 
length given by Braggs law n\ = 2d sin 0. The usual procedure is to meas- 
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„„ the intensity, 7. o, . given w.v.lengjh ***£££££ 
removed from the path of the x-rays, to “^rt the abs B same 
in the path of the x-rays and measure the new -ntensity / ° 
wavelength. This procedure is repeated ove^a w.de range of 
For each particular wavelength, 

(Chap. 5, Eq. M 8 1- 1 


/o« 


r» x 


(e) 


where p is the absorption coefficient for the wavelength used, and * is the 

thickness of the absorbing material. 

The results of a typical experiment, usmg a th.n foil of 
absorbing material, are shown in Figure 9-5 where he mass absorpt.on 
coefficient p/p (see §5-13) is plotted aga.nst the wavelength X. It us touncl 
that the mass absorption coefficient increases with the wave'ength, ap¬ 
proximately as X 3 , until a particular wavelength X*. at the P os,t,on ' 
reached, at which wavelength p/p drops suddenly to a lower value. In t 
wavelength region between K and L\, the mass absorpt.on coefficient 
again increases as X 3 ; at L\ it drops in value. There are three such breaks 
in the curve close together marked L\, L\\ t and L\i\. ® nn ave e 

which the first break occurs is called the wavelength of the A absorption 
limit. The other breaks occur at the L\ , Ln, and L\\\ absorption limi s. 

In the case of silver, the wavelength of the A' absorption limit is 
A* = 0.4855A. This is slightly less than the shortest wavelength which 
occurs in the A series lines, the K y line, for which A = 0.4870A (sec 
Table 9-1). In the production of the lines of the A series, it was found that 
an amount of energy, & K , had first to be supplied to the atom to remove 
an electron from the A shell, after which an electron from some outer shell, 
in going into the A shell, would emit a quantum of radiation. The energy 
of this quantum is, of course, always less than as shown by equations 
(4), (5), and (6). When the element forms the target of an x-ray tube, 
this energy, 6 a, comes from the kinetic energy of the incident cathode 
rays or electrons. When the element, however, is used as an absorber of 
x-rays, this energy must come from the incident x-rays. If the energy of 
an incident quantum or photon, hv, is greater than the photon will be 
able to knock an electron out of the A shell, thus raising the atom to the 
energy state &k- The smallest value of the energy of a photon which will 
be able to remove an electron from the A shell is 


he 

hvK = = — 

A A' 


(9) 


where A k and vr represent the wavelength and frequency, respectively, 
of the A absorption limit. If the energy of the incident photon, hv , is less 
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Wavelength in angstroms 

Fio. 9-5. Graph showing the K and L x-ray absorption limita of silver. 

than & K , then the photon will not be able to remove an electron from the 
K shell, but it may have enough energy to be able to remove an electron 
from one of the higher levels, L, M , or N. 

The fact that there are three absorption limits L\ t L\\ } and L\u very 
close together, and in the range of wavelengths of the L series, indicates 
that the L shell probably consists of three energy levels. The wavelength 
of the L\ absorption limit is smaller than that of any line of the L series. 
The energy of each one of the states L\, Lu, and Lm can be obtained from 
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Table 9-1 


Wavelengths of the K Series Lines and the K Absorption 
Limit for Some Elements 
(Wavelengths in A.) 


Element 

*«, 




Ky 

K Abs 
Limit 

29 Cu 

42 Mo 

46 Pd 

47 Ag 

74 W 

78 Pt 

79 Au 

82 Pb 

92 U 

1.5443 

0.7135 

0.5898 

0.5638 

0.2138 

0.1904 

0.1852 

0.1703 

0.1313 

1.5405 

0.7092 

0.5855 

0.5594 

0.2090 

0.1856 

0.1804 

0.1655 

0.1267 

0.6328 

0.5211 

0.4977 

0.1852 

1.3922 

0.6323 

0.5105 

0.4970 

0.1844 

0.1640 

0.1593 

0.1464 

0.1121 

1.3810 

0.6209 

0.5102 

0.4870 

0.1795 

0.1592 

0.1546 

0.1416 

0.1086 

1.3802 

0.6197 

0.5090 

0.4855 

0.1786 

0.1580 

0.1535 

0.1408 

0.1008 


the graph with the aid of equations of the type of equation (9); thus, for 
example, 



(io) 


It is difficult to obtain the wavelengths of the M absorption limits by 
this method because of the absorption of these long wavelength x-rays by 
the element under investigation. It will be reca led that * he abaoiption 
coefficient varies as the cube of the wavelength. In the case of sllver - 
wavelength of the M limit is about 10 times that of the L limit, so that 
the absorption would be approximately 1000 times as great. However, the 
wavelengths of the M absorption limits have been determined in this 
manner for some of the heavier elements. In each case, five absorption 
limits were found in the M region, indicating that the M shell consists of 
five energy levels close together. 


9-4. X-Ray Critical Voltages 

The correctness of the above interpretation of the absorption limits can 
be demonstrated in a fairly direct manner by using the element under in¬ 
vestigation as the target in an x-ray tube and controlling carefully the 
voltage across the tube. The maximum kinetic energy which the electrons 
incident upon the target possess is Ve where V is the voltage across the 
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tube. The energy required to remove an electron from the K shell of an 
atom can be expressed as 

& K = hv K = ~~ = V K e. (11) 

A K 

The critical voltage, V K , is the minimum voltage which, when applied 
between the anode and the cathode of the x-ray tube, will give the im¬ 
pinging electron enough energy to remove electrons from the K shells. If 
the voltage across the tube is less than Vx, the atoms in the target cannot 
be raised to the energy state &k‘, hence the lines of the K series will not 
appear in the spectrum. When the voltage across the tube is increased 
until the value Vk is reached, then all the lines of the K series appear 
simultaneously. This indicates that many of the atoms were raised to the 
energy state making possible transitions to lower energy states with 
the radiation of quanta corresponding to the lines of the K series. 

The critical voltage for the production of the K lines of silver, for 
example, can be determined from equation (11) by substituting for 
A A' its value 0.4845A, and the accepted values for e, h, and c, yielding 
V K = 25.6 kilovolts. When the voltage across a silver target x-ray tube 
is, say, 20 kilovolts, the spectrum is found to consist of the L series lines 
superimposed on the continuous radiation. When the voltage across the 
tube is increased, the intensities of these two spectra are increased, but 
no new lines appear until the voltage across the tube reaches the value 
25.C kilovolts, when all the lines of the K series appear simultaneously. 
Further increase in voltage produces an increase in the intensities of the 
characteristic spectra relative to the continuous spectrum. 

9-5. Magnetic Spectrum Analysis 

The x-ray energy levels of an atom can be determined in an independent 
way by utilizing the photoelectric effect with x-rays of known wavelength. 
If an x-ray quantum of energy hv ejects an electron from an inner shell of 
the atom, thereby raising the atom to a higher energy state, then the 
kinetic energy of the ejected electron will be given by 

\mv 2 — hv — &k.l • •. O 2 ) 

where • • • represents the appropriate final energy state of the atom. 
By measuring the energy of the ejected electron, it is possible to deter¬ 
mine the particular energy level from which it was ejected. 

H. R. Robinson developed the magnetic spectrograph for determin¬ 
ing the velocities of the ejected electrons. A diagram of the apparatus is 
shown in Figure 9-6. The element to be investigated, usually in the form 
of a very thin foil, is placed upon a holder at C. A narrow beam of mono¬ 
chromatic x-rays, usually the intense Ka line from a known target material, 
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enters through the thin window W in the evacuated box B and strikes the 
element on C. The entire apparatus is m a uniform magnet c 
tensity H perpendicular to the plane of the figure. The elecltr«u.'"h.chare 
ejected from the element at C move in circular paths under the influe 
of the magnetic field. Only those electrons which pass through the slit 6 
will be able to strike the photographic plate P. Because of the geome ry 



To pump 


Fio. 9-6. Robinson’s magnetic spectrograph. 


of the apparatus, all electrons with the same velocity will be focused at 
the same distance from the source C. The radius of the electronic path is 
half the distance from C to the point on the photographic plate which has 
been blackened by the electrons. 

The velocities of the electrons ejected from C can be found with the 
aid of the well-known equation 



or v = Hr • — y O 3 ) 

m 

where r is the radius of the path of an electron. In any one experiment, 
the electron ejected from the innermost shell will have the smallest velocity 
and its path will have the smallest radius r. Electrons ejected from the 
outer shells of the atom, such as the M and N shells, will have greater 
energy and be focused farther out on the photographic plate. From the 
positions of the lines on the photographic plate, the energies of the ejected 
electrons can be computed. By substituting the value of the electronic 
energy in equation (12), the energy required to remove the electron from 
its particular shell can be determined. 

The values of the energy levels of a large number of elements were 
determined in this way by Robinson. His measurements are in agreement 
with results obtained from x-ray absorption spectra. In addition, he de¬ 
termined the energy values of the M levels of many elements as well as 
some of the N levels. 
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Fio. 9-7. X-ray energy level diagram for a heavy element such as uranium showing 
some of the transitions giving rise to spectral lines. (Not drawn to scale.) 

9-6. X-Ray Terms and Selection Rules 

The x-ray term structure or energy level diagram can be built up from 
analyses of the emission and absorption spectra of the elements, and from 
the determination of the energy levels by the magnetic spectrum analysis 
of the energies of electrons ejected from these levels. The complete energy 
level diagram of uranium, Z = 92, is shown in Figure 9-7, with the x-ray 
notation for these levels and some of the transitions giving rise to the x-ray 
spectral lines. It must be remembered that each x-ray energy level repre¬ 
sents a state of an atom which has one electron missing from a closed shell. 
Pauli pointed out that in a configuration in which an electron is missing 
from a completed subgroup, the spectral term is the same as if that one 
electron alone occupied the subgroup. Normally there are two Is electrons 
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in the K shell; if one electron is ^ OV ^’ ^ 

be that of a Is electron, namely, S„s, ] j = 0 and the other 

one » electron i. removed, *. - W amm of the 

S” ti 'niere are 3, «x 2„ electron, in Urn 

completed subgroup n = 2, I = 1. If one 2 P electron/.YeTdoublet‘state 
ergy state of the atom will be a P state; th.s state will be a double state 

corresponding to the two possible values of j, that is, J 4, J» * 
The two energy states L„ and i„i therefore correspond to ttodouhtot 
terms 2 P il2 and 2 P 3I2 respectively, again similar to the terms of the alkali 
atoms. This procedure can be carried out for each of the subgroups. Fo 
example, the removal of an electron from a subgroup for which 1-2 g ves 
rise to the 2 D V , and 2 D 3li terms. The optical notations and the (n l, j) 
values for each energy level are shown in the figure. One difference between 
x-ray energy levels and alkali terms should be noted: the higher x-ray 
energy states are designated by the smaller quantum numbers. 

The selection rules for the permitted transitions are the same as those 
for the alkali atoms, namely, 

AL = ±1. 


AJ = 0 or =fcl. 


While no restrictions are placed on changes in the principal quantum num¬ 
ber n, transitions for which An = 0 are very rare, and the lines produced 
by such transitions are of very small intensity. The above selection rules 
account for the transitions giving rise to the more intense lines of the x-ray 
spectral series. Some fainter lines, forbidden by the above selection rules, 
have also been observed, as well as some lines which cannot be accounted 
for by any transitions between states represented in the energy level dia¬ 
gram. 

9-7. Radiationless Transitions—Auger Effect 

When an electron is ejected from the K level of an atom by an x-ray pho¬ 
ton, there is a probability that an electron from the L level of the same 
atom will go to the K level with the consequent emission of a K a x-ray 
photon. Transitions of this type give rise to the fluorescent spectra of the 
atom. The electron ejected from the K level is a photoelectron. Auger 
(1925), in a cloud chamber investigation of the photoelectrons ejected 
from atoms of argon, observed many instances in which the K photoelec¬ 
tron track had associated with it a smaller electron track. The smaller 
track represented an electron with much less energy than the K photo- 
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electron. Furthermore, the two tracks had a common origin. Auger inter¬ 
preted this effect as due to a radiationless transition; that is, instead of a 
K a x-ray photon being emitted when an L electron went into the K level, 
the energy was used to eject a second electron from the L level, leaving it 
doubly ionized. This process might be imagined as one in which a K a 
photon is formed when an electron goes from the L to the K level, and that 
this photon then ejects an electron from the already ionized L level, leav¬ 
ing it doubly ionized. This would correspond to an internal conversion in 
which the K a photon ejects a photoelectron from the ionized L level of 
the same atom. Since no radiation gets outside the atom, this is actually a 
radiationless transition. This effect is called the Auger effect and the elec¬ 
tron emitted in this radiationless transition is called an Auger electron. 

We can apply the photoelectric equation to the Auger effect. Before 
the emission of the Auger electron the atom was in the K state; after the 
ejection of the Auger electron the atom has two electrons missing from the 
L level; we shall designate this as the LL state. The kinetic energy of the 
Auger electron will be the difference between the energy of the K state, 

and the energy of the LL state, that is, 

\mv 2 = 6/c — ( 14 ) 

There are other possibilities besides the K-LL transition; for example, 
after an L electron has gone to the K level, an Auger electron might be 
ejected from the M level, so that the final state of the atom is one in which 
L and M levels are each singly ionized. This state can be designated as an 
LM state and the radiationless transition would be designated as a K-LM 
transition. Other possible Auger transitions can readily be inferred. 

Although the Auger effect was first discovered in connection with the 
x-ray photoelectric effect, any other method of ionizing an atom by the 
removal of an electron from an inner shell may lead to an Auger transition. 
Such effects have been observed in some optical spectra, and, of greater 
interest, in readjustments of the electronic levels following nuclear disin¬ 
tegrations, particularly /(-electron capture, and internal conversion fol¬ 
lowing gamma-ray emission (see §10-11). 

9-8. Production of Characteristic X-Ray Spectra 

Although characteristic x-ray spectra are most commonly produced by 
bombarding elements with electrons, other methods are also used. Any 
method that causes the removal of an electron from one of the inner levels 
will result in the production of characteristic x-ray spectra. W hen photons 
of sufficient energy bombard a substance, as, for example, in the photo¬ 
electric effect with x-rays, the subsequent readjustment of the electrons 
in the atoms results in the emission of the characteristic x-ray spectra. 
Such spectra are frequently termed x-ray fluorescent spectra. The x-ray 
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Characteristic x-ray spectra can also be proclucea y ticleg . 

target with positive ions, such as high energy protons and alp P 
t* 11 ^ Characteristic x-ray spectra whose origins can be traced to readjust- 

Of the electrons from the same atom, the strongest evidence h p^ 
ess is the emission of the characteristic x-ray spectrum. 1 h g 


Fio. 9-8. Photograph obtained 
with curved crystal x-ray spectrometer. 
Upper half shows the K a , Kfi, an( l 
lines of Ag emitted as a result of the 
decay of Cd 107 by electron capture. 
Lower half shows K a lines of Ag and Cd 
used for calibration; these are followed 
by the Kfi lines. (Photograph by J. E. 
Edwards, M. L. Pool, and F. C. Blake.) 



spectrum is traced by comparing it with the known x-ray spectra of neigh 
boring elements. If the atomic number of the original element is /.the 
x-ray spectrum observed is always found to be the characteristic spectrum 
of the element of atomic number Z - 1. For example, it was inferred that 
one of the radioactive isotopes of cadmium, Z = 48, A - 1°<, d, “ 
grates by electron capture to form silver, Z = 47, A - 107. To check t 
inference, Edwards, Pool, and Blake (1945) examined the x-rays emitted 
by a small sample of this isotope of cadmium, using a curved crystal x-ray 
spectrograph with a mica crystal. A copy of the photograph obtained by 
them is shown in Figure 9-8. The upper half shows the K a an a, 
lines of silver emitted by the radioactive source; the lower half is a calibra¬ 
tion photograph showing the K a lines of Cd and Ag. This photograph 
shows that the x-rays are emitted by the silver formed in the radioactive 
decay (electron capture) of cadmium. 


Problems 


9-1. After studying the x-ray spectrum of platinum, determine the minimum 

voltage that must be used across the x-ray tube to produce the K series lines. 

Ans. /9 kv. 


9-2. Using the data in Table 9-1, calculate the energies, in electron volts, of the 
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Lu and Lm energy levels for the elements listed in the table. Plot the square 
roots of these energies against atomic number and discuss any regularities 
observed in these curves. How do these curves compare with the Moseley diagram?’ 

9-3. In an experiment with the magnetic spectrograph, the K al line from o 
silver target x-ray tube is incident upon a thin copper foil inside the spectrograph. 
If the intensity of the magnetic field is 100 gausses, calculate the radius of the 
smallest electron path that will be observed. What is the origin of these electrons? 

Ans. 3.88 cm. 

9-4. The K a x-ray photons of molybdenum are incident upon a thin foil of 
tungsten in a magnetic spectrograph in which the field intensity is 150 gausses. 
The L\ t Lilt Liu absorption limits of tungsten are 1.021 A, 1.071 A, and 1.211 A, 
respectively, (a) Determine the energies of the electrons ejected from these 
levels, (b) Determine the radii of their paths in the magnetic field, (c) Calculate 
the separation of the lines of this magnetic spectrum. 

9-6. The Li absorption limit of bismuth is 0.756A. Determine the minimum 
energy of a beam of x-ray photons which can produce the L and M fluorescent 
spectral series of bismuth. 

9-6. (a) Assuming that the energy required to remove a second electron from 

the L level is approximately equal to that required to remove the first electron, 
show that the kinetic energy of an Auger electron from an atom which is left 
doubly ionized in the L state is given by 

\mtr = &k ~ 2 &l. 

(b) Calculate the kinetic energy of such an Auger electron emitted by a 
copper atom if the L\ absorption limit of copper is 13A. 

9-7. An Auger electron is ejected from a tungsten atom, leaving the latter 
ionized in the L and M states. Calculate the kinetic energy of this electron if the 
Li absorption limit of tungsten is 1.02A and the Mi absorption limit is 4.37A. 
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Natural Radioactivity 


10-1. R6sum6 of Some Known Properties of Nuclei 

Many of the important properties of atomic :nuclei as ^ ^ 

mental evidence for these properties, were discussed m prev.ou 

It was shown that the total number of nucleons in a nucleus i» .squa 

the mass number A of the particular isotope of the element. A nuc^on 

thus has a mass number 1, and may be either a pro o 

was further shown that the number of protons ... the nucleus “ ' 

the atomic number, Z, of the element, and that the number N of neutrons 

^ of the experiments on the scattering of alpha Par 

tides, it was concluded that the nucleus occupies only a very ^aUfract.on 
of the volume of an atom and that nuclear radii do not exceed 1 ■ 

It was further shown that the nucleus possesses angular momentum a 

to spin and also possesses a magnetic moment. 

In this and the following chapters we shall discuss many nuclear 
processes and transformations which not only are interesting in themselves 
but also provide additional information concerning the nucleus Among 
these processes and transformations are (1) the natural radioactivi y o 
some of the heavier elements, (2) the disintegration of nuclei by bombard¬ 
ment with particles and radiation, (3) artificial radioactivity induced by 
the bombardment of nuclei with particles and radiation, and (4) nuclear 
fission. 


10-2. Natural Radioactive Transformations 

An element which is naturally radioactive usually is found to emit either 
alpha particles or beta particles. Sometimes gamma rays accompany the 
emission of these particles. When the nucleus of an atom emits an alpha 
particle, the atom is transformed into a new atom, since its atomic mass 
is decreased by four units and its atomic number is decreased by two units. 
For example, radium, with A = 226 and Z = 88, is known to emit alpha 
particles; hence the product of this transformation, known as radon, or 
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radium emanation, will have A = 222 and Z = 86. That we are dealing 
with nuclear transformations is confirmed by the fact that radium, which 
is a solid, is in the same chemical group as barium, while radium emanation 
is one of the inert gases. In this particular case it is easy to separate the 
product from its parent substance. When a beta particle is emitted by a 
nucleus of atomic number Z, the atomic number of the new atom formed 
becomes Z + 1, but the mass remains practically unaltered since the mass 
of a beta particle is negligible in comparison with that of a nucleus. Thus, 
in beta disintegration, the mass number remains the same, and parent 
and product atoms form a pair of isobars. 

The rate at which a particular radioactive material disintegrates is 
a constant independent of all physical and chemical conditions. Given a 
large number of atoms of any one radioactive element, the average num¬ 
ber, dN, that will disintegrate in a small time interval, dt , is found to be 
proportional to the number of atoms, N, present at the time t; that is, 

-dN = \Ndt, (i) 


where X is a constant for the particular radioactive element. Integrating 
this equation, we get 


N = N 0 r Xt , 


( 2 ) 


where N 0 represents the number of atoms present at the time t = 0. Equa¬ 
tion (2) shows that the number of atoms of a given radioactive substance 
decreases exponentially with time provided that no new atoms are intro¬ 
duced. Half of the material will have disintegrated at the end of a certain 
time interval T, which can be determined by setting N = N 0 /2 and t = T 
in equation (2), yielding 

\T = log, 2, 


so that 



0 ) 


T is called the half-life of the element. It can be seen that at the end of a 
time interval equal to 2 T, one quarter of the original material will still be 
in existence. The number of atoms still in existence at any time t is shown 
in Figure 10-1. It is impossible to tell just when one particular atom will 
disintegrate because radioactive disintegrations follow the laws of chance 
or probability. At the end of a certain time t , N of the Original atoms will 
still be in existence. In the next interval of time dt, dN of these atoms will 
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have disintegrated. The average lifetime, T., of a sin g ^ ^y^he 
puted by multiplying dN, the number of all the 

time, t, during which they existed, summing these products o 



atoms, 

Thus 


and then dividing by the total number of atoms at the start, N 0 . 



Now, from equation (2), 

dN = -N 0 \r u dt) 

substitution of this value for dN in the above equation yields 





t\r u dt, 


which yields 



(4) 


The reciprocal of the disintegration constant X is thus the average lifetime 
of a radioactive atom. If the half-life is known from experimental data, 
then the average lifetime, 1/X, can be computed from equation (d). 

The half-lives, and hence the average lifetimes, vary considerably 
among the naturally radioactive elements. Radium, for example, has a 
half-life of 1620 years, while that of radon is 3.82 days. Thorium C ha 
the shortest half-life, 3 X 10 -7 second, while thorium has one of the long¬ 
est, 1.39 X 10 10 years. 
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10-3. Radioactive Series 

Practically all of the naturally radioactive elements lie in the range of 
atomic numbers from 81 to Z = 92. These elements have been grouped 
into three series, the uranium-radium series, the thorium series, and the 


Uranium series 



Atomic number Z 

Fio. 10-2. The naturally radioactive uranium series. 

actinium series. Any one of the radioactive elements can be traced back 
through a series of transformations to the parent element of the series. 
The uranium series, shown in Figure 10-2, starts with uranium I (A = 238, 
Z = 92), and goes through a series of transformations which involve the 
emission of alpha and beta particles forming such substances as radium, 
radium emanation, radium A . . . down to radium G (A = 206, Z = 82), 
which is isotopic with lead and is not radioactive. In the figure, the mass 
number A is plotted against the atomic number Z. An emission of an alpha 
particle is indicated by a displacement down by four units and to the left 
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by two units; an emission of a beta particle by a displacement to the right 

An interesting branching takes place at radium C. Of all the RaC 
atoms disintegrating, 99.96 per cent do so with the emission of a beta 
particle forming RaC', which then disintegrates with the emission of an 

Thorium series 



alpha particle forming RaD. In the second branch, about 0.04 per cent of 
the RaC atoms disintegrate with the emission of an alpha particle forming 
RaC", and when the latter disintegrates, it does so with the emission of a 
beta particle forming RaD. Branching also occurs at radium A, Z = 84, 
A = 218. In 99.96 per cent of the cases, radium A emits an alpha particle 
forming radium B; in 0.04 per cent of the cases, radium A emits a beta 
(0”) particle forming the element astatine (symbol At), Z = 85, A = 218. 
Astatine has a short half-life of about 2 seconds, emitting an alpha particle 
to form radium C. 
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Another interesting type of transformation occurs when UXi (Z = 90, 
A — 234) emits a beta (0~) particle to form UX 2 (Z = 91, A = 234). It 
was found that UX 2 disintegrates by emitting beta particles with two 
different half-lives, and since it was common to assume a half-life to be 
associated with a definite element, two names were given to the nuclei 


Actinium series 



formed by the disintegration of UXj.* the G8-second half-life was assigned 
to UX 2 , and the 6.7-hour half-life was assigned to UZ. In 1921 Hahn 
showed that UX 2 and l T Z form a pair of nuclear isomers , that is, they are 
different energy states of the same nucleus; later Feather and Bretscher 
showed that the members of this pair of nuclear isomers are genetically 
related , that is, one type of nucleus is formed from the other. In this par¬ 
ticular case, the nucleus of UX 2 has 0.394 Mev more energy than the 
nucleus of UZ. UX 2 may disintegrate directly toUII, Z = 92, A = 234, 
by the emission of a beta particle, or UX 2 may first emit a gamma ray of 
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0 394 Mev going to a lower isomeric state, called UZ, which 
tegrates with a half-life of 6.7 hours by emitting a beta 

The subject of nuclear isomers will be considered in g 

thorium «i«,»them in Figure 10-3,*«. « £ * 

232, Z = 90), goes through a series of transformations m y J^ 
similar to the uranium series, and ends with thorium D (A , 

which is also isotopic with lead. The actinium senes, “ ^owV^ts oS 
10-4 was at one time believed to be an independent series, but its or g 
has been traced to an isotope of uranium, fcnown M actino-uran ^ 
is the famous isotope of uranium of mass number 235 (see §13- ). 1 h 
product of the actinium series is actinium D (A — 207, Z 8 ), 
is another isotope of lead. 


10-4. The Neptunium Series 

Bach of the three naturally occurring radioactive series discussed above 
starts with a long-lived isotope. Physicists have often speculated about the 
possibility of the occurrence of other radioactive series the isotopes of 
which may have disappeared or may be in such extremely small concen¬ 
trations as to be undetectable by common methods. One type of specula¬ 
tion revolved around the fact that the mass numliers of the substance of 
the three known series could be represented by a set of numbers. 4n ( 
the thorium series), 4n + 2 (for the uranium series) and 4n + 3 (tor tnt 
actinium series), where n is an integer. It was felt that there migh i 
been a 4n + 1 series, and that perhaps traces of it still exist. 

With the discovery of transuranic elements , that is, elements of Atomic 
number greater than 92, and with the ability to produce many different 
isotopes of both old and new elements, it was possible to trace a tourtti 
radioactive series, a 4n + 1 series. This series is called the neptunium 
series, after the longest-lived isotope, neptunium, Z = 93, A — Ml, oi 
this series. This series is represented in Figure 10-5. It will be noted that the 
origin of this series can be traced back to americium and plutonium. 1 he 
series ends, not in a stable isotope of lead, but in the stable isotope o 
bismuth, Z = 83, A = 209. Recently very small amounts of neptunium 
and plutonium have been separated from pitchblende, a uranium-bearing 
ore. We shall discuss some of the methods for producing the isotopes ot 
this series in Chapters 13 and 15. 


10-5. Radioactive Isotopes of the Lighter Elements 

Among the elements of atomic numbers less than 81 only seven are known 
to have naturally occurring radioactive isotopes. These are listed in lab e 
10-1, together with the nature of the particle emitted by each radioisotope 
and its half-life. It will be observed that six of these are beta-particle 
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Atomic 

No. 

Element 

Mass No. 

Type of Radio¬ 
activity 

1 

Hydrogen 

3 

beta 

6 

Carbon 

14 

beta 

19 

Potassium 

40 

beta; electron 
capture 

37 

Rubidium 

87 

beta 

62 

Samarium 

152 

alpha 

71 

Lutetium 

176 

beta; electron 
capture 

75 

Rhenium 

187 

beta 


Half-Life 
in Years 



18.3 X 10 8 

6 X 10 10 
1 X 10 12 
2.4 X 10 10 

4 X 10 12 
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emitters and one, samarium, is an alpha-partmle half-lives of 

-Toss's. —.—- 

isotopes found in nature, it is now possible to produce, by 
methods, radioactive isotopes for all of the elements. 

10-6. Alpha-Particle Disintegration Energy 

We have already shown that alpha particles emitted by r^ioactive wb 
stances have velocities of the order of 10 9 cm/sec and kinetic energies o 
about 5 to 10 Mev. In discussing a nuclear transformation, wvenl co. - 
servation laws must be taken into consideration such ^Ihe conscrva 
of energy, the conservation of momentum, and the conservation of charge 
An alpha-particle disintegration can be represented by means of a nucl 
reaction equation of the type 


r.El 


A - z- 2 E1 a - 4 + 2 He 4 4- Qa, 


(s) 


where El stands for the chemical symbol representing the particular 
element under discussion, and 2 He 4 represents the alpha particle emitte . 
This equation shows that charge is conserved; the element of “ uc, ®“ 
charge Ze is transformed into a new element of nuclear charge {Z ) 
with the emission of an alpha particle of charge 2c. The quantity Qa is 
called the disintegration energij and represents the total energy released in 
this process. This energy consists of the kinetic energy of the alpha particle 
and the kinetic energy of the product nucleus, and comes from the diner- 
ence in mass between the parent nucleus and the product nuclei, l ne 
disintegration energy Q a can be readily evaluated in terms of the kinetic 
energy & a of the alpha particle with the aid of the principles of conservation 
of energy and momentum. 

Suppose that the mass of the parent atom is M i; let us assume it to 
be at rest. When it emits an alpha particle of mass M and velocity v, the 
residual atom of mass M 2 will recoil with a velocity v 2 such that 

M 2 v 2 = Mv. 


Now Qa = \M 2 v\ + \Mv 2 . 

Eliminating v 2 from these two equations, we obtain 
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and calling the kinetic energy of the alpha particle & a = \Mv 2 t we can 
write 



( 6 ) 


To a very close approximation we can replace the ratio of the masses by 
the ratio of the mass numbers; thus 

M_ = 4 

M 2 A - 4 


where A is the mass number of the parent atom. Hence the disintegration 
energy can be written as 



(7) 


10-7. Range of Alpha Particles 

There are several methods for investigating the alpha particles which are 
emitted by radioactive nuclei. Their velocities may be measured by the 
magnetic spectrograph method described in §3-5. Another method fre- 



Kio. 10-ti. Schematic dia¬ 
gram of a Wilson cloud chamber. 


quently used for investigating the alpha particles is the determination of 
the range of the particle in a gas such as hydrogen, nitrogen, or air, using 
a Wilson cloud chamber. This apparatus consists essentially of a cylinder C 
containing a gas saturated with water vapor, and a piston P which may be 
lowered very rapidly to produce a sudden expansion of the gas in chamber 
C, as shown in Figure 10-0. As a result of this expansion, the gas is cooled 
and becomes supersaturated with water vapor. If there are any ions 
present in the gas, the water vapor will condense on these ions, forming 
small droplets. These droplets may be viewed or photographed through 
the glass plate G covering the top of the cylinder; illumination is usually 
supplied through a window in the wall of the chamber. If a source of alpha 
particles is placed inside the chamber at A, then, in their passage through 
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the gas in the chamber, the alpha p “ rt,C '“ h "i" ^'^d’ro^fetsform on 
along their paths. During each expansion of the gas, a P 

the tone, showing the path general 

alpha-ray tracks are shown in Figure 10-7. inese 



Fio. 10-7. Trucks of alpha particles from thorium {C + C ) in a 
chamber .bowing two .lUtinct range. (From ltutherford. Chadwick ami Ulw. «»■«''' 1 
from Radioactive Substance. By permission of Cambridge University 1 rcss, pubh. .) 


straight lines almost up to the end of the range. Occasionally a track is 
bent sharply or else it branches off into two tracks. 1 l.e-se arc usually 
ascribed to collisions with nuclei; they will be discussed in detail latci 

(§U Another method for determining the range of alpha particles in a gas 
is to measure the ionization produced in a gas at different distances from 
the source of the alpha particles. A typical arrangement for this type ot 
measurement is shown in Figure 10-8. The source of alpha particles ,1. is 
placed in a recess in a block of lead, providing a fairly well-collimated beam 

of alpha rays. The ionization chamber consists of a wire grid G and a plate 
connected to an electrometer for measuring the ionization produced m the 
narrow region between P and G. The distance between the alpha-particle 
source and the ionization chamber is usually varied by moving the source. 
Typical curves showing the ionization produced at different distances trom 
the source are shown in Figure 10-9. It will be noticed that for the greater 
part of the range, the ionization current in the first part of the range is 
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practically constant, then increases and reaches its maximum value just 
before the end of the range. The peak near the end of the range is due to 
an increase in the efficiency of ionization by slow alpha particles. 

- - 

e - 


Fio. 10-8. Schematic diagram of 
apparatus for measuring the range of 
alpha particles. 



It has been found that, in most cases, the alpha particles from a given 
element have a very definite range. This range R is usually expressed in 
centimeters of air at 15°C and at a pressure of 76 cm of mercury. The 



Fio. 10-9. Graphs showing the specific ionization along the path of alpha particles 
from (a) polonium, (b) radium C'. 

ranges of the alpha particles from some of the elements are given in Table 
10-2 together with their energies as determined by Holloway and Living¬ 
ston. The alpha particles from some of the elements, such as thorium C , 
fall into several groups of ranges corresponding to their velocity spectrum. 
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Table 10-2 


Range and Energy of Alpha Particles 


--- 

Element 

Mean Range 
in cm in 

Air at 15°C 

Polonium 

3.842 

Radon 

4.051 

Radium A 

4.657 

Thoron 

5.004 

Thorium A 

5.638 

Radium C' 

6.907 

Radium C' 

7.792 

Radium C' 

9.04 

Radium C' 

11.51 

Thorium C' 

8.570 

Thorium C' 

9.724 

Thorium C' 

11.580 


Energy 
in Mev 


5.298 

5.486 

5.998 

6.2818 

6.774 

7.680 

8.277 

9.066 

10.505 

8.776 

9.488 

10.538 


The relationship between the range of an alpha particle and its velocity 
cannot be expressed by any one simple formula, but those of medium range 
are found to follow Geiger’s empirical formula 

R = <zi- 3 , (8) 

where a is a constant numerically equal to 9.6 X MT* when R is expressed 

in cm and v in cm per sec. , 

An important relationship exists between the range of an alpha 
particle and the average lifetime of the emitter, known as the Ueiger- 
Nutiall law , which is usually written in the form 


log R = -4 log X + B, 


(9) 


where A is a constant which has practically the same value for each of the 
three radioactive series and B is a constant which has a different value or 
each series. This relationship is plotted for each series in Figure 10-10; 
the range R is expressed in cm and the disintegration constant X is ex¬ 
pressed in sec" 1 . This equation has been used to estimate the half-lives 
of some of the products of disintegration which could not be easily de- 
termined by direct measurements. 
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10-8. Beta-Ray Spectra 

The most commonly used method for determining the energies of the beta 
particles emitted by radioactive elements is the measurement of the radii 
of curvature of their paths in a magnetic field of known intensity H. 
Various experimental arrangements have been used in making these 



measurements. One arrangement is practically identical with that used 
by Robinson, as shown in Figure 9-6, for the determination of the velocities 
of the electrons ejected by x-rays from an element placed at C. In the 
magnetic spectrum analysis of beta rays, C is replaced either by a fine wire 
on which the radioactive substance has been placed, or else by a small 
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thin-walled glass tube containing the radioactive substance. The beta 
lays are recorded on a photographic plate and their velocity distribution 

determined. . . r . inll 

Another method for detecting the beta rays is shown in Figure 1 » 

in which the photographic plate is replaced by a Geiger counter G and e 
beta rays from the source at C are bent around by the magnetic field an 
focused upon the aperture 0. In this type of experiment the number ot 
beta particles entering the aperture 0 is counted at a given value ol t e 



■*ig. 10-11. Robinson’s magnetic spectrograph using a Geiger counter for detecting 
heut particles. 

magnetic field of intensity H. The intensity of the magnetic field is then 
changed to a new value and the number of beta particles entering the 
aperture 0 is again determined. In this manner the velocity distribution of 
the beta particles is determined. The radius of curvature of the path of a 
beta particle in a magnetic field can also be determined by photographing 
the track of the beta particle in a Wilson cloud chamber, as shown in 
Figure 10-12. 

The results of these measurements show that there are apparently 
two distinct types of beta-ray spectra, one a sharp line spectrum, and the 
other a continuous spectrum. It has definitely been shown, however, that 
the sharp line spectra are due to electrons which have been ejected from 
the K , L, M, and N shells of the atom by the action of gamma rays from 
the nucleus of the same atom or neighboring atoms; this is similar to the 
photoelectric effect with x-rays and presents a very convenient means for 
determining the energies of the gamma rays (§10-12). The continuous 
beta-ray spectrum is that produced by the electrons which have been 
ejected from the nuclei of radioactive atoms. The curve in Figure 10-13 
shows the continuous beta-ray spectrum of radium E. The number of 
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particles having a given energy is plotted as ordinate, and the energy of 
these particles, expressed in million electron volts, as abscissa. It will be 
noted that the curve has a definite upper limit for the energy of the dis¬ 
integration electrons and also passes through a maximum toward the 



Fic,. 10-12. Cloud-chamber photograph of beta-ray tracks in a magnetic field of 
1000 gausses. The beta rays come from the disintegration of B ,? ; their energies range 
from about 0 to 12 Mev. The heavy track across the diameter of the chamber is that of 
a proton of about 9 Mev energy. (Photograph taken by II. R. Crane.) 

low energy part of the spectrum. It will be shown that the end-point 
energy represents the energy which is released in this radioactive dis¬ 
integration. Table 10-3 gives some of the end-point energies of the con¬ 
tinuous spectra of some of the beta-ray emitters. 

The beta-ray spectrum of an element differs remarkably from most of 
the other spectra characteristic of the same element in that these charac¬ 
teristic spectra, optical, x-ray, alpha ray, and gamma ray, are line spectra, 
while the beta-ray spectrum is a continuous one. It was found possible to 
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interpret the optical and x-ray line spectra in terms of ' Mon¬ 

atomic energy states due to changes in the extranuclear 
figurations. It seems reasonable to try to extend this interpre 
line spectra of the particles emitted by radioactive nuclei. 



Energy of fhe beta particles in Mev. 

Fio. 10-13. Distribution of energy among the beta particles of radium E. 


Table 10-3 



10-9. Beta-Particle Disintegration 

The energy available for a beta ((T~) disintegration is provided by the 
difference in mass between the initial nucleus of mass number A and 







320 Natural Radioactivity 


§ 10-9 


atomic number Z, and the sum of the masses of the final particles, that is, 
the nucleus of atomic number Z -f 1, and mass number A, and the beta 
particle. The disintegration energy is thus 

Q$ = zMi ~ \{Z+l)M£ + m e\‘ 

Since the tables generally give the masses of the neutral atoms, we 
can convert the nuclear masses to atomic masses by adding the masses of 
Z electrons to each term, thus 

Qe = gMi + “ lz+\Mi + Zm e + m,\\ 



where Z M A is the atomic mass of the isotope of mass number A and atomic 
number Z , and z +iM A is the atomic mass of the isotope of mass number A 
and atomic number Z + 1. Hence a definite amount of energy Qs is re¬ 
leased in this beta (/T) disintegration. It will be noted that the beta 
decay occurs between a pair of isobars ; that is, two atoms having the same 
mass number A, but having different atomic numbers. The atomic numbers 
of the isobars involved in beta decay always differ by unity. 

Pauli (1931) suggested that the end-point energy of the beta-ray 
spectrum represents the actual disintegration energy, lo account for the 
continuous distribution of energy and the conservation of energy in nuclear 
processes, Pauli suggested that two particles are emitted by the nucleus 
in a beta-ray disintegration, and that the total energy of these two particles 
is a constant which is equal to the end-point energy observed in the beta- 
ray spectrum. One of the particles is the electron itself and the other 
particle is assumed to be a neutral particle of negligible rest mass; this 
particle is called a neutrino. There is another reason for the introduction of 
the neutrino into beta-particle disintegrations: the principle of the con¬ 
servation of angular momentum must also be satisfied in nuclear processes. 
In a beta-decay process the mass number of the product nucleus is the 
same as that of the parent nucleus; hence the change in nuclear angular 
momentum, if any, must be integral. Since the emitted beta particle is 
known to have a spin angular momentum of another particle, the 
neutrino, having a spin angular momentum of \h, must be emitted simul¬ 
taneously. The neutrino is not observed directly in the beta-decay process 
because it carries no charge and has a very small probability of interacting 
with other particles. Only recently (1953) has there been any direct experi¬ 
ment on the interaction of free neutrinos with matter (§12-8). 

The remaining problem is to determine the origin of the electron and 
neutrino. The present view, stated in an elementary way, is that the neutron 
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an(1 

breaks up into a proton which to the 

a neutrino which are ejected from the ™ cl ® g from one energy state to 
emission of a light quantum when an atom goe ^ atom gQes {rom 

another. There are no photons in the atom b * ^ ^ anf)ther sta te, 
a state characterized by one set of quantum represent one 

a photon is emitted. One ^ ** another quantum 

quantum state of a nucleon and the Proton P gQes frQm the neu tron 
state of the same nuclear particle. \\ he P emission of 

quantum state to the proton quantum sta£ **' d 2?“ ' oce88 can be repre- 
a pair of particles, an electron and a neutrino. 1 h p 

sented by the equation 

(ID 


n 


v + r + 


where n represents the neutron, p the proton, (l0)i is 

The beta-ray disintegration energy Qe, glve _ 1 , when the 

,o th. end-point energy of .h. I* .-J.y-pee 
transition is from the ground state, or state of lowest energy 
nucleus, to the ground state of the product nucleus. Ihe rest mas 

neutrino is assumed to be negligible. 

10-10. Gamma-Ray Spectra , 

In many cases, gamma rays are found to ^ - 

particles and beta particles. It has bcen J , en g ths of some of the low 

of the same nature as x-rays, that the wa^eieng 

energy gamma rays have been measured by means of a s ng > 

eter (§5-9). Two other well-known effects na\e oee 

in studying the gamma rays; one is the photoelectric effect; the other 

the ^hTgammatys have been found to consist sharp Un. of definite 

wave lengths. Just as characteristic x-rays were shown , 

the result of changes in atomic energy states, «o^’Tpllusible hypothesis 
can be ascribed to changes in nuclear energy states. A PIausio > P 

or^a bet^p^^de mTy'leave th^p^uct^twleiJ^in an excite^state^ and 

evidence which shows that gamma rays come from the product nudeus 
most of this evidence is derived from analyses of the sharp line beta ray 

spectra. 
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10-11. Gamma Rays from Beta-Particle Emitters 

It was noted previously that the sharp line beta-ray spectra were produced 
by a type of photoelectric effect in which some of the gamma rays from the 
nucleus ejected electrons from the K , L, M, or N shells of the atom. The 
fact that these electrons are ejected from their shells with very definite 
energies indicates that the gamma rays themselves must have sharply 
defined energies, and thus should show sharp line gamma-ray spectra. 
Those gamma-ray spectra which have been studied with the crystal 
spectrometer have been found to consist of several lines of definite wave¬ 
length, in agreement with the above conclusions. 

Whenever a gamma-ray photon of frequency v and energy hv ejects 
an electron from one of the atomic shells, say the K shell, it must supply 
an amount of energy to remove this electron, thus leaving the extra- 
nuclear part of the atom in an excited state. The kinetic energy of the 
electron will be given by 

\mv 2 = hv — ( 12 ) 

If the velocity of the electron is very large, then, of course, the relativity 
expression for the kinetic energy must be used. Similar equations will hold 
for electrons ejected from the L, M, and N shells. By measuring the energies 
of the ejected electrons with the magnetic spectrograph, and using the 
values of the atomic energy levels from x-ray data, it is possible to compute 
the energy and hence the frequency of the gamma rays emitted by a nu¬ 
cleus. This will be illustrated for the case of the gamma rays emitted 
during the beta-ray transformation of radium D (Z = 82) to radium E 
(Z = 83). 

The magnetic spectrum analysis of the beta-ray spectrum of RaD 
shows five sharp lines superposed on the continuous spectrum. The meas¬ 
ured values of the energies of these lines are listed in Table 10-4. The 
gamma-ray spectrum emitted as a result of the transformation RaD to 
RaE, as determined by the crystal method, is exceedingly simple; it 
consists of a single line of wavelength A = 0.2G1A. This corresponds to an 
energy hv = 0.472 X 10 5 ev for the gamma-ray photon. On the assumption 
that the gamma rays come from the product nucleus, RaE, the electrons 
ejected by these gamma rays must come from the electronic shells of this 
type of atom. Since RaE is an isotope of bismuth, Z = 83, the excited 
energy states of the atom can easily be determined from tables of x-ray 
absorption limits. It is then possible to locate the probable origin of the 
electrons giving rise to the sharp line beta-ray spectrum. The origin of 
these electrons is shown in Table 10-4, as well as the energy of each shell 
as obtained from x-ray data for the element bismuth. The sum of the 
kinetic energy of the ejected electron and the energy required to remove 
the electron from the atom should equal the energy of the gamma ray. 
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Determination of Gamma-Ray Energy from Sharp Line 
Beta-Ray Spectrum for Transformation RaD —> Ra^ 
(Energies in electron volts.) 


Line 

No. 

Kinetic 
Energy of 
Ejected 
Electron 

Origin 

of 

Ejected 

Electron 

Energy of 
Excited 
State of 
Atom 

Energy of 
Electron + 
Energy of 
Excited 
State 

Energy of 
Gamma- 
Ray Photon 
from 
Crystal 
Measure¬ 
ment 

Wave¬ 

length 

of 

Gamma 
Ray 
in A 

1 

0.309 X10 6 

Li 

0.163X 10 s 

0.472 X10* 

0.472X10 6 

0.261 

2 

0.315 

Lit 

0.157 

0.472 



3 

0.338 

Lin 

0.134 

0.472 



4 

0.433 

A/, 

0.040 

0.473 



5 

0.461 

Ni 

0.010 

0.471 




The results are in very good agreement with the spectroscopic measure¬ 
ment of the energy of the gamma-ray line. 

It will be noticed that no electrons are ejected from the K shell oi 
RaE by the gamma rays. From x-ray data, it is known that the K absorp¬ 
tion limit of RaE (Z = 83) is X = 0.137A, corresponding to an energy of 
0.90 X 10 5 electron volts. This is much greater than the energy of the 
gamma-ray photon; hence it will not be able to eject any electron from 
the K shell of radium E. 

Internal conversion is the name of the process whereby a gamma-ray 
photon emitted by a nucleus gives up all of its energy in ejecting an electron 
from one of the extranuclear shells of the same atom; this process is some¬ 
times represented by the symbol IC. The internal conversion of the gamma- 
ray energy into kinetic energy of electrons, by means of the photoelectric 
effect, leaves the atoms in excited states. In returning to the normal state, 
these atoms should emit characteristic x-rays corresponding to the changes 
in the atomic energy states. These x-rays have been observed and meas¬ 
ured in many cases, and afford additional checks on the assignment of the 
origins of the ejected electrons. 

As has previously been mentioned, the total disintegration energy in 
a beta decay is the energy difference between the ground state of the 
parent nucleus and the ground state of the product nucleus. In the beta 
decay of RaD to RaE discussed above, the product nucleus is left in an 
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excited state approximately 47 kev above the ground state. The beta-ray 
spectrum of RaD has recently been measured by Insch, Balfour, and 
Curran (1952) and found to consist of very low energy beta particles with 
an end-point energy of about 18 kev. They also measured the IC electrons 
and found that their energies extended to about 46.7 kev. Thus the dis¬ 
integration energy of the beta decay, RaD to RaE, is about 65 kev. 
Figure 10-14 is a nuclear energy level diagram illustrating this process: 



Fig. 10-14. Decay of KaD by beta 
emission to an excited state of RaE; the 
latter then goes to the ground state by 
gamma-ray emission. 


RaD decays by beta emission to an excited state of RaE; the latter dis¬ 
integrates by a gamma-ray transition of 47 kev to the ground state. A 
fraction of these gamma rays is internally converted into photoelectrons, 
giving rise to the sharp line beta-ray spectrum. 

Similar analyses have been made of the sharp line beta-ray spectra 
of most of the other beta-ray emitters, leading to determinations of the 
energies and wavelengths of the gamma-ray spectra of these elements. 
Wherever possible, these wavelengths have been checked by independent 
measurements with the crystal spectrometer. 

10-12. Gamma Rays Accompanying Alpha-Particle Emission 

Some radioactive nuclei which emit alpha particles also emit gamma rays 
of definite frequencies. Careful measurements of the gamma-ray energies 
and the alpha-particle energies have led to the conclusion that the gamma 
rays are emitted by the product nucleus which has been left in an excited 
state after the emission of an alpha particle. As a simple example, consider 
the alpha-particle transformation of radium into radon. The gamma-ray 
spectrum accompanying this transformation has been found to consist of 
a single line of wavelength X = 0.0652A, and of energy 1.89 X 10 5 ev. 
Now, the alpha particles emitted during this disintegration have been 
found to have energies of 47.95 X 10 s ev and 46.11 X 10 5 ev, respectively. 
The difference between these two energies is 1.84 X 10 5 ev, practically 
the same as the energy of the gamma-ray photon. This fact can be ex¬ 
plained by assuming that when a normal radium nucleus emits an alpha 
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particle with an energy of 47.95 X 10* ev, the product 

in its normal state, but when a radium nucleus emits ai P F> 

with an energy of 46.11 X 10 s ev, the product nucleus is left 

state and then returns to the normal state by the emission o g 

photon as shown in Figure 10-15. The energy of this gamma-ray photon 


1620 y ee Ra 


226 



radium. 


should therefore be equal to the difference in energies observed in the alpha- 
particle spectrum of radium. 

Similar correlations between alpha-particle energies and the energies 
of the gamma-ray photons have been established in several other cases. 
These correlations have naturally led to attempts to construct nuclear 
energy level diagrams similar to those made for the extranuclear portion 
of the atom. In most cases the data necessary for constructing such dia¬ 
grams are as yet insufficient. Nuclear energy level diagrams can be con¬ 
structed for those processes which have been well authenticated by exper¬ 
iment. 

As we have seen in the two simple cases shown in Figures 10-14 and 
10-15, nuclear energy level diagrams are useful not only for tabulating 
nuclear events but also for assigning the order in which the radiation is 
emitted and for determining the proper nucleus which is the source of this 
radiation. As other modes of disintegration are discovered and studied, 
these diagrams become valuable for correlating data from a wide variety 
of experiments and also for predicting the existence or probable occurrence 
of certain types of nuclear transformations. We shall discuss many of these 
topics in the following chapters 
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10-13. Disintegration of ThC 

We have seen that in each radioactive series there are some isotopes in 
which branching occurs; that is, a certain fraction of the nuclei emits alpha 
particles and another fraction emits beta particles. The branching in the 



Fig. 10-16. Nuclear energy level diagram of tho disintegration of ThC. (After 
Nuclear Data, National Bureau of Standards, Circular 499.) 

disintegration of ThC in which alpha decay occurs in 33.7 per cent of the 
disintegrations, and beta decay in 66.3 per cent of the disintegrations, has 
been studied very thoroughly and has led to the nuclear energy level 
scheme shown in Figure 10-16. The wavy lines between energy levels of 
any one isotope represent the gamma rays emitted during the indicated 
transition between two levels. Of the seven levels in the ThC", five are 
definitely accounted for in terms of the alpha-particle spectrum of the 
parent element, ThC. The lowest level in ThC" is taken as its ground state 
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and the energies of the excited states are given in Mev with the ground 

The beta disintegration of ThC leads to ThC'; its lowest state is 
taken as the ground state with the energies of the other levels assigne 
with respect to it. To account for several of these levels, it is possible that 
the beta-ray spectrum is actually complex; this is indicated by the dashed 
arrows. ThC' emits alpha particles of four different energies in decaying 
to a stable form of lead. The fine structure of this alpha-particle spectrum 
may be readily accounted for, as shown in the figure, by assuming that 
they start from different levels of the ThC' nuclei but all end in the same 
Pb 208 nuclear level. 

The long-range alpha particles of ThC / are those which have their 
origins in the excited states of ThC'; they are relatively few in number, 
of the order of 10” 4 of the number of alpha particles emitted from the 
ground state of ThC' to the ground state of lead. 

ThC" decays by beta emission to an excited state of Pb 208 , and the 
latter then emits gamma rays in going to the ground state. To account 
for the different excited levels of Pb 208 , it is necessary to assume that the 
beta-ray spectrum of ThC" is complex, although only the end-point en¬ 
ergy spectrum of 1.792 Mev has been definitely established. Following 
this beta decay, the nucleus of Pb 208 goes from its excited state to the 
ground state by the emission of a gamma-ray photon of 2.62 Mev. The 
latter radiation, in spite of the fact that it comes from the Pb nucleus, is 
often called a ThC" gamma ray because it accompanies the emission of 
beta rays from a sample containing ThC". 

10-14. Continuous Bremsstrahlung from Beta Emitters 

In addition to any characteristic sharp line, gamma-ray spectra that may 
be emitted following beta-ray emission, it is possible for a beta-emitting 
substance to emit electromagnetic radiation which will have a continuous 
distribution in energy, or frequency. This radiation, a type of bremsstrah- 
lung , may have two different origins. One type may be due to the radiation 
emitted when a beta particle, in its passage through a substance, is accel¬ 
erated whenever it passes close to any of the nuclei of the substance. This 
is analogous to the production of the continuous x-rays in an x-ray tube. 
This type of continuous radiation from a beta emitter is called outer or 
external bremsstrahlung. It may be produced in the passage of the beta 
rays through the beta-emitting substance itself, or it may be produced by 
allowing the beta rays to pass through another substance, such as alumi¬ 
num, lead, or the like. Theory predicts that the intensity of the outer 
bremsstrahlung should be proportional to the square of the charge and 
inversely proportional to the square of the mass of the beta particle. This 
type of radiation was first discovered by J. A. Gray (1911), who bom- 
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barded various substances with beta rays from RaE and measured the 
intensity of the electromagnetic radiation thus produced. 

The second type of bremsstrahlung has its origin in the readjustment 
of the charges in the nucleus as a result of the emission of a beta particle. 
This type is called inner or internal bremsstrahlung. C. S. Wu (1941) meas¬ 
ured the intensity of the inner bremsstrahlung emitted by a radioactive 
isotope of phosphorus, P 32 . This isotope of phosphorus emits beta rays 
having an end-point energy of 1.72 Mev but does not emit any character¬ 
istic gamma rays. The intensity of the radiation was measured by means 
of an ionization chamber, and the results found to be in agreement with 
theoretical predictions of Knipp and Uhlenbeck, and F. Bloch. Wu also 
compared the relative intensities of the inner bremsstrahlung with the 
outer bremsstrahlung by completely stopping the beta rays in an aluminum 
absorber. The intensity of the inner bremsstrahlung was found to be about 
a quarter of that of the outer bremsstrahlung. 


Problems 

INote: A curie is n unit of radioactivity equal to 3.7 X 10'° disintegrations per second.J 
10-1. (a) Determine the constants A and B of the Geiger-Nuttall law. 

(b) How do these constants depend upon the particular radioactive series? 

(c) Using the data from Figure 10-4, calculate the range of the alpha particles 
from AcU. 

Ans. (c) 3.13 cm. 

10-2. From the data in Table 10-2 plot a curve of energy against range of the 
alpha particles. 

10-3. From the data in Table 10-2 plot a curve of the range of the alpha particles 
against the cube of their velocities and compare this curve with Geiger’s law. 

10-4. Radium disintegrates with a comparatively long half-life, T = 1620 yr, 
into radon, which in turn disintegrates with a comparatively short half-life, 
T = 3.8 da. In such cases the rate at which radium disintegrates can be con¬ 
sidered practically constant, and if the radium is kept in a closed container, the 
amount of the product radon builds up to a steady value; that is, just as much 
radon is formed during a short time interval as the amount which disintegrates 
during the same time interval. The product is then said to be in secular equilibrium 
with the parent substance. 

(a) Show that the rate at which radon accumulates in the presence of 
radium is given by 

— = AiA'i — \tN 
at 

where .V is the amount of radon present at any instant, A i is the original amount 
of radium, and X 2 and Ai are their respective disintegration constants. 
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(b) H the amount of radium is assumed to remain constant, show that the 
amount of radon present after a time t is given by 

N = ^ AT,( 1 - «-**')- 

A2 

(c) Show that after a sufficient lapse of time for secular equilibrium to be 
established, the amount of radon present is 

N, = h N>. 

A2 


10-6. (a) From problem 10-4, plot a curve with N/Ni as ordinates and the 

time (in units of T) as abscissae. nlimnMl 

(b) Suppose that after a long time t, the amount of radon Nt is pumped 

off- if we start measuring the amount of radon present from this instant, then 
N ’=■ Plot this equation with N/N t as ordinates on the same axes as 

Part '“Jo Sum the ordinates of the two curves and discuss the results. 

10-6 (a) From the data of Table 10-1, compute the value of the disintegration 

constant X in sec- for K“. (b) Using the above value of X, determine the number 
of beta particles per second emitted by one gram of K 4 . (c) l sing the vn u 
normal abundance of K 40 in a sample of potassium, compute the number of beta 

particles per second emitted by one gram of potassium. ? 

Ans. (a) 1.2 X 10 sec 

(b) 1.8 X 10*. 

(c) 21.6. 


10-7. Using the value of the half-life of U«* from Figure 10-2, (a) compute the 
disintegration constant in sec-, and (b) calculate the number of alpha particles 
per second emitted by one gram of uranium. 

10-8. Using the value of the half-life of radium emanation (radon) from 1* igure 
10 - 2 , (a) compute its disintegration constant in sec-*; (b) calculate the num >er 
of alpha particles per second emitted by 1 cm 3 of radon at 1 atmosphere pressure 
and 0°C. 

10-9. Using the value of the abundance of rubidium 87, calculate the number of 
beta particles per second emitted by 100 gm of rubidium. 

10-10. Assuming that 90 per cent of the disintegrations of potassium 40 result 
in beta emission, and using the known abundance of this isotope, calculate t e 
number of beta particles per minute emitted by a crystal of potassium chloride 
whose mass is 200 gm. 

10-11. Calculate the number of alpha particles per second emitted by 3 milli- 
grams of radium. Express this activity in millicuries. 

10-12. Calculate the number of alpha particles per second emitted by 2 cm 3 of 
radon at normal temperature and pressure. Express this activity in millicuries. 
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10-13. Determine the amount of polonium necessary to provide a source of 
alpha particles of 5 millicuries. 

10-14. Using the data of Table 10-2, compute the disintegration energy of the 
alpha-particle decay of polonium. 

10-16. (a) Compute the disintegration energy in the alpha-particle decay of 

radium, Z = 88, A = 226, from the data on the atomic masses, (b) From this, 
calculate the kinetic energy of the alpha particle and compare it with the meas¬ 
ured value of 4.795 Mev. 

Ans. (a) 4.88 Mev. 

(b) 4.795 Mev. 

10-16. The K conversion electron from Cs 1 ” produces a sharp line in its beta-ray 
spectrum whose momentum, measured with a magnetic spectrometer, yields a 
value of Hr = 3381 gauss cm. The binding energy of this K electron is 37.44 
kev. (a) Determine the kinetic energy of the conversion electron, (b) Determine 
the energy of the converted gamma-ray photon. 

Ans. (a) 624.33 kev. 
(b) 661.77 kev. 

10-17. The gainnm-ray photon from Cs W7 , when incident upon a piece of 
uranium, ejects photoelectrons from its K shell. The momentum, measured with a 
magnetic beta-ray spectrometer, yields a value of Hr = 3083 gauss cm. The 
binding energy of a K electron in uranium is 115.59 kev. Determine (a) the 
kinetic energy of the photoelectrons, and (b) the energy of the gamma-ray 
photons. 

Ans. (a) 545.35 kev. 
(b) 661.94 kev. 
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Disintegration of Nuclei 


11-1. Discovery of Artificial Disintegration 

The artificial transmutation of one element into another ,««* 
alchemists for centuries, was first definitely accomplished by Rut ' J ® r 

in 1919 > n a ver y simple type of experiment. A diagram o e pp 
used by Rutherford is shown in Figure 11-1. The chamber C was fil ed 
with a gas such as nitrogen, and alpha particles from a radioac iv 
at A were absorbed in the gas. A sheet of silver foil F, itself thick enoug 





Fro. 11-1. Diagram of the apparatus used by Kutnenoru ... — -- 

experiment on artificial disintegration of nuclei. 

to absorb the alpha particles, was placed over an opening in the side of the 
chamber. A zinc sulfide screen S was placed outside this opening and a 
microscope M was used for observing any scintillations occurring on the 
screen S. Scintillations were observed when the chamber was filled w t 
nitrogen, but when the nitrogen was replaced by oxygen or carbon diox¬ 
ide, no scintillations were observed on the screen S. Rutherford concluded 
that the scintillations were produced by high energy particles which were 
ejected from nitrogen nuclei as a result of the bombardment of these nucle 
by the alpha particles. Magnetic deflection experiments indicated that 
these particles were hydrogen nuclei, or protons. Later experiments y 
Rutherford and Chadwick showed that these ejected protons had ranges 
up to 40 cm in air. Other light elements in the range from boron to potas- 
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•siuni were also disintegrated by bombardment with alpha particles. Since 
then alpha particles, used as projectiles, have lieen successful in causing 
the disintegration of many elements. 

The disintegration of nuclei has also been studied with the aid of the 
Wilson cloud chamber. One of the first of these investigations was that of 
Blackett, who photographed the tracks of alpha particles in a Wilson 
cloud chamber containing about 90 per cent nitrogen and 10 per cent 



Fid. 11-2. A pair of stereoscopic photographs of alpha-particle tracks in a cloud 
chamber containing nitrogen. One of the alpha particles is captured by a nitrogen nucleus 
resulting in the disintegration of the com|>ound nucleus into a proton (thin track) and 
au oxygen ion (thick track). (From Rutherford, Chadwick, and Kilts, Rafliations from 
Uailioartive Substances. By permission of Cambridge University Press, publishers.) 

oxygen. The majority of the tracks photographed were straight tracks 
typical of alpha-particle tracks. Many of the tracks were observed to be 
forked tracks, indicating that an elastic collision had taken place between 
an alpha particle and a nitrogen nucleus. It is an easy matter to distinguish 
between the track made by an alpha particle and that made by a nitrogen 
nucleus. The heavier particle produces more ion pairs per centimeter of 
path and thus forms a thicker track. Of about 500,000 tracks photographed, 
8 tracks were of an unusual type. Each of these was a forked track con¬ 
taining two branches, as shown in Figure 11-2, one a very thick track, the 
other a very thin track. The thick track is ascribed to a slow-moving 
oxygen ion, the thin track to a fast-moving proton. 

In order to be able to measure accurately the lengths of the tracks 
and the angles which the forked components make with the original direc¬ 
tion of the alpha particle, it is necessary to photograph them from two 
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different positions so as to be able to determine the plane 
trnrks are formed. A common method is to use two cameras at right a g 
to one another, thus obtaining a pair of stereoscopic photograp s rom 
which the correct space relationships of the several tracks can be 
mined. Measurements on the type of tracks illustrated ' nF ‘ g “'. 
showed that the momentum of the system was conserved but that t 
sum of the kinetic energies of the particles after impact was less than the 
kinetic energy of the alpha particle before impact. On the basis of a the 
„rv of the nucleus advanced by Bohr (193C), the disintegration of nitro¬ 
gen by bombardment with alpha particles may be thought of as consisting 
of two separate parts. The first is the capture of. the alpha particle by the 
nitrogen nucleus resulting in the formation of a new compound nucUus 
the second is the breaking up of the compound nucleus into two particles 
one of which is a proton. These two processes can be represented by means 
of a nuclear reaction equation analogous to one representing a chemica 
reaction. The nuclear reaction equation for this process is 

2 He 4 + 7 N m - (.F 18 ) - s 0 17 + ,H'. 0) 


The alpha particle, since it is a helium nucleus, is represented by the sym¬ 
bol 2 He 4 . In order to satisfy the principle of the conservat ion of charge, the 
atomic number of the compound nucleus must be the sum of the atomic 
numbers of the helium and nitrogen nuclei. The compound nucleus formed 
in this case is fluorine, Z = 9. The symbol representing the compound 
nucleus will always be enclosed in parentheses. Since this unstable fluoiine 
disintegrates with the emission of a proton, the remaining part, or product 
nucleus, must be oxygen, Z = 8. 

The guiding principle in determining which isotope of an element is 
formed during a nuclear reaction is that the mass number of the compound 
nucleus must equal the sum of the mass numbers of the initial partic es, 
and also the sum of the mass numbers of the final particles. 1 his is not. the 
same as the principle of the conservation of mass, since the mass numbers 
differ slightly from the actual values of the atomic masses. I he principle 
of conservation of mass is no longer a separate and independent principle, 
but is part of the more general principle of the conservation of energy, 
since, as has previously been noted, a mass m is equivalent to an amount 
of energy me 2 , where c is the speed of light. Equation (1) can l>e rewritten 
to satisfy the general principle of the conservation of energy a* 


2 He 4 + 7 N 14 - ( 9 F 18 ) - 8 0 17 + iH 1 + Q 


( 2 ) 


where Q represents the energy evolved or absorbed during the nuclear 
reaction. If Q is positive, energy has been evolved, and if Q is negative, 
energy has been absorbed. Q is called the nuclear reaction energy or the 
disintegration energy , and is equal to the difference in the masses of the 
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initial and final particles. If the sum of the masses of the final particles 
exceeds that of the initial particles, Q must be negative; the energy absorbed 
in such a nuclear reaction must have been obtained from the kinetic ener¬ 
gies of the particles. If 6, is the kinetic energy of the alpha particle just 
before capture, & 2 the kinetic energy of the proton, and 6 3 the kinetic 
energy of the product nucleus, then 


Q = 6 2 + 6 3 — €>|. 


O) 


In those cases in which Q is positive, the sum of the kinetic energies 
of the final particles will be greater than the kinetic energy of the incident 
alpha particle. In practically all cases the kinetic energy of the nucleus 
which captures the alpha particle is comparatively small and may be 
neglected in this type of calculation. 

In the above reaction, equation (2), the best value of Q obtained 
from measurements of the kinetic energies of the particles, is 

0 = -1.26 Mev. 

The value of Q can be compared with the difference in the masses of the 
initial and final particles, using the values of the atomic masses given in 
Appendix IV. 


Initial Particles 

He 4 = 4.00388 
N M = 14.00755 
18.01143 


Final Particles 

H 1 = 1.00815 
O 17 = 17.00453 
18.01268 


The masses of the final particles exceed those of the initial particles by 
the amount 


Am = 0.00125 amu. 

Remembering that 1 amu = 931.2 Mev, the calculated value of Q be¬ 
comes 

Q = -0.00125 X 931.2 Mev = -1.16 Mev. 

These two results agree very well within the limits of error of the experi¬ 
ment. 

The results of this calculation show that the masses determined by 
means of the mass spectrograph check very well with those calculated from 
nuclear reaction data. If, in any one nuclear reaction, three of the four 
masses are known, a measurement of the reaction energy is sufficient to 
yield the mass of the fourth atom. 
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11-2 The a-p Reaction 

integrates into a new nucleus by the ejection P a desig- 

bee'ifobsCTved Shmost^ thelighter elements up to^'enium^Thistype 
of artificial disintegration may be represented by the nuclear react.on 

equation 


*x- 


+ 2 He< - (s+oCp*^) - 2 ^,Y a+3 + .H 1 + 0, 


(4) 


where Cp represents the compound nucleus formed as a result of the cap¬ 
ture of an alpha particle by the atom X of mass number A and atomic 
number Z ; the ejection of a proton from this compound nucleus results in 
the formation of a new atom Y of mass number 4+3 and atomic num er 
Z -h 1. In the majority of these cases, the reaction energy, or the disin¬ 
tegration energy Q, has been found to be negative. A few of these a-p re¬ 
actions are listed below. 


5 B 10 + 2 He 4 -*( 7 N 14 ) — 6 C 13 
oF i9 + 2 He 4 - („Na 23 ) - i 0 Ne 22 
13 Al 27 + 2 He 4 —>( 16 P 31 ) -nSi 30 
uSi 28 + 2 He 4 -> ( 16 S 32 ) - , 5 P 31 
lflS 32 + 2 He 4 - ( 18 A 36 ) -mtCI 35 
10 K 39 + 2 He 4 - ( 2 ,Sc 43 ) —> 2 0 Ca 42 
2 ,Sc 45 4- 2 He 4 - ( 23 V 49 ) -> 22 Ti 48 


+ .H‘ 

Q = +4.4 Mev 

+ .H 1 

Q = +1.58 Mev 

+ .H' 

Q = +2.26 Mev 

+ .H* 

Q - -2.23 Mev 

+ .H 1 

Q = -2.10 Mev 

+ .H* 

Q = -0.89 Mev 

+ .H 1 

Q = -0.3 Mev 


A simpler notation is frequently used to represent nuclear reactions. 
In this notation, the symbols for the bombarding particle and the particle 
released in the reaction are placed in parentheses, in the order stated; the 
parentheses are written between the symbol for the target nucleus and 
that for the product nucleus. Thus the above reactions (5) would be writ¬ 
ten as B 10 (<*,p)C 13 , F I9 (a,p)Ne 22 , Al 27 (a,p)Si 30 , and so forth. It is gen¬ 
erally not necessary to write the atomic number with the chemical symbol, 
since one is uniquely determined by the other. 

The compound nuclei formed in the first five nuclear reactions listed 
in (5) have mass numbers identical with those of stable isotopes of the 
respective elements. However, these compound nuclei are not in their 
ground state ; each compound nucleus is in an excited state. The mass of the 


336 Disintegration of Nuclei 


§ 11-2 


compound nucleus is greater than the mass of the stable form. This can 
be verified readily by a calculation similar to that made for reaction (2). 

In most of these artificial disintegration experiments it is desirable 
to have the bombarded element in the form of a solid, so that when a 
stream of alpha particles is directed against this solid target, a larger frac¬ 
tion of them will be absorbed in a very small volume. The effectiveness of 
the alpha particles in producing this type of disintegration is dependent 
upon the energies of the alpha particles and upon the nuclear charge. A 
measure of this effectiveness, sometimes called the yield, is the ratio of 
the number of protons produced to the number of alpha particles completely 
stopped in the target. The yield for the a-p type of reaction ranges in val- 



Distance traveled in air 


Fio. 11-3. Distribution- 
in-rangc curve of protons. 


ues from 10" 7 to 10“ 5 for alpha particles of 3 to 8 Mev incident upon 
elements of small atomic number. 

One of the a-p reactions which has been studied very carefully is that 
in which aluminum formed the target for the alpha particles. The energies 
of the protons emitted in this reaction have been studied for different 
values of the energy of the incident alpha particles. One method of pre¬ 
senting these results is shown in the curve in Figure 11-3. This curve is 
known as a distribution-in-range curve. It is obtained by plotting the 
number of protons penetrating a certain thickness of air, or its equiva¬ 
lent, as ordinate against the corresponding value of the absorber thickness. 
It will be noticed that the protons produced in this particular experiment 
form two homogeneous groups, one of about 28 cm range, and the second 
of about 58 cm range. Other homogeneous groups of protons have been 
observed, using alpha particles of different energies. Of the protons ob¬ 
served in this reaction those with the longest range had a range of about 
06 cm. 
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The fact that protons are ejected with definite ranges, or definite en¬ 
ergies, indicates that the product nucleus, in this case silicon, possesses 
several energy levels. The product nucleus is left in the ground state by 
the ejection of the proton of longest range, and it is left in one of its excited 
states by the ejection of a proton of smaller range. One might then expect 
gamma rays to be emitted during this reaction by those nuclei which go 
from the excited states to the normal or ground state, and the energies of 
these gamma rays should be equal to the differences in the energies of the 
various proton groups. Gamma rays have actually been observed in the 
above reaction and in several of the other a-p reactions. 

The value of the reaction energy, Q, listed with each of the a-p type 
of reaction, is the largest reaction energy, and corresponds to the emission 
of protons of maximum range. In each case, therefore, the product nucleus 
is left in its normal state. Reactions in which Q has been measured accu¬ 
rately have been used for the determination of the masses of the product 
nuclei. The values of the atomic masses obtained in this way can be used 
as independent checks on the measurements made with the mass spectro¬ 
graph. In some cases where such data are not available, the nuclear reac¬ 
tion equations form the only reliable methods for determining the masses 
of the isotopes formed in the reaction. 

11 -3. Discovery of the Neutron 

The capture of an alpha particle by a nucleus does not always result in 
the emission of a proton by the compound nucleus formed as a result of 
this capture. In one particular reaction studied, that resulting from the 
bombardment of beryllium by alpha particles, a very penetrating type of 
radiation was found to be emitted by the newly formed compound nucleus. 
It was at first assumed that this radiation was of the nature of gamma rays, 
resulting from the nuclear reaction 

4 Be 9 + 2 He 4 — ( 6 C 13 ) — «C 13 + hv 

where hv is the energy of the gamma-ray photon. The measurements of 
Bothe and Becker (1930) of the absorption of these rays in lead showed 
that each photon should possess an energy of about 7 Mev. The Curie- 
Joliots (1932) showed that these rays had the very interesting property of 
being able to knock out protons from paraffin and other substances con¬ 
taining hydrogen. The protons knocked out of paraffin by these rays had 
a range in air of about 40 cm, or an energy of about 5 Mev. Assuming that 
these protons were produced as the result of elastic collisions with the 
gamma-ray photons, calculations showed that each photon must have pos¬ 
sessed an amount of energy of about 55 Mev. These results were entirely 
inconsistent with the results from the experiments on the absorption of 
these rays in lead. Furthermore, the amount of energy available for gamma 



338 Disintegration of Nuclei 


§11-3 


radiation, when computed for the above reaction from the known masses 
of the particles, is much less than 55 Mev. If an alpha particle of 5 Mev 
energy is captured by a beryllium nucleus, the energy available for the 
emission of a gamma ray from the carbon nucleus can be obtained as 
follows: 

4 Be 9 + 2 He 4 + 6, — ( 6 C 13 ) — 6 C’ 3 + hv 
9.01503 + 4.00388 + .00530 = 13.00751 + hv 
or hv = 0.01670 amu = 15.0 Mev; 

that is, the maximum amount of energy available for the gamma-ray 
photon is 15.0 Mev. Chadwick (1932) performed a series of experiments 
on the recoil of nuclei which were struck by the rays coming from beryl¬ 
lium bombarded by alpha particles, and showed that if these rays were 
assumed to be gamma rays, then the results of the experiments led to 
values for the energies of these rays which depended upon the nature of 
the recoil nucleus. For example, the protons ejected from paraffin had en¬ 
ergies of 5.7 Mev which led to a value of 55 Mev for the energy of the 
gamma ray; nitrogen recoil nuclei had energies of about 1.2 Mev, indicat¬ 
ing that the photon which struck this nucleus must have had an energy of 
about 90 Mev. In general, if the recoil atoms arc to be attributed to col¬ 
lisions with photons, then the amount of energy that has to be assigned 
to the photon will increase with the increase in mass of the recoil atom. 
This is contrary to the principles of conservation of energy and momentum 
during collisions. However, Chadwick showed that all these difficulties 
disappear completely if we adopt the hypothesis that the radiation coming 
from the beryllium bombarded with alpha particles does not consist of 
photons, but consists of particles of mass very nearly equal to that of the 
proton but having no charge. These particles are called neutrons and are 
formed as a result of the reaction 

4 Be 9 + 2 He 4 -> ( 6 C 13 ) - 6 C 12 + o" 1 « 

where o^ 1 >s the symbol representing the neutron, showing that it has 
zero charge and mass number unity. 

One arrangement used by Chadwick for demonstrating the existence 
and properties of neutrons is shown in Figure 11-4. The source of alpha 
particles is a disk D on which polonium has been deposited. This disk and 
the beryllium target are placed in an evacuated chamber C. 1 he neutrons 
coming from the beryllium pass through the thin wall of this chamber and 
enter the ionization chamber I through the thin window w. This ionization 
chamber is connected to an amplifier and then to a recording device such 
as an oscillograph, a loud-speaker, or an electrical counter. 

Since the neutrons possess no electric charge, they produce no ioni- 
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zation directly in their passage through the chamber. But some 
which strike the walls of the ionization chamber cause th J 
nuclei which then produce ions in the chamber, and are thus speaker 

the film of the oscillograph or on the electrical counter if a - P 

is used, a “click” is heard for every nucleus which produces intense 
zation. The results of these experiments show that when the neut 
beryllium go directly into the ionization chamber, a few counts per minu 
are recorded. If thin sheets of lead are placed in front of the ionization 
chamber, the number of counts produced is not reduced apprecia y. , 
however, a thin slab of paraffin is placed in front of the window ti>, then 



Fio. 11-4. Arrangement of apparatus for the detection of neutrons. 


the number of counts per minute increases markedly. This increase is due 
to the fact that the neutrons, in collisions with the nuclei of the hydrogen 
atoms contained in paraffin, give up a considerable fraction of their energy 
to those nuclei or protons, and those protons which enter the ionization 
chamber are then recorded. If the paraffin is removed and the neutrons 
are allowed to enter the chamber directly, the number of counts falls im¬ 
mediately to its former low value. This is just the opposite of what would 
happen if radiation of the nature of gamma rays were used; that is, the 
introduction of any absorbing material in the path of the gamma radiation 
produces a decrease in the intensity of the transmitted radiation. 1 he radi¬ 
ation from beryllium therefore cannot be of the nature of gamma rays. 

When neutrons pass through matter, they lose energy as a result of 
collisions with other nuclei and so give rise to the recoil atoms. If the mass 
of the neutron is approximately unity, then in collision with hydrogen 
nuclei the ejected protons will have velocities of all values up to a maxi¬ 
mum which is the same as the velocity of the neutrons. The mass M of 
the neutron can be calculated, to a first approximation, from the measured 
values of the maximum velocities of the hydrogen and nitrogen recoil 
atoms. It can be shown, on the basis of mechanics, that the maximum 
velocity of the recoil nucleus is given by 


v = 


™ _ y 

M + M r ’ 


(7) 
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where V is the velocity of the incident neutron, v the velocity of the recoil 
atom, and M r the mass of the recoil atom. If two experiments are per¬ 
formed, one in which the maximum velocity of the recoil protons is meas¬ 
ured, and the other in which the maximum velocity of the recoil nitrogen 
atoms is determined, then 

vh _ M 4- M n 

9m M + Mh (#> 

In Chadwick’s experiment the measured value of the maximum veloc¬ 
ity of the recoil proton, v H , was 3.3 X 10 9 cm/sec, and of the recoil nitrogen 
atoms, v N = 4.7 X 10 8 cm/sec. The assumption that the mass of nitrogen 
is 14 times that of hydrogen yields M = 1.15 as the approximate mass of 
the neutron. More accurate measurements yield for the mass of the neu¬ 
tron, M = 1.008987 (§11-12). 

Because of their lack of charge, neutrons should be able to penetrate 
atomic nuclei very easily, and a study of these nuclear reactions should 
yield valuable information concerning nuclear properties and nuclear struc¬ 
ture (§11-13). 


11-4. The a-n Reaction 

The bombardment of beryllium by alpha particles with the subsequent 
emission of neutrons is one of many nuclear reactions of the type desig¬ 
nated as an a-n type and is given by the formula 

zX A + 2 He 4 - (z+jY A+4 ) - z+ 2 Y a+3 + o»‘ + Q (*) 

A few of these reactions are listed below. 


3 Li 7 

+ 2 He 4 - ( 5 B") 

- S B'° 

+ on 1 

< Be 9 

+ 2 He 4 - (,C 13 ) 

- 8 C 12 

4- on 1 

•B" 

+ 2 He 4 - ( 7 N' s ) 

— 7 N 14 

+ O* 1 ' 

7 N m 

+ 2 He 4 - („F 18 ) 

9 F 17 

4- o 71 ' 

9 f 19 

+ 2 He 4 - („Na 23 ; 

i - „Na 22 

+ 0* 1 ' 

„Al 27 + 2 He 4 —♦(,*P 31 ) 

-* ,.P*° 

+ o** 1 


In many a-n reactions the product nuclei are left in excited states as 
is evidenced by the fact that gamma rays have been observed in some of 
these reactions. For example, in the beryllium reaction, gamma rays have 
been observed consisting of three definite lines with energies of 2.7, 4.47, 
and 6.7 Mev. 

The energies of the neutrons emitted in the a-n type of reaction can 
be investigated in several different ways. One method is to measure the 
ranges of the protons which are ejected from paraffin by the action of the 
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the neutrons and to measurei g neutrons A thir d method is to allow 

tion as a result of collisions Am „lsion parallel to, or at a small 

the neutrons to fall on a photograp Although the neutrons do 

angle to the plane of, the photograph.c p at^ Althoug the 



Fig. 11-5. Energy distribution of neutrons from the “-"reaction with Be usmg 
alpha particles from polonium. (After Whitmore and Baker, Ph v ,. Rev., 78, 7JJ, 1J50.) 


energies by proper calibration of such plates with protons of known en 
ergies. From such experiments it has been found that the neutrons from 
an a-n reaction possess very high energies; in many cases the energies ol 
the neutrons have been found to consist of several sharp energy groups. 

Whitmore and Baker have recently (1950) measured the energy dis¬ 
tribution of the neutrons from the a-n reaction of beryllium, using polonium 
as the source of alpha particles. They used the photographic emulsion 
technique, making a total of nearly 7000 observations on three separate 
plates. Figure 11-5 shows the energy distribution curve they obtained. It 
will be observed that there are intense maxima at 3.2, 4.8, and 7.7 Mev, 
and an upper limit to the energy of the neutrons at 11 Mev. There are 
indications of smaller maxima at 1.2, 5.8, and 9.7 Mev. 


11 -5. Discovery of the Positron 

Shortly after the discovery of the neutron, another new particle, the posi¬ 
tron, was discovered by C. D. Anderson (1932) in his experiments on the 
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particles produced by the action of the very penetrating rays known as 
cosmic rays, which come to the earth from all directions in space! Anderson 
was taking Wilson cloud-chamber photographs of the tracks of the par¬ 
ticles in a strong magnetic field. A few tracks were found to be curved, 
showing that they were formed by charged particles passing through the 
gas in the cloud chamber. From the appearance of these tracks, they were 
judged to be due to particles of electronic mass and electronic charge, but 
from the direction of the curvature of these tracks it was evident that the 
particles producing them must have been positively charged. Anderson 
called these particles positrons. One of the first photographs to establish 



Fia. 11-6. Cloud-chamber photograph of the path of a positron in a magnetic 
field. The positron originated at the bottom of the chamber and passed through a sheet 
of lead 6 mm thick. The magnetic field is directed into the paper. (Photograph by 
Carl D. Anderson.) 


definitely the existence of a positron is shown in Figure 11-6. The particle 
originated at the bottom of the chamber, passed through a lead plate 
6 mm thick, and then continued with a smaller amount of energy. From 
the curvatures of these two parts of the track in the magnetic field of known 
strength, in this case directed into the plane of the figure, and from the 
amount of ionization along the paths, it was concluded that the positron 
had an energy of 63 Mev before entering the lead and emerged from it 
with 23 Mev energy. Figure 11-7 shows a pair of stereoscopic pictures of 
the tracks of a group of charged particles produced at the top of the cloud 
chamber by the action of cosmic rays. Three of the tracks are produced 
by electrons and three by positrons. 

About a year after the discovery of the positron by Anderson, sources 
of positrons became plentiful and easily obtainable as a result of the dis- 
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covery by the Curie-Joliots of the phenomenon of artificial or induced 
radioactivity. 

11 -6. Discovery of Artificial or Induced Radioactivity 

One of the most important discoveries in nuclear physic* 

periments on the bombardment of light nude, by alpha u and 
course of such experiments using boron and aluminum as targets, M and 
Mme Curie-Joliot (1934) observed that the bombarfed substances con¬ 
tinued to emit radiations even after the source of.alpha 
removed. Ionization measurements and magnct.c dcflect'on exper mc 
showed that the radiations consisted of positrons, further the mtera ty 
of the radiation was found to decrease exponentially with hme.l^ “ s 
the case of the naturally radioactive elements. The half-life T of the pos 
tron disintegration was measured in each case. The expknat.on of th s 
phenomenon given by the Curie-Joliots was that the product nucleus 
formed in the c-n reaction in each case was an unstable isotope, which 
then disintegrated with the emission of a positron. The nuclear reactions 
for these elements are 


then 


S B'° + 2 Hc 4 
tN 13 

isAl 27 + 2 He 4 


( 7 N 14 ) -» 7 N u + o n ' 

6 C*3 + 0 + , T = 10.1 min. 

(isP 31 ) - isP 30 + on 1 

.. .Si 30 4- ffr. T = 2.5 min. 


then 
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The symbol 0^ is used to represent the positron when it is emitted by a 
nucleus. Occasionally the symbol +ie° is used to represent the positron 
since its charge is equal to that of a proton and its mass number is zero. 

A glance at the table of known stable isotopes (Appendix V) reveals that 
the product nuclei formed in the a-n reactions listed above are not among 
the known stable isotopes, but that the nuclei formed after the emission 
of the positron are known stable isotopes. 

One of the best methods for the identification of an element is chem¬ 
ical analysis. Because of the minute amount of material which is made 
radioactive by alpha-particle bombardment, it is necessary to use a some¬ 
what indirect chemical test to identify the radioactive isotope. The gen¬ 
eral method used is to dissolve the irradiated substance and then to add 
to this solution small quantities of neighboring elements in the ordinary 
inactive form. The various elements are then separated by chemical meth¬ 
ods, generally the precipitation of an insoluble salt, and sometimes the 
formation of a gaseous compound. These materials are put in different 
tubes and each one is tested for radioactivity. The chemical identification 
of the radioelement is then easily made. The Curie-Joliots made chemical 
tests on each of the materials investigated and in each case they were 
able to identify the radioactive isotope. For example, in the boron reac¬ 
tion, they made a target of boron nitride, BN, irradiated it with alpha 
particles for several minutes, and then heated it with caustic soda. One of 
the products of this chemical reaction was gaseous ammonia, NH 3 . The 
fact that this ammonia was the only one of the chemical substances which 
was radioactive indicated that the nitrogen, 7 N 13 , was the radioelement 
produced in this experiment. Its half-life was found to be the same as that 
produced in other boron targets, while no radioactivity was observed when 
ordinary nitrogen was used as a target. 

Many nuclei formed in a-n reactions are unstable and disintegrate 
with the emission of positrons. A few of these are given below, together 
with the measured half-lives. 



- 8 () 17 

+ *\ 

T = 1.2 min. 

..Na 22 

- ioNe 22 

+ 0 + . 

T = 2.6 yr. 

. 3 AI 26 

- . 2 Mg 26 

+ 0 + , 

T = 7 sec. 

uSi 27 

- I 3 A1 27 + fi + , 

T = 4.9 sec. 

15 P 30 

- uSi 30 

+ 0 + , 

T = 2.5 min. 

.7CI 34 

- , 6 s 3< 

+ 0 + , 

T = 33 min. 


03) 


11 >7. Induced Beta Decay 

After the discovery of induced radioactivity by the Curie-Joliots, physi¬ 
cists throughout the world began a program of producing radioactive 
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isotopes by bombarding nuclei of the d >flWje ^ ^ par . 

projectiles obtained both from "^J^^rSioactive isotopes for 

tide accelerators. As we ^see, jh^ emittere> alpha-particle emis- 

all the elements. Most o . . th heavier elements. 

sion being confined almost exclusive y the a-n reactions 

emission. One of these, for example, is the following. 

#B » + ,He* - < 7 N' S )-.C“ + ,H\ Q = 0-75 Mev. ^ 

followed by «C M -* rN 14 + T- 5580 yr. 

E -* * C w” 17L negative 

“"S'l™ explained by a~g a nen.ton to di.int.gr... 
into a proton, an electron, and a neutrino, thus. 

n — p + r + >- (,5) 

To account for the emission of positrons, it is assumed that the other type 
of nucleon, the proton, disintegrates into a neutron, a positron, 
neutrino, thus: 

p (in nucleus) — n (in nucleus) + 0 + + «-■ (,4) 

However since the mass of the proton is less than that of the neutron, the 
process given by equation (16) can occur only if suffident cnergy is sup 
plied to the proton by the other particles of the atomic^ system. JIhe d s 
tegration of the proton can thus occur only for a proton which is in the 

nUC 'we have shown (§10-9) that the disintegration energy in negative 
beta decay is equal to the difference in masses between the initial atom and 
the product atom. However, this is not the case for positron emission. 
The energy available for a /^-disintegration is the difference in mass be¬ 
tween the initial nucleus z Mi and the sum of the masses of the final par¬ 
ticles, that is, the nucleus and the positron, m„ thus 

6 = z Mi ~ \z-iMi + mj. (,7) 

To convert to atomic masses, let us add Z electronic masses to each term, 
obtaining 


a = z Mi + Zm e - Iz_,3/£ + (Z - l)m« + 2m e ] 
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from which 



z-i M A 


2m ,, 


08 ) 


where zM A is the atomic mass of the parent atom and z-\M A is the atomic 
mass of the product atom. The disintegration energy of a positron disin¬ 
tegration is thus less than the difference in atomic masses of the parent 
and product atoms by the energy equivalent of two electronic masses, 
that is, by 2 m,c 2 , where c is the speed of light. 

In both positive and negative beta decay, the parent and daughter 
(product) nuclei form a pair of isobars. In the case of -decay, the dis¬ 
integration energy is equal to the maximum kinetic energy of the beta-ray 
spectrum, but in the case of 0 + -decay, the disintegration energy is the 
sum of the kinetic energy of the beta-ray spectrum plus twice the rest 
mass energy of the electron. In other words, in 0 + -dccay, the difference 
in energy between the parent atom and the daughter atom must be at least 
2 m,c 2 , that is, approximately 1 Mcv. Another way of describing this is to 
say that when the nucleus emits a positron, an electron must also be re¬ 
leased from the external part of the atom in order that the product atom 
be electrically neutral. 


11 -8. Projectiles for Nuclear Experiments 

As soon as the success of the experiments on the disintegration of nuclei 
by alpha-particle bombardment was recognized, physicists began design¬ 
ing and building devices for imparting high energies to particles such as 
electrons, protons, deuterons (nuclei of deuterium), and helium nuclei, as 
well as for producing high energy x-rays. Among these devices are the 
Van dc Graff electrostatic generators , the betatrons , the cyclotrons , and the 
linear accelerators . The physical principles at the basis of their operation 
will be discussed in Chapter 16. In addition, nuclear reactors, utilizing the 
phenomenon of nuclear fission (see Chapter 13), provided intense sources 
of neutrons, gamma rays, neutrinos, and charged particles. 

In this chapter we shall discuss nuclear reactions involving the large 
variety of projectiles now available and only occasionally shall we refer 
to the type of source used in their production. It may simply be noted 
that the energies of these projectiles can range all the way from a small 
fraction of an electron volt to well over two billion electron volts. 


11 -9. Simple Alpha-Particle Capture; Radiative Capture 

Both the a-p and a-n reactions described previously involve the emission 
of a nuclear particle by the compound nucleus. However, it is possible for 
the compound nucleus formed by the capture of an alpha particle to go to 
a more stable configuration without emitting a particle but emitting a 
gamma-ray photon instead. This phenomenon of the simple capture, or 
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ergies of 0.4, 0.82, and 0.96 Mev are interpreted as resonance capture of 
the alpha particle, that is, the probability of capture is comparatively large 
at these energies. That the yield curve presents a steep slope at these en¬ 
ergies rather than sharp maxima is due to the fact that a thick target was 
used rather than a thin one. These resonances are ascribed to the compound 
nucleus and indicate the existence of energy levels in this nucleus. 

The gamma rays emitted in a radiative capture process are sometimes 
called capture y-rays. The radiative capture process is one type of evidence 
confirming the existence of a compound nucleus. 

11-10. Disintegrations by Proton Bombardment 

The first successful disintegration experiments utilizing protons as bom¬ 
barding particles were performed by Cockcroft and Walton (1932). The 
protons were produced in a hydrogen discharge tube operated at voltages 
up to 500,000 volts. When the protons were used to bombard a lithium 
target, alpha particles were observed on a fluorescent screen. This experi¬ 
ment was later repeated by Dee and Walton, using a Wilson cloud chamber 
for detecting the alpha particles. This nuclear reaction is given by the 
equation 

3 Li 7 + ,H' — (.Be 8 ) — 2 He 4 + a He 4 + Q; ( 20 ) 

that is, the compound nucleus formed as a result of the capture of the 
proton by the lithium nucleus breaks up into two alpha particles which 
travel in almost opposite directions. Each alpha particle has a range of 
8.31 cm in air corresponding to an energy of about 8.63 Mev. The reaction 
energy Q is found to be 17.28 Mev, and checks very well with the value 
obtained from the difference in the masses of the initial and final particles. 

There are many other interesting disintegrations produced by bom¬ 
bardment with protons. The nuclear reaction which occurs with the lith¬ 
ium target containing only the isotope of mass number 6 is given by the 
equation 

3 Li° + ,H' — (.Be 7 ) —* 2 He 4 + 2 Hc 3 + Q, ( 21 ) 

in which two helium atoms, one of mass number 4, and the other of mass 
number 3, are produced with ranges of 0.8 cm and 1.2 cm respectively. 
The measured value of Q is 3.94 Mev. A few of the other reactions observed 
are given below. 

*B n + ,H' - (gC 12 ) - .Be 8 + 2 He 4 

..Na 23 + ,H‘ — (, 2 Mg 24 ) - 10 Ne 20 + 2 He 4 (sA 

I 7 C1 35 + ,H‘ ( 18 A 36 ) - 16 S 32 + 2 He 4 

The disintegrations listed above can be classified as p-a reactions, 
since one of the final products is an alpha particle. 
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F.G. 11-9. SimpliBed energy level diagram of Be«, showing ,ts 'o.Tnanon ny tn ee 
methods using protons as projectiles together with the »*.<»>*»* ° 

levels of Be*. (After Hornyak, Lauritsen, Momson, and Fowler, Re,s. Mode 

22, 310, 1950.) 


a deuteron is emitted. The latter is called a p-d reaction, where d represents 
the deuteron. These reactions are given by the equations 

4 Be 9 + ,H' ( 5 B‘°) - 3 Li 6 + 2 He 4 (aj) 

4 Be 9 + ,H' — ( S B 10 ) - 4 Be 8 + ,H 2 . 

Gamma rays have also been observed as the result of the bombard¬ 
ment of an element by protons. In some of these cases the gamma-ray 
photons possess such high energies that the only possible explanation 
seems to be that the proton is simply captured by the nucleus, and that 
the compound nucleus thus formed is in an excited state. This nucleus 
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then returns to its normal state with the emission of a gamma-ray photon 
of definite energy. This process is designated as a p-y reaction and is a 
simple proton capture process; the emitted gamma rays are capture gam¬ 
mas. One such example is the reaction 

3 Li 7 + iH 1 — (4 Be 8 ) — 4 Be 8 + hv. ( 24 ) 

The capture gamma-ray spectrum has been investigated by Walker 
and McDaniel, who found a very intense sharp line of 17.G Mev energy 
and a less intense broad line of 14.4 Mev energy. The interpretation of 
this spectrum is that the Be 8 nucleus is left in an excited state in the p-y 
reaction with Li 7 ; it then can decay to the ground state by emitting a 
gamma-ray photon of 17.6 Mev, or it may emit a photon of 14.4 Mev and 
then disintegrate into two alpha particles. The latter process has been 
studied by Burcham and Freeman. They measured the alpha-particle en¬ 
ergies and found them centered about an energy of 1.38 Mev when the 
bombarding protons had an energy of 440 kev. These results lead to a 
value of the excited state of Be K as 2.9 Mev above the ground state. 

The three processes in which Be 8 is formed, namely, B n (p,a)Be 8 , 
Be°(p,d)Be 8 , and Li 7 (p,y)Bc 8 , can be represented in a simplified energy 
level diagram shown in Figure 11-9. It will be noted that Be 8 , even in the 
ground state, is unstable and disintegrates into two alpha particles. Its 
half-life is very short, probably less than 2 X 10 ” 14 sec. 

11-11. Disintegration by Deuteron Bombardment 

A great many nuclear reactions have been observed with deuterons as the 
bombarding particles. Their energies have usually been of the order of 
several Mev. The reactions involving deuterons may be classified accord¬ 
ing to the type of particle or particles emitted by the compound nucleus 
which is formed as a result of the capture of the deuteron. Alpha particles, 
protons, and neutrons have been produced in these processes. In some cases 
the product nucleus, formed as a result of the emission of one of these par¬ 
ticles, is radioactive and disintegrates with the emission of a positron or 
an electron. Gamma rays have been observed in some of the reactions 
which involve the emission of a particle. In a few cases the compound 
nucleus has been observed to break up into three particles. Only a few 
typical examples of each of these reactions resulting from the capture of a 
deuteron will be considered in this section. 

One of the simplest and most important of these reactions is the one 
in which the deuterons are used to bombard a target containing deuterons. 
Deuteron targets have been made by freezing heavy water (deuterium 
oxide) onto a surface kept cold by means of liquid air. Other deuterium 
targets have been made out of compounds such as ammonium sulfate, in 
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deuterium by deuterons: 

>nd s:5:JS5-£- + v5 + + * = 

1 The dependence of the cross section for the production of tritium H*. 
in the H 2 «J>)H* reaction, on the energy of the incident deuteron has r 
cently been determined by Cook and Smith (.953) by bombarding a thm 
target of deuterium absorbed in zirconium films with deuteron 

paratively low energy, 50 to 100 kev. The results showed a l.nea. depend 
ence^to^^crMs^eection^on^deiUeron O’Neal and ^follows^ 

showed that it disintegrates with the emission of a beta particle 

( 27 ) 


iH 3 —* 2He 3 + 0 ~» 


T = 12.5 yr. 


The beta rays emitted by this radioactive isotope of hydrogen have a 

maximum kinetic energy of only 18 kev. ... . , 

The energy of the neutrons formed in the bombardment of deuterium 

by deuterons has been investigated by observing the reco, tracks of the 
atoms of the gas in a cloud chamber. It was observed that the neutrons 
were practically homogeneous in energy. Recent measurements show that 

the energy of the neutrons emitted at right angles to the direction of mo¬ 
tion of the deuterons is 2.38 Mev plus one quarter of the deuteron energy. 
This reaction forms a very convenient source of neutrons of known energy. 
Furthermore, neutrons have been observed for comparatively low values 
of incident deuteron energies, that is, of the order of 6 kev The neutron 
yield increases rapidly with the deuteron energy. The value of the reaction 
energy has been found to be Q = 3.18 Mev, and with this value of Q the 
mass of He 3 can be determined. 

Some of the nuclear reactions produced by the capture of a deuteron 
by lithium which have been observed are as follows: 
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3 Li 6 + ,H 2 -» ( 4 Be 8 ) — 2 He 4 + 2 Hc\ Q = 22.23 Mev. 

3 L 1 6 + 1 H 2 -> ( 4 Be 8 ) — 3 Li 7 + ,H' 

3 Li 7 + ,H 2 -* ( 4 Be 9 ) — 2 He 4 + 2 He 4 + 0 rt* (as) 

3 Li 7 + ,H 2 -> (4 Be 9 ) —► 3 Li 8 + iH' ( 
followed by 3 Li 8 —> 4 Be 8 + 0~, T = 0.88 sec. 

The lithium isotope of mass number 8 is radioactive and disintegrates 
with the emission of a beta particle. The beta rays liberated in the disin¬ 
tegration of Li 8 have a continuous energy distribution up to a maximum; 


15 hr Na 24 



Fig. 11-10. Energy level diagram of the beta decay of Na 24 to an excited Htatc of 
Mg 24 . The latter decays to the stable ground state of Mg 24 by emitting two gamma-ray 
photons in cascade. 

the end point is about 12 Mev. The Be 8 nucleus formed in this reaction is 
instable and breaks up into two alpha particles. 

In the case of carbon bombarded by deuterons, two reactions have 
been observed: 

eC 12 + ,H 2 —* ( 7 N u ) —► eC 13 + 1 H 1 
«C 12 -f- |H 2 — * ( 7 N 14 ) — > 7 N u + on 1 , 

followed by 7 N 13 — «C 13 + 

The half-life of the radionitrogen formed in this reaction is identical with 
that observed in the reaction produced by the capture of an alpha particle 
by boron. The positron spectrum shows a continuous range of energies. 
The maximum value of the positron energy in this case is 1.24 Mev. 

Reactions with deuterons as projectiles have led to d-p, d-n, and d-a 
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two reactions have been observed. 


„Na« + .H 2 - (..Mg 25 ) - ..Mg 24 + on 
nNa .3 + )H 2 - (uMg 25 ) - ..N*** + > H ’ 
„Na« -* .*Mg 24 + r. T= 15 0 hrS ' 


( 30 ) 


followed by n-— - - . . . 

The magnesium formed in the d-n ^‘^“^Vsodium is 6 left in 
anexchetTstate ^und slate by emitting two gamma- 

ray £SaTSL“ba '‘.racer- in many physiologi¬ 
cal experiments. disintegration of Na 24 has 

The gamma-ray spectnim emitted y McIntyre (1950) with a 

been investigated by R. H °fstedter ^ & ^ iodide cryslali 

scintillation counter utiliimg a thallmm act. ^ Na *« (about 

Nal (Tl). A narrow beam of gamma rays from P jj.u 

l'millicurie) traveled * 

the number of counts per minute . The origin of each 

gamma rays is plotted agamst the P U,8e ^'f ‘\ a reyg traver se matter 
line on the graph is indicated thereon, "hengam. i a hoto . 

they eject electrons from .t e.ther by a Compton process > 
electric process. The electrons thus ejeC g^e up Thc lines on 

to produce visible light, or sent,Hat,ons ;uth,n the c have 

the graph marked “Compton” are produced by sc.nt.llat 

have thTorTgi^n theTntiHaUons pUced by the iiction oH-hephotj- 

may, in the presence of a strong electric fieW d.smtcgrate in o an e 
and a positron (see §14-3). The sum of the k.net.c 

* diet SSEnstoduced by the 

S^tpSo^i fold by ^integration of ^ Mev photor.s 

The energy to be assigned to each of the lines obta.ned with the sen 

filiation spectrometer is determined by calibrating it> "j*[ Ihe 

photons of known energy. In this case Hofstadter and Meinty re used the 
1.17 Mev and 1.33 Mev gamma-ray photons of Co for cahbration pu 
noses- these are shown in the insert on the graph. The lines obtained with 
the scintillation spectrometer are ascribed to two gamma-ray photons from 
Na 24 , one of 1.38 Mev, and the other of 2.76 Mev. 
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Na 24 Collimated 



Fi a. 11-11. Graph of the gamma-ray spectrum of Na 24 taken with a Nal scintil¬ 
lation spectrometer. The peaks arc due to the two gamma-ray photons of 1.38 Mev and 
2.7G Mev. The Co 60 curve was used for calibrating the spectrometer. (Courtesy of 
R. Hofstadtcr and J. A. McIntyre.) 


11-12. Disintegration of Nuclei by Photons 

Atomic nuclei have been disintegrated by high energy photons. In most 
cases this process of 'photodisintegration results in the emission of neutrons 
by the nuclei which have been raised to excited states by the absorption 
of these photons. In the early experiments, high energy gamma-ray pho¬ 
tons were used, but with the development of the betatron, x-ray photons 
of sufficiently high energy have become available for these experiments. 
Of very great interest is the disintegration of the deuteron, the lightest of 
the complex nuclei, by the action of the gamma rays. This nuclear reac¬ 
tion is 

,H 2 + hv-> (,H 2 ) — iH* + 0 n l . (3D 

According to our present view of the structure of the nucleus, the 
deuteron consists of a proton and a neutron held together by some force 
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of attraction. A measurement of the "“"'““"^“"enfr^ofthe proton 
to disrupt the deuteron would also g>ve the ^dmg ^ ed the 

and neutron in the nucleus. Chadw.ck and Goldhater, ^ energy 

above reaction, used gamma rays from ThC , * produced. The 

of the protons liberated by the amoun o Mev If the ener gies 

energy of the gamma-ray ale subtracted from 

of the neutron and proton released in particles. Since the 

this, the result should be the binding energy of these P«t ^ disin _ 

neutron and proton have nearly equal masses > ies Hence 

tegrates, the two particles will have L^ meidy doubling the 

the energies of the two particles can , , f 0 45 Mev 

measured value of the proton energy, fhey obtained a 
for the total kinetic energy of the final particles y ^mg a binding W 
of 2 17 Mev. More recent experiments yield a value of 2.22b Mev 

the proton and deuteron are ^n -ry = 
rately from measurements with the mass spectrograph, the 1 ph<"in t. 
gration of the deuteron affords the most accurate "jeans of determ.n, g 
the mass of the neutron. The value so determined is 1.008987 

To produce the photodisintegration of the heavier nude, the e .ergy 
of the incident photon must exceed the binding energy of the parbctoto 

be ejected. In many cases in which photodisintegrat.on results ... the emis 

sion of a neutron, the product nucleus is radioactive; the reaction can the 
be studied by observing this radioactivity and determining its half life. 
The particular isotope involved in this photodisintegrat.on can then more 
readily be identified. Baldwin and Koch (1945) performed such experi¬ 
ments using the high energy x-ray photons emitted from the betotrom y 
varying the energy of the x-ray photons used in irradiating the samples o 
material, they were able to determine the minimum amount of energy 
that is, the threshold for the photodisintegration of severa different nuclei 
in the range of atomic numbers Z = 6 to Z = 47. In each case the effect 
produced by the photodisintegration was measured by the intensity oi tne 
beta rays emitted by the irradiated sample. Figure 11-12 shows a typica 
curve obtained by irradiating flat plates of iron, 10 cm X 8 cm X 1 cm, 
with x-rays for ten minutes, and then placing the iron plate near a countei 
sensitive to beta rays. From the curve, the threshold of iron, A - 53, is 


found to be 14.2 Mev. . , , , 

The y -n reaction has since been studied very extensively, and thresh¬ 
old values have been determined for a very large number of nuclei. Slier, 
Halpern, and Mann determined the thresholds of many y-n reactions by 
detecting the emitted neutrons with a boron trifluoride-filled proportional 
counter. Just as the y-n reaction with deuterium gave the binding energy 
of the neutron to the proton, so the threshold value of the y-n reaction 
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with any isotope of mass number A will give the binding energy of the 
neutron in the nucleus of the isotope of mass number A — 1. We shall 
consider the threshold values again in our discussion of the structure of 
the nucleus (§12-4). 

In addition to the y-n reactions other reactions have been observed 
in the photodisintegration of nuclei. Among these are the y-p reaction, in 



Fig. 11-12. Kxcitation curve for the photodisintegration of Fc 63 showing the 
threshold at 14.2 Mev. 

which a proton is emitted, the y-d reaction in which a deuteron is emitted, 
and the y-t reaction, in which triton, the nucleus of 1 H 3 , and the y-a reac¬ 
tion in which an alpha particle is emitted. The following are typical of the 
above nuclear photodisintegrations: 

Bo°(y,p)U s 

B , 0 (7.</)Bc 8 (32) 

B" (7,0 Be 8 

C , 2 ( 7 ,«)Be 8 . 


The above reactions may be considered as the reverse of the capture 
gamma processes mentioned previously. The last three photodisintegra¬ 
tions show that different nuclear reactions can be used to produce a given 
nucleus, in this case Be 8 . 
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11 . 13 . Disintegration by Neutron Bombardment 

Neutrons, because they possess no electric charge, have proved 
effective in penetrating the positively charged nuclei, the y P * 

nuclear transformations. Not only are high energy neutrons capably of 

penetrating the nucleus, but comparatively slow neutrons ^ ^ 
found to be extremely effective. A great deal of work , 

Slow neutrons, and the information so obtained is the basis 
model proposed by Bohr. The simplest method of obtaining slow neutron^ 
is to allow the fast neutrons from some source, such as the alpha P 
beryllium reaction, to pass through some hydrogen-containing substance 
such as paraffin or water. A neutron gives up a large fraction of its en 
ergy in a collision with a hydrogen nucleus, and after many collisions it 
wM come to thermal equilibrium with the material; that is, ita 
energy will be equal to the energy of thermal agitation, which is equ 
lent to A electron volt at room temperature. In one type of reactio , , 

the capture of a slow neutron results in the emission of an alp a pai 1 - 
Two such cases which have been studied extensively are 

3 Li 6 + 0 n l -* ( 3 Li 7 ) 1 H 3 + 2 He 4 (33) 

ft B ,0 + on l -^(5B ,1 )^3Li 7 + 2He 4 . 


The n-a reaction with boron is widely used as a sensitive detector of neu¬ 
trons, particularly in ionization chamber work. In some cases the ioniza¬ 
tion chamber is lined with a boron compound; more frequently, the ioni¬ 
zation chamber is filled with a boron gas such as BF 3 , boron trifluoride. 
The ionization in the chamber is produced by the alpha particle releasee 
in the n-a reaction with boron. 

Neutron-induced nuclear disintegrations can also be studied witn a 
cloud chamber. A. B. Lillie (1952) investigated the disintegration of oxy¬ 
gen and nitrogen by 14 Mev neutrons obtained from the H (d,n)He reac¬ 
tion. The deuterons had an energy of 200 kev, and a monoenergetic beam 
of neutrons was obtained at an angle of 90° to the deuteron beam. 1 he 
neutrons entered a cloud chamber filled with oxygen or nitrogen at a pres- 
sure of one atmosphere and containing water vapor. Figure 11-13 is a 
stereoscopic photograph showing the disintegrations produced with oxy¬ 
gen in the chamber. The forked tracks are produced by the products ot 
the reaction 0 ,6 (n,a)C 13 . The neutron paths are not visible, since neutrons 
are non-ionizing particles. The alpha-particle track is the longer one, and 
the track of the product nucleus C 13 is the shorter one. Figure 11-14 is an 
interesting photograph showing several different processes taking place 
when nitrogen is used in the cloud chamber. There is a typical forked 
track produced by the N ,4 (»,a)B n reaction. In addition there are two 
examples of the disintegration of the compound nucleus (N 1 ) into thiee 
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Fig. 11-13. Stereoscopic photograph* of disintegration* procured hy bombarding 
oxygen in u cloud clmmlier with high energy neutron*. Neutron* enter from the top of 
the picture. The forked track* are produced hy alpha particle* (longer track), and C 1 * 
ions (shorter track). (Photograph hy Lillie, /'Ay*. Rev., H7, 710, 1052.) 



Fig. 11-14. Stereoscopic photograph of disintegrations produced by bombarding 
nitrogen in a cloud chamber with high energy neutrons. The neutrons enter from the 
top of the picture. In addition to a forked track, there arc two cases of a three-particle 
disintegration. There is also a disintegration in which a hydrogen nucleus, either p, d, or 
t, is emitted; this is the long track which crosses the chamber and leaves. (Photograph 
by Lillie, Rhys. Rev., 87, 71C, 1952.) 
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particles, two of which are alpha particles. This reaction equation is 

7 N u + 0 n' - ( 7 N' S ) - 3 Li 7 + 2 He 4 + 2 He 4 . < 34 > 

men fast neutrons are captured by heavier nuclei resulting in the 
emission of an alpha particle, the product nucleus is usually radioactive. 
Some typical reactions are 

„Na 23 + 0 n' - (,iNa 24 ) - 9 F 20 + 2 He 4 , 
followed by . ,F 20 -> .oNe 20 + T. T- 12 sec. (jj) 

13 A1 27 + 0 n' - (. 3 AI 28 ) - „Na 2 ‘ + .He 4 , 
followed by nNa 24 —> i 2 Mg 24 + (T , T = 15.0 hr. 

The capture of a neutron may sometimes result in the emission of a 
proton by the compound nucleus. This n-p process has been observed with 
slow neutrons in the case of nitrogen in the reaction 

7 N ' 4 + 0 n'-.( 7 N' 5 )- 8 C ' 4 + ,H', (S6) 

followed by 8 C ' 4 - 7 N ' 4 + (T, T = 5580 yr. 

The other n-p reactions performed with fast neutrons, have usually re¬ 
sulted in the production of nuclei which are radioactive, emitting 0~- 
particles. Some typical reactions are 

18 S 32 + 0 n' - ( I8 S 33 ) - „P* 2 + .H‘, 

followed by .sP 32 - , 8 S 32 + /T, T = 14.59 da. ^ 

29 Cu 65 + 0 n' - (^Cu 86 ) -* 28 Ni 85 + ,H'.' 
followed by 28 Ni M - 29 Cu 85 + 0~, T = 2.56 hr. 


The above n-p type of reaction has several interesting consequences. 
It will be noticed that the bombarded nucleus and the final stable nucleus 
are identical, while the incident neutron has been transformed, apparently, 
into a proton and an electron. If the mass of the intermediate radioactive 
nucleus, for example, P 32 , is equal to the mass of the initial nucleus, S 32 , 
then the energy available for the radioactive disintegration must come 
from the mass difference between a neutron and a hydrogen atom plus the 
initial energy of the neutrons. If slow neutrons are used as bombarding 
particles, the energy available is equivalent to 0.000842 amu or 0.784 Mev. 
Now the end-point energy of the beta-ray spectrum is equal to the disin¬ 
tegration energy, and if this end-point energy is less than 0.784 Mev, then 
slow neutrons will be effective in producing the above reaction. But if the 
end-point energy exceeds 0.784 Mev, the additional energy must come 
from the kinetic energy of the incident neutrons; hence only fast neutrons 
can then be effective in producing this reaction. For example, the end¬ 
point energy of the beta-ray spectrum from P 32 is 1.70 Mev; hence only 
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fast neutrons bombarding S 32 will Ik* effective in producing this reaction. 
This reaction can then also be used to differentiate between slow and fast 
neutrons. 

Another interesting conclusion is that if the mass of the nucleus 
formed in an n-p reaction exceeds the mass of the bombarded nucleus by 
more than 0.000842 amu, then only fast neutrons will be effective in pro¬ 
ducing this reaction. 

Sometimes the capture of a neutron is not accompanied by the emis¬ 
sion of a particle, but by the emission of a gamma-ray photon. In this case 
the compound nucleus is evidently raised to one of its excited states as the 
result of this capture, and then returns to its normal state with the emission 
of a gamma-ray photon. Such gamma rays have been observed coming 
from the paraffin used to slow down neutrons. The ultimate capture of 
some of the slow neutrons by the hydrogen nuclei in the paraffin yields the 
reaction 


»H' 2 + /i,. ( 38 ) 

This process is just the reverse of the photodisintegration of the deuteron 
discussed in the previous section. 

A measurement of the energy of the gamma-ray photon emitted in 
an n-y reaction with a nucleus of mass number A will yield the binding 
energy of the neutron in the nucleus of mass number A + 1. The results so 
obtained can be used as a check on the binding energies obtained in the 
y-n reactions. Of great importance for nuclear theory is the binding energy 
of the neutron and proton. Bell and Elliott (1950) recently performed an 
experiment for the determination of this binding energy, using the thermal 
neutrons from the Chalk River nuclear reactor. The neutrons were allowed 
to strike a block of paraffin, and the energy of the capture gamma rays was 
measured by means of the photoelectric effect they produced in a thin 
sheet of uranium. The energies of the photoelectrons thus produced were 
measured in a magnetic-lens beta-ray spectrometer, using a Geiger counter 
to detect the electrons. The spectrometer was calibrated by using the 
ThC" y-ray line of 2.615 Mev and measuring the photoelectrons produced 
by it. The K photoelectrons gave a very sharp peak, making precise 
measurements possible. The value of the K ionization energy of uranium 
was taken as 116 kev. Using the above data Bell and Elliott obtained a 
value of 2.230 Mev for the binding energy of a neutron and a proton in a 
deuteron. 

The n-y reaction has been observed with a great many elements, 
particularly the heavier ones. In most cases, the isotopes formed by the 
capture of a neutron have been found to be radioactive. A few typical 
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cases are 

29 Cu 65 + 0 n‘ - ( 29 CU 66 ) - 29 Cu 66 + hv t 
followed by 29 C 11 66 - 30 Zn 66 + /T, T = 4.34 min ^ 

79 Au 197 + on 1 -> ( 7 9 Au ,9S ) - 79 Au' 98 + hv, 
followed by 79 A 11 198 — soHg 198 + /T, T = 2.7 days. 

There are many cases in which the capture of a fast neutron has 
resulted in the emission of two neutrons by the compound nucleus. In most 
cases the product nucleus is unstable. A few such cases follow: 

19 K 39 + 0 n‘ - (, 9 K 40 ) - 19K 38 + on 1 + 0 n\ 
followed by 19 K 38 - ,*A 38 + 0+ T = 7.5 min. ^ 

5 I Sb m + on 1 - ( 5 iSb 122 ) - 5 iSb ,2 ° + 0 n' + o'* 1 , 
followed by 6 iSb ,2 ° - 5 0 Sn ,2 ° + 0+, T = 16.6 min. 


The ability to produce a radioactive isotope of almost any element has 
made a new tool available to the chemist, biologist, and physiologist for the 
detailed study of various processes. By introducing the radioactive isotope 
along with the non radioactive isotopes of an element, the progress of this 
element can be traced in the process under investigation by means of the 
beta rays emitted by the radioactive isotope. In many cases a choice of 
several different half-lives is available to suit the needs of the particular 
experiment. A great deal of work has already been done with the radio¬ 
active isotopes of carbon, sodium, iron, phosphorus, and iodine used as 
tracers in various processes. 


11 -14. Radioactive Disintegration of the Neutron 

Shortly after the discovery of the neutron by Chadwick, the first accurate 
determination of its mass by Chadwick and Goldhaber showed that its 
mass was greater than that of a proton. This led them to suggest that a 
neutron should be unstable and should decay radioactively into a proton, 
an electron, and a neutrino. The Fermi theory of beta decay indicated that 
its half-life should be of the order of 30 minutes. Early experiments to find 
this radioactivity were unsuccessful primarily because of the unavailability 
of a sufficiently intense source of neutrons. With the development of 
nuclear reactors, intense sources of neutrons became available. 

A. H. Snell and his co-workers (1948), using the neutrons from the 
Oak Ridge pile, were able to detect protons coming out laterally from a 
beam of thermal neutrons. They were later able to show the presence of 
electrons which were emitted simultaneously with the protons and esti- 
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mated the half-life as between 10 and 30 minutes. J. M. Robson (1951), 
using the much more intense source of neutrons available from the Chalk 
River pile, made a more accurate determination of the half-life of the 
radioactive disintegration of the neutron and determined its beta-ray 
spectrum 



Fig. 11-15. Simplified diagram of the apparatus used by J. \I. Robson to show 
the radioactive decay of the neutron. 


The apparatus used by Robson is sketched in Figure 11-15. A collimated 
beam of thermal neutrons from the reactor enters a vacuum chamber. The 
neutron beam was about 1.2 inches in diameter and had an intensity of 
about 1.5 X 10' 0 thermal neutrons per second. Some of the neutrons 
decayed in their flight through the vacuum chamber. The protons released 
in this decay were deflected out of the neutron beam by means of an 
electrostatic field into a magnetic-lens spectrometer and detected with an 
electron multiplier tube. The beta rays emitted during this disintegration 
were deflected to the left into a beta-ray magnetic-lens spectrometer and 
were detected with a scintillation counter using anthracene crystals as 
the phosphor. The two detectors, one for protons and one for beta rays, 
were connected to a coincidence circuit which would register only when 
pulses from the two detectors arrived there simultaneously. However, 














§11-14 


Radioactive Disintegration of the Neulron 363 

owing to its greater mass, the proton would move more slowly through 
its spectrometer system and would be delayed with respect to the electrons, 
calculations gave this delay as about 0.9 microsecond. A delay line was 
built into the beta-ray detecting system which would delay the beta-ray 
pulses by 0.9 microsecond. Figure 11-16 shows the graph of the coincidence 
rate between the beta particles and protons plotted against the energy of the 
beta particles; the values of the latter were determined with the beta-ray 
spectrometer. The distribution in momentum of the beta rays is shown in 
Figure 11-17. The end-point energy of this spectrum is found to be 785 kev; 




Fio. 11-16. Graph showing the 
coincidence rate between beta particles 
and protons resulting from the neutron 
decay, plotted against beta-particle 
energy. (After Robson, Phys. Rev., 83, 
352, 1951.) 


Fio. 11-17. Momentum spectrum 
of the beta particles emitted in neutron 
decay. Below Up ■■ 2000 gauss cm the 
curve is unreliable because of instru¬ 
mental effects. (After Robson, Phys. 
Rev., 83, 352, 1951.) 


the results of the coincidence curve are in agreement with this end-point 
energy. This value of the end-point energy is in excellent agreement with 
the mass difference of 784 kev between a neutron and a proton. 

The value of the half-life of the neutron was calculated from a de¬ 
termination of the density of the neutron beam and the number of neutrons 
decaying per unit time per unit volume. The neutron density was deter¬ 
mined by inserting manganese foils in the beam and measuring their 
activities against the activities of standard manganese foils of identical 
thickness which had previously been calibrated. The value so obtained 
was 1.16 X 10 4 neutrons per cm 3 at the center of the beam. The number of 
neutrons decaying per unit time per unit volume was estimated from the 
number of protons per unit time striking the first electrode of the electron 
multiplier and the volume of the beam where the protons originate. The 
value so determined was 630 neutrons per minute per cm 3 of the neutron 
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1 1 V 10 4 

T = " Ion - X 0 693 = 12 8 min - 

630 

The probable error in this value given by Robson is 18 per cent. 

11-15. Electron Capture by Nuclei 

In nuclear reactions, the extranuclear electrons may usually be ignored, 
except in a few special cases. For example, we saw that the sharp line 
beta-ray spectrum was due to the internal conversion of the gamma-ray 
photons and provided a method for measuring the energy of these photons. 

In the case of /T^-decay we found (§11-7) that, in addition to the positron 
emitted by the nucleus, an electron must be emitted from the external 
part of the atom in order that the product atom be neutral, thus involving 
the release of a minimum amount of energy equal to 2 m. c 2 or about 
1 Mev. There is, however, an alternative method to /T^-deeay in which a 
given parent atom forms the same product atom, and that is by the 
capture of one of the external electrons by the nucleus. This process of 
decay is known as electron capture. Usually a K electron will be the one 
that is captured by the nucleus, although one of the others may be captured 
instead; hence this process is sometimes designated simply as K capture. 

The capture of the K electron by the nucleus will leave the product 
atom in an excited state with one electron missing from the K shell; it will 
then return to the normal state by the emission of x-rays characteristic 
of the product atom. This type of nuclear reaction is often detected by 
means of the x-rays emitted during this process. 

Probably the most clear-cut example of /C-electron capture is the 
radioactive disintegration of vanadium, 23 V 49 , into titanium, 22 ^ * 49 > 
the capture of a K electron by the vanadium nucleus to form a titanium 
atom in the K state. This reaction was investigated carefully by Walke, 
Williams, and Evans, who found that vanadium decays only by K-electron 
capture with a half-life T = 600 days. The radioactive vanadium was 
formed by bombarding titanium with deuterons, the following reactions 
taking place: 

22 Ti<« + ,H 2 - ( 23 V 50 ) - 23 V" + 0 n' (41) 

then 23 ^ 49 + —i e ° 22 ^i 49 , 7 = 600 da. 

The active product was separated chemically from the titanium and found 
to be vanadium, but no radiations of any kind other than Ti Ka radiation 
were found to be emitted by the vanadium precipitate. The only conclusion, 
therefore, is that the excited vanadium nucleus captured one of its K elec¬ 
trons to form titanium with one electron missing from its K shell with the 
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subsequent emission of x-rays characteristic of titanium. Furthermo , 
the intensity of these x-rays diminishes exponentially with the time, so 
that at the end of 600 days, the intensity has dropped to half its ongina 

value. _ , , 

The fact that no radiation other than x-rays is emitted in the radio¬ 
active disintegration of vanadium by K-e lectron capture to titanium 
indicates that the product titanium nucleus is in the ground state or 
state of lowest energy. Since the capture of an electron by the nucleus 
results in the change of a proton into a neutron, this must be accompanied 
by the emission of a neutrino in order to conserve the angular momentum 
of the nucleus. 

In many cases of radioactive disintegration by /(-electron capture, 
gamma rays are emitted; in other cases the disintegration can take place 
either by positron emission or by /(-electron capture, so that both 
processes are observed in the same radioactive sample. For example, the 
isotope of beryllium of mass number /I = 7, which disintegrates by 
/(-electron capture, also emits gamma rays of 0.480 Mev. The reaction is 

4 Be 7 + _,e 0 -( 3 Li 7 ) (42) 

( 3 Li 7 ) -> 3 Li 7 + hv, T = 54.5 da. 


This radioactive beryllium isotope can be produced by any of the 
following reactions: 

3 Li 7 + iH' -* ( 4 Be 8 ) -> 4 Be 7 + 0 "' 

3 Li 6 + ,H 2 (4 Be 8 ) - 4 Be 7 + on 1 <«*> 

5 B 10 + ,H' - ( 6 C n ) - 4 Be 7 + 2 He 4 . 

The nuclear energy level diagram illustrating the decay of Be' by 
/(-electron capture is shown in Figure 11-18. In 89 per cent of the cases, 
the decay is to the ground state of Li 7 , but in 11 per cent of the cases the 
decay is to an excited state from which the Li 7 nucleus goes to the ground 
state by emitting a gamma-ray photon of 0.480 Mev energy. "I he energy 
released in the /(-capture process in which the Li 7 nucleus is formed in the 
ground state is 0.864 Mev. This value has been determined from the 
disintegration energy or Q value of the Li' (p,n) Be' reaction which is 
1.646 Mev, and the energy equivalent of the neutron-proton mass differ¬ 
ence of 0.784 Mev. The energy equivalent of the Be 7 -Li' mass difference 
is thus 0.862 Mev; since this is less than the minimum energy required for 
positron decay, the Be 7 nucleus can decay only by /(-electron capture. 
Its half-life is 54.5 days. 

Cne of the many examples in which both positron emission and 
K capture has been observed is found in the disintegration of Cd 107 . This 
isotope of cadmium can be formed by any one of the following reactions: 
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F 10 . 11-18. Nuclear energy level diagram showing decay of Be 7 by A'-electron 
capture. 


Cd 107 



Fig. 11-19. Nuclear energy level diagram of the modes of decay of Cd 107 to an 
isomeric state of Ag 107 . (After Nuclear Data, National Bureau of Standards, Circular 499.) 
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Cd 106 (n, 7 ) Cd 107 , Ag l07 (d,2n) Cd 107 , and Ag l07 (p,n) Cd' 07 . The dis¬ 
integration is given by either of the following equations 

48 Cd 107 - 47 Ag 107 + 0+ {44) 

or 4 sCd 107 + _,e° -> 47 Ag 107 , T = 6.7 hr. 

As shown in Figure 11-19, the greatest probability is for a transition 
by K capture to an excited state of Ag 107 , the latter then decaying to the 
ground state by the emission of a gamma-ray photon of 0.0939 Mev. 
A process with much smaller probability is K capture leading to a higher 
excited state of silver followed by the emission of a gamma-ray photon o 
0.846 Mev leading to the lower excited state of silver mentioned above. 
The smallest probability is the emission of a positron by Cd 107 leading to 
the lower excited state of Ag 107 . The maximum kinetic energy of the 
positron is 0.32 Mev; hence the disintegration energy is 2 m r c + 0.32 Mev 

or about 1.33 Mev. .. 

Another interesting feature of this particular decay is that the silver 
nucleus formed can exist in the lower excited state for a measurable time 
before going to the stable ground state with the emission of a gamma-ray 
photon of 0.0939 Mev of energy. Ag 107 in this excited state behaves as 
a radioactive nucleus decaying to the ground state with a half-life of 44. 
seconds. A nucleus which can exist in an excited state for a measurable 
length of time is called an isomer, and this particular excited state is often 
referred to as an isomeric state. We shall discuss nuclear isomers in greater 
detail in §12-9. 

Problems 


11-1. A particle of mass M moving initially with velocity V makes an elastic 
collision with a particle of mass m initially at rest. Using the principles of the 
conservation of energy and momentum, show that if the particle of mass m is 
given a velocity v in the same direction as V, then 

M + m 


11-2. A particle of mass Mi, kinetic energy E\, velocity Vi, and momentum Pi 
is captured by a nucleus (Afo, E 0 , V 0 , Po) at rest. A light particle (Af 2 , E 2 , V 2 , P 2 ) 
is ejected and the heavy particle (A/ 3 , E it V it P 3 ) recoils. Using the principles of 
conservation of energy and momentum, show that when the light particle is 
emitted at an angle of 90° with the path of the incident particle, the energy of the 
light particle is 


E 2 = 


Mz 


M, + Mz 


0 


A/i - Mz 
Mz 


Ey 


) 


where Q is the energy equivalent of the difference in mass between the initial 
particles and the final particles. 
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11-3. A beam of 0.40 Mcv deuterons is directed against a deuterium target. 
Calculate the energy of the neutrons emitted at 90° with respect to the incident 
beam ; use the atomic mass data of Appendix IV. 

11-4- I'sing the equation derived in problem 11 - 2 , calculate the energy of the 
neutrons emitted at an angle of 90° to the deuteron beam in an H 3 (rf, n)He 4 
reaction. The kinetic energy of the deuterons is 200 kev. 

Ans. 14.1 Mev. 

11-6. When 6 B" is bombarded with 200 kev protons, alpha particles of 4.41 cm 
range in air are emitted at right angles to the path of the incident beam. Using ti e 
result of problem 11 - 2 , determine the mass of the residual 4 Be* nucleus. 

Ans. 8.00794. 

11-6. In the reaction 

7 N n 4- on' — ( 7 N ,s ) — 6 C' 4 + ,H' + Q 

Q is 0.55 Mev. Assuming all the other atomic masses known, calculate the 
mass of «C 14 . 

11-7. When lithium is bombarded with protons, the following reaction occurs: 

iLi* + ,H* — («Be 7 ) — jHe 4 + *He 3 + Q. 

The measured value of the reaction energy Q — 3.945 Mev. Calculate the mass of 
He 3 from this reaction. 

11-8. (a) Using the principles of conservation of energy and momentum, show 

that the reduction in energy A& of a neutron in a central elastic collision with a 
nucleus of mass number A is given by 

where & is the original energy of the neutron. 

Calculate the fractional energy loss of a neutron colliding with (b) a proton, 
(c) a deuteron, and (d) a carbon nucleus. .4 = 12. 

11-9. Calculate the Q value for the formation of I* 1 in the ground state in the 
reaction Si 30 (c/,n)l >31 from the following cycle of nuclear reactions: 

1 . Si 30 + d-+ Si 31 + p + 4.367 Mev 

2. Si 31 P 3 ' + 0- + 1-51 Mev 

3. n-*p + + 0.782 Mev. 

Ans. 5.095 Mev. 

11-10. Calculate the Q value for the formation of P 30 in the ground state in the 
reaction Si 29 (d,n)P 30 from the following cycle of nuclear reactions: 
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1. P 31 + 7 -» P 30 + n - 12.37 Mev 

2. P 31 + p-> Si 38 + He 4 + 1.909 Mev 

3. Si 28 + d-* Si 29 + p + 6.246 Mev 

4. 2d-> He 4 + 23.834 Mev. 

Ans. 3.31 Mev. 


11-11. The following data were taken with a sample of nitogen in a 7 N 14 (Y,n) 
reaction: 


Time after 
Irradiation 
in Minutes 

1 2 

3 

4 5 8 10 

12 

14 

16 

18 

20 

24 

Counts/ 

Minute 

520 485 

450 

410 390 310 290 

240 

210 

190 

160 

140 

100 


(a) Plot the logarithm of the number of counts per minute against the time in 
minutes, (b) Determine the half-life of this activity. 

11-12. When chlorine, .4 = 37, is bombarded with neutrons, gamma rays are 
emitted and the resultant nucleus is radioactive, emitting beta particles. A 
target containing chlorine was bombarded with neutrons for a short time, after 
which counts were taken of the number of beta particles emitted in successive 
ten-minute intervals. These counts, after correction for background readings, 
were as follows: 344, 267, 235, 189, 160, 145, 112, 97, 81, 65, 55, 50, 39, 37, 27, 25, 
20, 14, 14, 11, 9. 

(a) Write the equation for each reaction, (b) Plot a curve of the logarithm 
of the activity (number of counts per ten minutes), against the time in minutes, 
(c) From the slope of the above curve determine the half-life of the beta-ray 
emitter. 

Ans. (c) 39 min. 

11-13. The Q value of the Ne^c/.pJNe 23 reaction is 2.96 Mev. Calculate the 
atomic mass of Ne 23 . 

11-14. The Q value of the F l9 (n,p)0 19 reaction is -3.9 Mev. (a) Determine the 
threshold value of the neutron energy for this reaction, (b) Determine the atomic 
mass of O 19 . 

11-15. The Q value of the Na^n.oOF 20 reaction is -5.4 Mev. (a) Determine the 
threshold value of the neutrons for this reaction, (b) Determine the atomic 
mass of F 20 . 

11-16. The Q value of the O l8 (p,a)N ,s reaction is 3.97 Mev, while that for the 
N l6 (p,a)C 12 reaction is 4.96 Mev. Calculate the atomic mass of N 16 from each of 
these reactions. 
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11-17. The Q value of the Li*(d,n)Be 7 reaction has been found to be 3.40 Mev. 
Determine the atomic mass of Be 7 . 

11-18 The Q value of the reaction H ? (rf,p)H 1 2 3 is 4.03 Mev. Calculate the 
atomic mass of H 3 . 

11-19. The threshold value for the reaction of 0 ,4 (7,n)0' 5 is 15.6 Mev. Calcu¬ 
late the atomic mass of 0 ,s . 

11-20. The threshold value for the reaction O l# ( 7 ,p)N 17 is 16.35 Mev. (a) Cal¬ 
culate the atomic mass of N 17 , assuming the others known. Compare this value 
with that given in Appendix IV, and account for the difference in terms of the 
disintegration process, (b) O' 7 promptly emits a neutron forming O l# in the 
ground state. Write the reaction equation. Using the atomic mass determined 
above, calculate the kinetic energy of the neutron. 

11-21. The Q value of the reaction Li 7 (p,n)Be 7 is —1.645 Mev. Using the 
known atomic masses of Be 7 and Li 7 , calculate the mass difference (n — HD. 
Express this mass difference in kev. 

11-22. Using the measured Q values of the four reactions given below, and the 
accepted value of the atomic mass of H 7 , calculate the atomic mass of He 4 . 


1. Be f (rf,ar)Li 7 , 

2. Be*(p v <f)Be* 

3. Be*(a)He 4 , 

4 . Li 7 (p,a) He 4 , 


Qi «= 7.151 Mev 
Qt - 0.558 Mev 
Qi = 0.089 Mev 
Qi = 17.338 Mev. 


Compare this value with the value of the mass of He 4 given in Appendix IV. 

11-23. In bombarding copper with deuterons, J. M. Cork (1941) observed 
characteristic x-rays coming from the target at an angle of 90° to the beam. To 
determine whether the radiation came from the copper or from zinc formed in 
the process of A-electron capture, he put thin strips of copper, nickel, and iron 
adjacent to one another over a photographic plate and exposed it to the radiation. 
He found that the iron foil almost completely absorbed the radiation, while the 
copper and nickel foils reduced the intensity only slightly. Using the following 
data, (a) determine the source of the radiation, (b) What would have been the 
source of the radiation if nickel and iron foils had shown strong absorption, 
while the copper foil showed weak absorption? 

Data : CuK a line = 1.541A 

ZnK« line = 1.438A 
Fc = 1.739A 
Ni = 1.484A 
Cu = 1.377A 


/^-absorption edge of 
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Nuclear Processes 


12-1. Stability of Nuclei 

There are about 1000 different isotopes now known, but only about 25 per 
cent of these are stable. It can thus be inferred that stable configurations of 
nucleons are the exception rather than the rule. Figure 12-1 is a graph of 
the neutron number N plotted against the proton number Z of the stable 
isotopes. The region of stability on this neutron-proton diagram is rather 
narrow. For low mass numbers N/Z - 1, and this ratio increases to a value 
of about 1.6 for large mass Humbert Lines of constant A can be drawn at 
angles of 135° with the Z axis; such lines pass through isobars. In general, 
lines of constant A pass through one or two stable isobars. There are only 
four cases of such lines passing through three stable isobars, at A = 96, 
124, 130, and 136. These are shown on the graph. 

Another interesting point is that more than half of the stable nuclei 
contain even numbers of protons and even numbers of neutrons; they are 
referred to as even-even nuclei About 20 per cent have even Z, and odd N 
(even-odd nuclei) and an almost equal number have odd Z and even N, 
but only four stable nuclei have odd Z and odd N. The odd-odd nuclei are 
iH 2 , 3 Li 6 , 5 B 10 , and 7 N M . 

Points to the right of the stability region of Figure 12-1 represent 
unstable nuclei which have an excess of protons or a deficiency of neutrons; 
their most probable mode of decay will be by positron emission or electron 
capture. Points to the left oi the stability region represent unstable nuclei 
with an excess of neutrons or a deficiency of protons; their most probable 
mode of decay will be by negative beta-particle emission. However, heavy 
particle emission is a competing process. As we have seen, compound 
nuclei formed in an excited state may disintegrate by emitting protons, 
neutrons, or alpha particles in going toward more stable forms. Among the 
fission products (§13-4), neutron emission competes with beta decay to 
form stable nuclei. 

Stability is, in a sense, a relative property depending upon our ability 
to measure long lifetimes, that is, very weak activities. W ith improvements 
in experimental techniques, some of the isotopes now considered stable may 
be found to be radioactive with long lifetimes. 
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For a given assemblage of nucleons forming a nucleus of mass number 
A, there is one configuration for which the energy is a minimum, inis 



Proton number 1 


Fig. 12-1. 


Neutron-proton diagram of stable nuclei. 


configuration is called the ground state of the nucleus; every other con¬ 
figuration is called an excited state. The difference in energy between an 
excited state of a nucleus and its ground state is called the excitation 
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energy of that state. Several different nuclear models have been proposed 
to account for the behavior of nuclei, but at present there is no single 
nuclear model which is adequate for the wide range of nuclear energies 
of a given nucleus, or for the entire range of mass numbers. Each of these 
models has a special usefulness for a limited range of energies or a limited 
range of mass numbers. 

12-2. Types of Nuclear Models 

Among the models currently in use to explain nuclear phenomena are 
(1) the uniform particle model , (2) the independent particle model or shell 
model of the nucleus, (3) the alpha-particle model , and (4) the liquid drop 
model. The uniform particle model, proposed by Wigner (1937), assumes 
that as a result of the very strong interactions between nucleons produced 
by the specifically nuclear forces, the motions of the individual nucleons 
cannot be followed in detail but must be treated statistically. This model 
is moderately successful in explaining the binding energies of nuclei, but 
most other experimental evidence is in disagreement with the results 
predicted by the uniform model. At present the most promising nuclear 
model is the independent particle model, or shell model. The fundamental 
assumption on which this model is based is that each nucleon moves 
independently of all the other nucleons and is acted upon by an average 
nuclear field produced by the action of all the other nucleons. We shall con¬ 
sider this model in greater detail in §12-10. 

The alpha-particle model is based on the assumption that alpha 
particles form subgroups inside a nucleus. These alpha particles need not 
have permanent existence but may exchange particles with one another. 
The alpha-particle model has limited usefulness, mostly in the low mass 
number range where the mass number A can be represented by 4n, where n 
is an integer. For example, C 12 may be considered as a group of three alpha 
particles, with small interaction between them. However, even in this 
limited range, there is a serious defect in that 4 Be 8 is very unstable, al¬ 
though on the alpha-particle model it should be stable. The alpha-particle 
model has been moderately successful in treating nuclei of mass numbers 
A = 4n + 1 by considering them as n closed structures with either an 
additional heavy particle or one missing from this closed structure. How¬ 
ever, the model fails completely for nuclei of mass numbers A = 4n + 2. 

The liquid drop model proposed by N. Bohr (1937) is very satisfactory 
in treating nuclear reactions which involve the formation of a compound 
nucleus and in dealing with the subject of nuclear fission; the latter will be 
discussed more fully in Chapter 13. The fundamental assumption at the 
basis of the liquid drop model is that a nucleus may be considered as 
analogous in its behavior to that of a drop of liquid with a definite surface 
tension and with the nucleons behaving in a manner similar to that of 
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molecules in a liquid. The disintegration of nuclei by the emission of parti¬ 
cles is analogous to the evaporation of molecules fro® tte sura 
liquid. The density of a liquid is independent of the size of the drop, t 
essentially the same for nuclear matter. The analogy between a nucleus and 
a drop of liquid thus has many useful features and will be used where 

convenient. 


12-3. The Compound Nucleus 

Most of the nuclear processes discussed in the previous chapter in which a 
nucleus was bombarded by particles or photons to form a compound 
nucleus involved particle or photon energies of less than about 40 Mev. 
The existence of a compound nucleus was amply demonstrated in the 
n-y and p-y types of reactions; the product nucleus of one of these reac¬ 
tions is simply a lower energy state of the compound nucleus. We shall 
consider reactions as low energy reactions if the energies of the bombarding 
particles are less than 40 Mev. The compound nucleus is always formed in 
an excited state. It may go to a state of lower energy by the emission of a 
gamma-ray photon or it may be unstable and disintegrate by particle 
emission, the latter process being the more probable one. 

A given compound nucleus may be formed in several different ways 
by using different projectiles directed against suitable targets. 1 he com¬ 
pound nucleus exists for a time which is long in comparison with the time 
of transit of a nucleon across the nuclear diameter. The energy of a nucleon 
is of the order of a few Mev, so that its velocity is of the order of 10° cm/sec; 
the nuclear diameter is of the order of 10 ~ 12 cm, so that the time of transit 
of a nucleon across a diameter is of the order of HT 21 sec. 

In Bohr's theory of the compound nucleus, the assumption is made 
that a projectile which is captured by a nucleus gives up its energy to a few 
nucleons, and, as a result of the interaction of these nucleons with all the 
others, the energy is quickly distributed among all the nucleons of the 
compound nucleus. Hence, when a compound nucleus disintegrates, its 
mode of disintegration is independent of the mode of formation, and 
depends only upon the particular state of the nucleus thus formed. The 
disintegration of a compound nucleus by particle emission implies that 
energy exchanges take place among the nucleons until a particle or a group 
of particles acquires sufficient energy to leave the nucleus. This energy 
must be in excess of the binding energy of the emitted particle or particles 
in the compound nucleus. 


12-4. The Potential Barrier 

When a compound nucleus is formed by bombarding a target with fast 
neutrons, the capture cross section, <r c , of the target nuclei is 

<r c = 


(i) 
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where R is the nuclear radius, given by 

R = roA'l* (2) 

with the radius parameter r 0 = 1.2 X KT 13 cm. This means that there is 
practically no interaction between the neutron and the nucleus until the 
neutron gets within a distance R from its center. One can conclude from 
this that the forces acting on the neutron are specifically nuclear forces 
which have a very short range of action, probably of the order of nuclear 
dimensions. For slow neutrons, the capture cross section varies inversely 
with the velocity v of the neutron; thus 

<T 0 - k/v ( 3 ) 

where the constant k depends upon the nature of the target nucleus. This 
dependence upon velocity may be explained by the fact that the distance 
between the neutron and the target nucleus is determined by the De 
Broglie wavelength, X = h/mv\ hence the interaction between them may 
take place at larger distances. 

The problem is somewhat different when a charged particle such as a 
proton or an alpha particle is used as a projectile because of the Coulomb 
force between the^projectile and the nucleus. This is a long-range force 
since it varies as r 2 where r is the distance between them. Since the poten¬ 
tial in a Coulomb field varies as 1/r, the potential energy U of a system 
consisting of a nucleus of charge Zc and a proton of charge c is Zc 2 /r. This 
will be the potential energy of the system at distances r > R, as shown in 
Figure 12-2. At distances r < R, the specifically nuclear forces come into 
play and the potential energy of the system drops sharply. Without ade¬ 
quate knowledge of the nature of these nuclear forces, it is impossible to 
draw a graph to represent accurately the potential energy for distances less 
than R from the center of the nucleus. For simplicity, a constant value U 0 
has been assumed for the potential energy of this sytem. The two regions 
have been joined at r = R by a smooth curve. 

A positively charged particle approaching a nucleus would encounter a 
barrier due to the Coulomb force of repulsion between them; this is some¬ 
times called a Coulomb barrier. The maximum height H of this curve is 
called the barrier height; the magnitude of the barrier height for a Coulomb 
potential barrier is Ze 2 /R. For a nucleus of low atcmic number such as 
magnesium, ^Mg 27 , for example, the barrier height II for protons as pro¬ 
jectiles is approximately 4 Mev, while for a heavy nucleus such as 9 2 U 238 
it is about 15 Mev. On the basis of classical physics, a proton should have a 
kinetic energy in excess of the Coulomb barrier in order to be able to 
penetrate the nucleus. Protons with kinetic energies less than the barrier 
energy II are stopped and repelled before they get within the range of the 
specifically nuclear forces. We know from experiment, however, that some 
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of the protons do penetrate the potential barrier. A 

of this barrier penetration can be given on the basjs o vave meehamc^ 
Referring to Figure 12-2, suppose that a proton of kinetic energy i 
ttS at a nucleus. There is a definite probability that th«, protonJ.li 
penetrate the potential barrier. This probability is calculated ^ replacing 
the particle by its De Broglie wave and setting up the Schroedinger equ 


Potential 

energy 



Fig. 12-2. Assumed form of the potential energy curve in the neighborhood of a 
nucleus. R is the radius of the nucleus. 


tion for this problem with suitable boundary conditions. The solution 
of this equation shows that when the wave approaches the potential wall, 
it is partly reflected and partly transmitted, just as in any problem of wave 
motion. The probability of penetration , also called the transparency of the 
barrier, is defined as the ratio of tl?e intensity of the transmitted wave to 
the intensity of the incident wave. The penetration probability is thus 
obtained from the ratio of the square of the amplitude of the transmitted 
wave to the square of the amplitude of the incident wave. The solution of 
the Schroedinger equation shows that the probability of penetration of the 
potential barrier is small for proton energies which are small fractions of 
the barrier height, and increases to unity as the energy of the particle 
approaches that of the height of the Coulomb barrier. 
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The probability of penetration of a potential barrier by a positively 
charged projectile can be determined experimentally by measuring the 
yield of a given reaction in which protons are the incident particles. Experi¬ 
ments already discussed, in which alpha particles (§§11-2, -4, -9), 
protons (§11-10), and deuterons (§11-11) were the bombarding particles, 
show that the transparency of the Coulomb barrier is not always a smooth 
function of the energy of the projectile but exhibits the phenomenon of 



Fig. 12-3. Yield curve showing the resonance energies as a function of the incident 
proton energy in the Al 27 (p,/i).Si 2 * reaction. (After Hunt and Jones, Phys. Iiev., 89, 
1287, 1953.) 

resonance. A resonance energy is shown by a sharp increase in the yield, as 
shown in Figure 11-8, and hence in the probability of penetration, for a 
given value of the energy of the projectile. A resonance energy is evidence 
of the existence of a sharp energy' level in the compound nucleus. Since the 
state of a compound nucleus is independent of the manner in which the 
compound nucleus is formed, a particular energy level may be formed by 
one of several different reactions. For example, when Hunt and Jones 
(1953), investigated the 13 Al 27 (p,7) 14 Si 28 reaction, they found five reso¬ 
nances for proton energies less than 0.5 Mev, as shown in Figure 12-3, 
whereas the barrier height is about 4 Mev. Here the yield was obtained by 
counting the gamma-ray photons emitted by the compound nucleus uSi 28 . 
It will also be noted that the resonances appear as sharp maxima when the 
target is verv thin, while they appear as sudden increases in the yield when 
the target is thick. 
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12-5. Alpha-Particle Decay 

The radioactive disintegration of a nucleus by alpha-particle emission was 
first successfully explained in terms of the penetration of a potential 
barrier by Gamow, Condon, and Gurney (1928). Alpha particles emitted 
from any given type of nucleus of atomic number Z come out with the 
same kinetic energy & a ; its value is much smaller than the potential barrier 
of such a nucleus. For example, the height of the potential barrier of U 
is about 30 Mev, while the kinetic energy of the emitted alpha particles is 
only 4.2 Mev. Let us assume that there is an energy level inside the nuclear 



Fig. 12-4. Potential energy U of a nucleus and an alpha particle as a function of the 
distance r from the center of the nucleus. The width of the potential barrier is w. 


radius R in the nucleus of atomic number Z and mass number A. Let us 
further assume that an alpha particle exists in the nucleus or is formed from 
two protons and two neutrons, and possesses this energy & a - On the basis 
of wave mechanics, there is a definite probability that this alpha particle 
will penetrate the potential wall of width w and find itself at point ri just 
outside the nucleus (see Figure 12-4). At this point its energy & a is the 
potential energy of an alpha particle, of charge 2e, in the Coulomb field of 
a nucleus of charge (Z — 2)e, and hence is 

& a = 2(Z - 2)e 2 /ri. (4) 

The alpha particle is then repelled from the nucleus and, at large distances 
from it, the energy of the alpha particle is entirely kinetic. 
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The problem of alpha-particle decay is to determine the lifetime r of 
the alpha particle in the nucleus; this is the reciprocal of the probability 
per unit time, X, for the escape of the alpha particle from the nucleus. The 
latter will depend upon the transparency of the potential wall. The solution 
of the Schroedinger equation for this problem shows that the transparency 
is proportional to the term 





where U is the potential energy as a function of r, and M is the mass of the 
alpha particle. Inside the nucleus the particle oscillates and strikes the 
potential wall periodically. If we assume that it moves with an average 
speed v, then the frequency with which it strikes the wall is v/2R. The 
product of this frequency and the transparency will be practically equal 
to the probability per unit time of escape of the alpha particle, thus 


X 


V_ -Ifx'vmu-tjpdr 
2 R* 


( 6 ) 


The exponent, which is usually designated by G, can be evaluated for 
the given potential barrier. The calculations of X give qualitative agree¬ 
ment with experiment. The equation has been used to compute nuclear 
radii by substituting the measured values of X and & a . This is one of the 
methods for obtaining R and the results so obtained are in good agreement 
with those values of R obtained by other methods. 

It is also worth noting that equation (6) written as 

X = const (~ G (7) 


is one form of the Geiger-Nuttall law (§10-7), since G is a function of the 
energy and hence of the range of the alpha particle. A fair approximation 
for G yields 



8x 2 e 2 Z 
h v 


(•) 


where v is the velocity of the alpha particle outside the nucleus. The con¬ 
stant factor of equation (7) has a different value for each of the radio¬ 
active series. 

12-6. Beta-Particle Decay 

In the two previous chapters we considered in some detail the types of 
radioactive beta-particle disintegration both in naturally occurring isotopes 
and in artificially produced isotopes. It was found that beta decay is a 
common type of disintegration throughout the entire range of mass num¬ 
bers. Beta decay involves two isobaric nuclides of mass number A and 
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produces a change in nuclear charge from Ze to (Z + l)e if an electron is 
emitted, and a change to (Z - l)e if a positron is emitted or an electron is 
captured. We have discussed the energy changes accompanying these dis¬ 
integrations and the spectral distributions of the and 0 + -particles. 
We have also given sufficient evidence that electrons do not exist as free 
particles in the nucleus and hence must be created at the instant of nuclear 
disintegration. For fT -emission it was suggested that a neutron decays into 
a proton, an electron, and a neutrino; thus 

n —* p + c~ + v. W 

Since the mass of the neutron exceeds that of the proton and electron, this 
type of disintegration is energetically possible for free neutrons. This has 
actually been observed; the end-point energy was found to be 785 kev, 
practically identical with the mass difference o '* 1 — iH 1 of 782 key. The 
half-life of the free neutron in space was found to be about 12.8 minutes. 

A positron was assumed to be produced by the disintegration in the 
nucleus of a proton into a neutron which stays in the nucleus, and a positron 
and a neutrino which are emitted; thus 

p (in nucleus) —* n (in nucleus) -f e + -f v. (io) 

However, since the mass of the proton is less than that of the neutron and 
positron, the proton remains a stable particle in free space. The difference 
in energy, in this case 782 kev + 2 m e c 2 = 1.802 Mev, must be supplied by 
the system in which emission occurs. 

Electron capture can be written as 

p + c"-*n + v. 00 

Here also the sum of the masses of the proton and electron is less than that 
of the neutron by 782 kev, and hence this reaction cannot occur with free 
protons and electrons but can only occur in an atomic system where the 
deficiency in energy may be supplied by the other particles. 

A satisfactory theory of beta disintegration should be able to predict 
the spectral distribution of the beta particles which is found experimentally, 
and should relate beta distintegration to the energy states of the isobars 
involved in the process. Such a theory has been developed by E. Fermi 
(1934); as experimental procedures have become more refined, their 
results have been found to be in better agreement with the predictions of the 
Fermi theory. For example, the Fermi theory gives the distribution in 
energy and in momentum of the beta particles which is in agreement with 
those found experimentally. For allowed transitions the spectral distribu¬ 
tion is of the form given by 

N(p)dp = Cp 2 (& m - &) 2 F(Z t p)dp 


( 12 ) 
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where N(p) is the number of beta particles emitted with momenta lying 
between p and p + dp, C is a constant for the nuclei involved in the beta 
decay, is the maximum energy of the emitted beta particles and is the 
end-point energy of the spectrum, & is the kinetic energy of the beta parti¬ 
cle, F(Z,p ) is a Coulomb correction factor which takes into account the 
Coulomb interaction between the nuclear particles and the beta particle, 
and Z is the atomic number of the product nucleus. 

A more convenient way of plotting the experimental results and chock¬ 
ing with the theory was suggested by Kurie (1936). Writing the equation 
in the form 


J 


N(p) 


p 2 F(Z,p) 


- &), 


(!*) 


we see that if 


4 


N(P) 


P 2 F(Z t p) 


is plotted against the energy, a straight line 


should be obtained with an energy intercept at Figure 12-5(a) is a 
Kurie plot of the negative beta-particle spectrum of Cu 64 , and Figure 
12-5(b) is a Kurie plot of the positron spectrum of Cu 04 obtained by Owen 
and Cook (1949) using very thin uniform sources prepared by evaporating 
the activated copper onto a thin aluminum foil. In making a Kurie plot 
it is common to express the energy in units of m e c 2 . These spectra give 
straight lines down to very low energies in agreement with the Fermi 
theory of beta decay. 


12-7. Comparative Half-Lives for Beta Decay 

The number of beta particles N(p) emitted per unit time per unit momen¬ 
tum interval is proportional to the probability per unit time, X^, the beta 
disintegration constant. It is to be expected that the probability of dis¬ 
integration should depend upon the energy available for the transition, and 
upon the characteristics of the initial nuclear state and the final nuclear 
state. A nuclear state is characterized by its energy, by its angular mo¬ 
mentum I in units of ft, and by the arrangement of the nuclear particles. 
This arrangement is described by the term parity and is designated as 
either even or odd. This term arises from the nature of the wave function 
used to describe the state of the system. The wave function may be either 
an even function of the coordinates of the particles or an odd function. An 
even function is one in which a change in sign of the coordinates leaves the 
function unchanged. Just as in optical and x-ray spectra, the transitions 
between nuclear states giving rise to beta-ray spectra are governed by 
selection rules, some transitions being more favored than others. One set of 
selection rules applies to the case in which the beta particle and the neutrino 
are emitted with ophite spins so that the resultant change in angular 
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Fio. 12-5. (a) Kurie plot of the negative beta-ray spectrum of Cu 64 . 

(b) Kurie plot of the positive beta-ray spectrum of Cu 64 . 


The value of the end-point energy is indicated by the arrow in each plot. (After 
Owen and Cook, Phys. Rev., 76, 1727, 1949.) 


momentum of the nucleus is zero. The Fermi selection rules for allowed 
transitions is thus 

A/ = 0, no change of parity. 0«) 

If the beta particle and the neutrino are emitted with their spins parallel, 
the selection rules, known as the Gamow-Teller selection rules, are 

A/ = ±1, or 0, no change of parity; 

the transitions /» = 0 to // = 0 are not allowed. (15) 

Other changes of state than those given by the above selection rules 
do occur but are classed as forbidden transitions, there being different 
degrees of forbiddenness, such as first forbidden (with A/ = ±1,0, change 
of parity), second forbidden, and higher orders of forbiddenness. It is 
beyond the scope of this book to consider beta-ray spectroscopy in greater 
detail. However, there is another interesting approach to this subject in 
terms of the comparative half-lives of the beta-particle disintegrations. 

The probability per second, A**, for beta disintegration can be com¬ 
puted from equation ( 12 ) by integrating over all values of the electron 
momentum from 0 to p m where p m is the maximum momentum, obtaining 

H = Cf 


06 ) 
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where 


/= r“p J (S m -S) 2 f(Z,p)dp; 


512-8 


07 ) 


values of the function / are available in tables. Substituting for its value 

= Cf, 


we get 


]T = constant. 


0«) 


The product fT is called the comparative half-life. The numbers obtained 
for the comparative half-lives vary over such a wide range, from about 10 8 
to 10 18 , that it is more common to use values of log fT in discussing com¬ 
parative half-lives. Log fT values of about 3-5 correspond to allowed tran¬ 
sitions, with higher values for the unfavored or forbidden transitions. 

An idea of the usefulness of the concept of comparative half-lives can 
be obtained by considering the two transitions 

,H 3 -> ,He» + JT + v, T= 12.46 yr (19) 

and n-*p + 0“ + v, T = 12.8 min. ( 20 ) 

Langer and Moffat (1952) made an accurate determination of the end¬ 
point energy of the beta-ray spectrum of tritium and found it to be 17.95 
kev. Using the previously determined half-life and tables of values of the 
function /, they obtained the value 

JT = 1014 sec 

from which log JT = 3.006. 

Langer and Moffat suggested that if we assume that the comparative half- 
life of the beta decay of the neutron is the same as that for tritium, then, 
using the end-point energy of the beta-ray spectrum of the neutron as 
782 kev, the half-life of the neutron should be 10.4 min. This is in agree¬ 
ment, within the limits of experimental error, with the results of Robson’s 
experiment which yields a half-life of 12.8 ± 2.5 min. 

12-8. Evidence for the Neutrino 

The existence of the neutrino has been postulated to account for beta 
decay, and also for several types of meson decay (see Chapter 14). The 
properties assigned to the neutrino make it very difficult to detect it by a 
direct experiment, and, until recently, all of the experiments were of an 
indirect type. The neutrino as postulated is a particle which has no charge, 
has a spin angular momentum of %h, may have zero rest mass, or a rest 
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mass small in comparison with that of the electron, and has energy and 
momentum. 

One of the earliest attempts to show experimentally that the neutrino 
hypothesis was correct was a cloud-chamber experiment by Crane and 
Halpern (1938) on the negative beta disintegration of Cl 38 . From the 
principle of conservation of linear momentum, it is obvious that if only 
an electron is emitted, then the product nucleus should recoil with a 
momentum equal and opposite to that of the electron. If a neutrino is 
emitted simultaneously with the electron, then some of the momentum will 
be carried away by it. The distribution of momentum between the two 
light particles is such that when the energy of the electron is large, its 
momentum is also large and that of the neutrino is negligible. When the 
energy of the electron is small, its momentum is also small and that of the 
neutrino should become significant experimentally; that is, the recoil 
momentum of the product nucleus should be greater than that of the 
electron. In the cloud-chamber experiment mentioned above, Crane and 
Halpern measured the recoil momenta of product nuclei, some of which 
were associated with high energy electrons and others with low energy 
electrons. They found that for high energy beta-particle emission, the 
momentum of the product nucleus was equal to that of the electron, but 
for low energy beta-particle emission, the momentum of the nucleus was 
greater than that of the electron. The accuracy of the experiment was not 
very great, one of the difficulties being due to the fact that the velocity of 
the heavy nucleus was small, and instead of measuring the length of a 
track, the number of droplets produced was counted. The assumption was 
made that the energy required to produce an ion pair was the same for a 
heavy nucleus as for an alpha particle. 

Additional experiments on the recoil of nuclei produced in beta dis¬ 
integrations have been performed with improved techniques; these have 
confirmed the above results. Some of the experiments involved electron 
capture; for example, Rodeback and Allen (1952) investigated the dis¬ 
integration of A 37 by electron capture with the reaction 

isA 37 + -i«° —» 17CI 37 + v -f- Q. ( 21 ) 

The energy Q released in this reaction is simply equal to the difference in 
mass A 37 — Cl 37 which is 816 kev, assuming that the neutrino rest mass is 
negligible. It has been found that about 93 per cent of electrons captured 
come from the K shell of argon; the subsequent readjustment of the outer 
electrons in the product nucleus Cl 37 results in the emission of Auger 
electrons in 90 per cent of the transitions, with x-rays being emitted in the 
other 3 per cent. 

The experiment consisted in measuring the velocity of the recoiling 
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nucleus, using the apparatus sketched in Figure 12-6. The chamber was 
kept at a low pressure of 10“ 5 mm Hg, the effective volume of the argon 
being the small shaded region in the figure. The Auger electrons traveled to 
grid 1 into the electron detector, and the recoil Cl 37 ions traveled in a field- 
free region to grid 2 and then into the recoil detector. Electron multipliers 
were used as detectors. The time of flight of the Cl 37 ions was measured by 
a 20-channel delayed coincidence circuit. The results are shown in the 



Fio. 12-6. Schematic diagram of the apparatus for measuring the timc-of-flight of 
recoil nuclei Cl 37 formed in the electron capture process of A 37 . Shaded region indicates 
the effective source volume. (After Rodebnck and Allen, Phys. Rev., 86, 447, 1952.) 


solid curve of the graph of Figure 12-7, with the dashed curve giving the 
distribution expected from monoenergetic recoil ions. This was calculated 
on the basis of the conservation of linear momentum between the neutrino 
and the recoil nucleus, with the reaction energy Q carried away by both of 
them. The agreement with experiment is thus good. 

The first direct experiment to detect the neutrino by its interaction 
with matter, specifically by its interaction with protons, has recently been 
performed by F. Heines and C. L. Cowan, Jr. (1953). They utilized the 
very great supply of neutrinos being continuously emitted in the beta 
decay of the fission fragments which are produced during the operation of a 
large nuclear reactor (§13-2). The reaction expected between a neutrino v 
and a proton p is the formation of a neutron n and the emission of a posi¬ 
tron, the reaction equation being 



w d 


n -4- fl + . 
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To detect this reaction, the neutrinos are allowed to enter a large liquid 
scintillation counter; the organic liquid of this counter contains hydrogen 
sufficient to produce a proton density of the order of 5 X 10 22 proton/cm . 
The estimated cross section of the above reaction is of the order of 6 X 
10“ 20 barn, and with the large volume (10 ft 3 ) of liquid used, the number 
of these events should be about 10 to 30 per hour. 



Fio. 12-7. Timc-of-flight distribution of recoil nuclei. Dashed curve is the distri¬ 
bution expected from monoenergetic recoils from the source volume. (After Rodeback 
and Allen, Phys. Rev., 80, 449, 1952.) 

In order to be certain that the above reaction was taking place, 
effects due to both the neutron and the positron had to be detected. The 
positrons, in their passage through the liquid, give rise to annihilation 
radiation, and this, in turn, produces the scintillations which are detected 
by a suitable number of photomultiplier tubes placed around the tank 
containing the scintillation liquid. To detect the neutrons, some cadmium 
was added to the liquid; the neutrons were captured by the cadmium in an 
n -7 reaction. The scintillations produced by these capture gamma rays 
occurred about 5 microseconds after those of the annihilation radiation 
and were also detected by photomultiplier tubes. The annihilation radia¬ 
tion and the capture gamma rays could also be distinguished by the 
slightly different characteristics of the pulses produced by them in the 
detectors. The two pulses were fed into a delayed coincidence circuit and 
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yielded 0.41 =fc 0.20 delayed counts per minute, in good agreement with the 
expected value. 

An upper limit on the rest mass m y of the neutrino may be obtained 
from a determination of the shape of the beta-ray spectrum on a Kurie plot 
near the end-point energy for a beta emitter for which the end-point 
energy is small. In such a case, the effect of the neutrino rest mass will be 
very noticeable. For zero neutrino rest mass, the Kurie plot will be a 
straight line; for a finite rest mass, the Kurie plot will deviate from a 
straight line near the end-point energy toward lower values. Probably the 
best atom to work with is H 3 ; the end point of its beta-ray spectrum is 
18 kev. Langer and Moffat (1952) made accurate measurements of this 
beta-ray spectrum and compared the experimentally determined distribu¬ 
tion on a Kurie plot with distributions that would have been obtained if 
the neutrino rest mass had values of 0, 250, 500, and 1000 ev. Their data 
are consistent with a neutrino rest mass of zero, with an upper limit of 
250 ev. Compared with the rest mass of an electron, 0.51 Mev, the neutrino 
rest mass does not exceed 0.05 per cent of the rest mass of an electron. 

12-9. Nuclear Isomers 

We have already had occasion to refer to the existence and production of 
nuclear isomers, such as UZ and UX 2 among the natural radioactive sub¬ 
stances (§10-3) and Ag 107 among the artificially produced radioactive 
substances (§11-15). Nuclear isomers are distinct states of a given isotope 
which exist for measurable lengths of time; hence they are different 
nuclides with the same mass number A and the same atomic number Z. 
Nuclides which are isomeric states of a given isotope differ from each other, 
among other things, in energy and in angular momentum. If / is the 
angular momentum, in units of h, of the ground state of a nucleus, and J m 
is the angular momentum, also in units of h, of an isomeric state, then, in 
general, 

| /» - / | > 1 ( 23 ) 

and represents a transition which has a degree of forbiddenness with 
respect to beta decay. There is thus an analogy between an isomeric state 
of a nucleus and a metastable state of an atom. The excited isomeric state 
is often termed a metastable state , and the letter m is sometimes written 
following the mass number to designate it. Thus the metastable state of 
bromine, A = 80, would be designated as Br 80m . 

Bromine is of historical interest since it was the first case in which 
nuclear isomers were produced artificially, and their existence made certain 
by chemical separation of the nuclear isomers. When a sample containing 
bromine was bombarded by slow neutrons, radioactive elements were 
formed which disintegrated with the emission of negative beta particles 
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with three different half-lives, 18 min, 4.4 hr, and 36 hr. Chemical tests 
showed that the radioactive elements were isotopes of bromine. But there 
are only two stable isotopes of bromine of mass numbers 79 and 81, and 
only the following two reactions can take place: 

35 Br 79 + 0 n> - ( 35 Br 80 ) - 35 Br 80 + hv, 
followed by 3 sBr 80 -* ^Kr 80 + 0T ; (24) 

and 3 sBr 81 + o^ 1 fasBr 82 ) —* 35 Br 82 + hv, 

followed by 3sBr 82 —> 36 Kr 82 + 

Now when bromine was bombarded with gamma-ray photons, the 
following reactions were observed: 

35 Br 79 + hv—* ( 35 Br 79 ) - 35 Br 78 + on 1 , 
followed by 3sBr 78 -* 34 Se 78 + 0 + ; (ls> 

and 35 Br 81 + hv -* ( 35 Br 81 ) —> 35 Br 80 + 0 n l , 

followed by 3 sBr 80 -♦ 36 Kr 80 + 0~. 

Again three periods were observed, 6.3 min, 18 min, and 4.4 hr. Two of 
these periods are common to both sets of reactions and must therefore be 


Fio. 12-8. Original version 
of isomeric states and transitions 
of Br 80 . 


Br e0m 



assigned to the isotope which is common to both sets of reactions, namely, 
bromine of mass number 80. 

The existence of two beta-decay periods of 4.4 hr and 18 min can be 
explained by assuming that there are two isomeric states of bromine 80; 
Br 80m , the metastable state, and Br 80 , the ground state, with beta-ray 
emission taking place only from the ground state with a half-life of 18 min, 
as shown in Figure 12-8. Transitions from the metastable state to the 
ground state take place by gamma-ray emission with a half-life of 4.4 hrs. 
When Br 80 is formed, the 18 min activity decreases fairly rapidly; after a 
sufficient time has elapsed, Br 80 is formed by the decay of Br 80m with a 
half-life of 4.4 hr; that is, there is radioactive equilibrium between these 
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two states, and the beta decay has the same period as the transition from 
the metastable state to the ground state. 

Since the early work on bromine, further investigations with improved 
techniques have shown additional modes of disintegration of Br 80 , and 
advances in quantum radiation theory have led to the assignment of 
angular momentum quantum numbers as shown in Figure 12-9. The 
metastable state of Br 80m has a half-life of 4.4 hr and decays by emitting 
two gamma-ray photons in cascade, one of energy 0.049 Mev, and the 


Br 80 



Fig. 12-9. Present version of the isomeric states and transitions of Br 80 . The 
energy of each transition is in Mev. (After Scharff-Goldhaber and McKeown, Phys. Rev. 
92, 356, 1953.) 

other of 0.037 Mev. The angular momentum quantum number of the 
metastable state is /,„ = 5; for the ground state it is / = 1. The interme¬ 
diate state is assigned the value I' = 2. The ground state of Br 80 has a 
half-life of 18.5 min, and its most probable mode of decay is by negative 
beta-particle emission either to the stable state of Kr 80 or, to a smaller 
extent, to an excited state of 3 G Kr 80 . However, it has been found that Br 80 
may also decay from the ground state by positive beta-particle emission or 
by electron capture, in each case going to the ground state of 34 Se 80 . 

Two nuclear isomers, one of which has been formed by the gamma-ray 
decay of the other, are said to be genetically related. The Br 80 isomers are 
genetically related and so are the radioactive isomers UZ and UX 2 , with 
the ground state (UX 2 ) having a half-life of 1.17 min and the metastable 
state (UZ) having a half-life of 6.7 hr. Most nuclear isomers are genetically 
related. An example of nongenetically related nuclear isomers is that of 
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49 In 118 , shown in Figure 12-10. No gamma-ray transitions have been ob¬ 
served between the two isomeric states; each state decays by ^“-emission 
to 5 oSn 116 , the upper isomeric state having a complex beta-ray spectrum 
which has been analyzed into three spectra with different end-point 
energies. 

With the increase in the resolving time of detectors and detecting 
circuits has come an increase in the ability to measure nuclear states of 


Fio. 12-10. Transitions from non- 
gcnetically related isomeric states of 
In 116 to Sn ,,e . (After Goldhaber and 
Hill, Revs. Modem Phys., 24,208,1952.) 


C J16 

so Sn 

short lifetimes. Lifetimes of the order of 10” 9 sec are now measurable; 
hence the number of known nuclear isomers is increasing rapidly. 

The assignment of angular momentum quantum numbers to excited 
states of nuclei is a difficult problem. There is as yet no direct method for 
measuring the angular momenta of such states comparable to the methods', 
available for the ground states. Among the latter are hyperfine structure 
of atomic spectra and nuclear magnetic resonance (§§8-21, 22). Present 
methods for assigning angular momentum quantum numbers to excited 
states of nuclei depend upon an analysis of the radiation emitted and a 
comparison with predictions from quantum electrodynamics. A check of 
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the assignment is often made with predictions from nuclear models. At 
present the strong spin-orbit coupling model seems to give very good 
agreement with the assignment of values of I from experiments on isomeric 

transitions. . # 

The chemical separation of nuclear isomers is often possible owing to 
the processes which follow the emission of gamma-ray photons. The general 
idea is to break a chemical bond which holds the isomeric nucleus in a com¬ 
pound. If the gamma-ray photon is emitted with high energy and hence^, 
with comparatively large momentum, the nuclear recoil momentum and 
energy may be sufficient to break the chemical bond. If an internal con¬ 
version electron is emitted instead of a photon, the recoil momentum and 
energy will be much greater, owing to the finite rest mass of the electron. 
Other processes than simple nuclear recoil may accompany internal con¬ 
version. For example, if a K electron is ejected from the atom, the subse¬ 
quent rearrangement of electrons may include the fall of the valence elec¬ 
tron into an inner shell, breaking the chemical bond and forming a free ion. 
Whatever the mechanism of breaking the chemical bond, appropriate 
chemical methods can then be used to separate the nuclear isomers. 

12-10. Nuclear Shell Structure 

It is to be expected that the ideas and concepts that proved so effective in 
determining the electronic structure of atoms should be carried over into 
nuclear physics. One of these ideas is that of shell structure or level structure 
with certain shells closed owing to the stability of the system with the 
given number of particles. The idea of closed nuclear shells was first put 
forward by W. Elsasser (1934); more recently, Maria G. Mayer (1948) 
summarized the experimental facts to show that nuclei containing 20, 50, 
or 82 protons or 20, 50, 82, or 126 neutrons form very stable configurations. 
Among the types of evidence used by Mayer was the isotopic abundance 
of the elements, particularly those with Z > 33. For example, those iso¬ 
topes of an element with an isotopic abundance greater than 60 per cent are 
38 Sr 88 , with N = 50, 5 oBa* 38 , and ssCe 140 with N = 82. These isotopes 
have even mass numbers; they are sometimes referred to as even isotopes. 
Another type of evidence is the number of stable isotopes of a given ele¬ 
ment. For example, tin, Z = 50, has the largest number of stable isotopes, 
ten, of any element. Lead, Z = 82, has four stable isotopes; lead is also the 
end product of the naturally occurring radioactive series. There are seven 
stable isotones, that is, nuclides with the same number of neutrons, for 
N = 82; these are Xe 136 , Ba 139 , Ce 140 , Pr 14 \ Nd 142 , and Sm 144 . On the 
other hand, there is only one stable isotope with AT - 81, and only one 
stable isotope with N = 83. Also, there are six isotones with N = 50, but 

only one each for N = 49 and N = 51. 

Evidence for the existence of a closed shell for 126 neutrons comes from 
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several facts. Two of these are (1) the heaviest isotope of lead. A — 208, 
has N = 126; (2) when alpha-decay energies are plotted against the ne 
tron number of the product nucleus, there is a sharp dip in energy when 
drops below 126; this indicates a larger binding energy for the 126t 

neutron^ evideMe fQr the existence 0 f closed shells at N {= 50, 82, and 126 

may be obtained from the fact that the so-called delayed 

among the fission products of uranium 235 are seKr , with N 5 , 

, Xe 137 , with N = 83; the binding energy of the last neutron in each case 
is so small that a neutron can be readily evaporated from each one forming 
Kr 88 N = 50i an d Xe 136 , N = 82, respectively. Also, the absorption cross 
section for neutrons as a function of neutron number is -very small for 
nuclei with neutron numbers N = 50, 82, and 126. 

The nuclear shell model is limited in its application to the ground 
states and low-lying excited states of nuclei. The present experimental 
evidence is that there are closed nuclear shells at neutron and proton 
numbers 2, 8, 20, 28, 50, and 82, and neutron number 126. The problem is 
to determine the order in which these shells are filled as nucleons are added 
to make heavier nuclei. This is similar to the problem encountered in the 
assignment of electrons to the different electronic level configurations of the 
atom. Quantum mechanical calculations have been made to determine 
this order using the idea of a strong coupling between the orbital angular 
momentum of a nucleon and its spin angular momentum, particularly by 
Mayer (1949) and by Haxel, Jensen, and Suess (1949). In one calculation, 
a single nucleon is assumed to move in a field due to the other nucleons 
whose potential has the shape of a square well. The results obtained from 
the square-well potential are not in complete agreement with experimental 
results obtained from analyses of beta-ray spectra, from measurements of 
magnetic moments, and from experiments on isomeric transitions. The 
results from such experiments have been used to modify the theoretical 
results. In addition, since each nucleon has a spin of the Pauli exclusion 
principle must be applied; this principle, as applied to the nucleus, states 
that no two identical particles can be in the same quantum state. A nuclear 
quantum state is usually specified by its total quantum number and by its 
parity. 

A single nucleon is assumed to move in an orbit with an angular mo¬ 
mentum l, in units of h, in a nuclear field due to all the other nucleons. Each 
nucleon also has an angular momentum due to spin of £/». The spectroscopic 
notation developed for electron configurations is taken over to describe 
nucleon configurations. Thus, the values for the orbital angular momentum 
l have letters associated with them as indicated: 


l value: 
notation: 


0 

s 


1 

V 


2 

d 


3 

/ 


4 

9 


5 

h 
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The assumption of strong spin-orbit coupling means that in determin¬ 
ing the total angular momentum of the nucleus, the total angular moment j 
of each nucleon is first determined; then these j values are added, subject 
to the usual quantum conditions. This type of coupling is referred to as the 
j-j coupling, in contrast to the Russell-Saunders or L-S coupling. The total 
angular momentum j for a single nucleon is 

j = 1+ i, or l — ( 26 ) 

except in the case of l = 0. The value of j is always an odd-half integer. The 
j value is frequently written as a subscript in the lower right corner of the 
letter representing the l value. It can be seen that there are two possible 
energy levels for the same l value except for 1 = 0. In agreement with 
previous practice (§ 8 - 20 ), the total angular momentum quantum number 
of the nucleus is designated by the letter 7. It was previously called the spin 
angular momentum quantum number of the nucleus; the term spin has 
been enlarged to include the angular momentum due to the nucleonic 
orbital motion as well. 

Let us examine a few nuclei to see how the shell model is used. The 
nucleus of deuterium has N = 1, Z = 1; hence the ground state is an 
s state in which each nucleon has a j value of J. Experiment shows that 
7=1; hence the spin of the neutron is parallel to that of the proton. There 
are two nuclei with /I = 3; they are jH 3 and 2 He 3 . In each case the value 
of 7 = J. For iH\ N « 2, Z * 1, so that the s W2 shell has its full comple¬ 
ment of 2 neutrons with spins in opposite directions, and the proton is in 
an *|/2 shell with j = On the other hand, N = I, Z = 2, for 2 He 3 , so 
that the 2 protons complete the s l/2 proton shell with their spins in opposite 
directions, and the neutron is in its *i / 2 shell with j = J. Two such nuclei, 
having the same number of nucleons .*1 but in which the protons and 
neutrons are interchanged, are called mirror nuclei. For A = 4, there is 
only one known nucleus, the stable alpha-particle configuration of 2 Hc 4 . 
Here N = 2 and Z = 2 and the l«i , 2 shell is filled for both neutrons and 
protons. The spins of the protons are opposed, as are those of the neutrons. 
Experimentally, 7 = 0, in agreement with the above results. Also the 
binding energy of the alpha particle is very large, approximately 28 Mev. 

There is no nucleus known with *4=5 which exists for a measurable 
length of time. There are two nuclei with .4 = 6; the stable nucleus 3 Li 6 , 
and the radioactive nucleus 2 He 6 . Since the first shell is closed with 2 
protons and 2 neutrons, the two additional nucleons must go in a shell of 
higher energy. The spin-orbit coupling model predicts that the next shell 
is not a 2 sj / 2 shell but a 2p 3/2 shell. The latter may contain up to four nu¬ 
cleons of one kind. Thus for 3 Li 6 , with N = 3 and Z = 3, the extra neutron 
and proton go into the 2p 3/2 shells. Since 7 = 1, the spins of these nucleons 
must be parallel. There is at present no measured value of 7 for the ground 
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Nuclear shelf scheme 



Fig. 12-11. Order of level assignments in nuclei on the basis of the shell model of 
the nucleus. (After Klinkenbcrg. Revs. Modern Rhys., 24, 65, 1952.) 

state of 2 He 6 , but the shell model predicts that the two extra neutrons go 
into the 2p 3/2 shell, and their spins must be opposed, so that I should be 
zer °. 

The assignment of nucleons can .be continued on this shell model, 
checking with experimental results where available. Figure 12-11 shows the 
order in which the different levels appear and the maximum possible number 
of protons or neutrons in a given level. For example, the magic number 8 
fits 8 0 16 , with N = Z = 8. This is a very stable nucleus; the measured value 
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of I = 0. A great deal of information for determining the order in which 
shells are occupied by nucleons is obtained from a study of nuclei of odd 
mass numbers. The total quantum number / of such nuclei must be an odd 
half-integer. Its value can often be obtained from the measured value of its 
magnetic moment determined by either one of the magnetic resonance 
methods, or from its hyperfine structure. The ground state may then be 
determined, and the odd nucleon, either a proton or a neutron, can then be 
assigned to the proper shell. 

It will be observed from Figure 12-11 that the order of filling the nu¬ 
clear levels is the same for protons as for neutrons up to N = Z = 50. 
Above this value there are a few differences. For example, the 4rf 5/2 level 
for neutrons is filled before the 5 g 7 i 2 level, whereas the opposite is the case 
for the protons. It should be remarked that there are no protons in the 
ground state above Z = 100. 

12-11. High Energy Nuclear Reactions 

The investigation of nuclear reactions with high energy projectiles has 
produced several new types of processes. The concept of the formation of a 
compound nucleus has to be modified considerably to explain some of these 
processes. We shall arbitrarily consider 50 Mev as the dividing line between 
low energy and high energy projectiles, although this number is subject to 
wide variations. One of these processes involves the production of neutrons 
using high energy deuterons incident on a target. In a typical (d-n) reaction 
with low energy deuterons, a compound nucleus is formed and neutrons 
are then emitted from the target in all directions. But when high energy 
deuterons are used as projectiles, the neutrons come out predominantly in 
the forward direction with very high energies. In one of these experiments, 
Hemholtz, McMillan, and Sewell (1947) used 190 Mev deuterons to 
bombard thin targets such as Be, Al, Cu, and others up to U; in each case 
they obtained a very narrow beam of neutrons proceeding in a forward 
direction with high energy. The explanation of this phenomenon given by 
R. Serber (1947) is that the deuteron is not captured by the nucleus but 
passes close by it, practically at grazing incidence; the proton is stripped off 
and the neutron continues with about the same velocity as the deuteron. 
Because of the high velocity of the deuteron, the duration of the interaction 
between it and the nucleus is very small, so that very little change is pro¬ 
duced in the motion of the neutron in this stripping process. The final 
velocity of the neutron will be the vector sum of the velocity of the center 
of mass of the deuteron plus the velocity of the neutron relative to the 
center of mass. For a high energy deuteron the latter is comparatively 
small so that the final velocity of the neutron will have a very large com¬ 
ponent in the forward direction; its energy will be approximately half 
that of the deuteron. 
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A phenomenon allied to that of stripping, observed at lo "' e ^ energ ‘^ 
but resulting in a d-p process, occurs when a h.gh energy •“he 
close to the nucleus, say at a distance between ft and 3 ft, where 
nuclear radius. The Coulomb force between the target nucleus a 
proton in the deuteron may be sufficient to break the bond between he 
proton and the neutron, the proton being repelled and the neutron' 6 

captured by the nucleus. This process, which is a special type of stripping, 
is sometimes called the Oppenheimer-PhiUips process. 

The inverse of stripping is a process in which a projectile, such a 
proton, a neutron, or a deuteron, picks up another particle as it passes close 
to the nucleus. Among these processes, called pickup, are p-d, n-d, and a-t 
reactions. These reactions differ from similar reactions in which a compoun 
nucleus is formed by the fact that the particle formed in pickup has a large 
forward momentum, whereas particles emitted by compound nuclei show 
practically isotropic distributions of momenta in the center of mass system. 
Examples of reactions in which pickup occurs are 

Be 9 (d,()Be 8 and C 13 (d,<)C 12 . 


Another important process, observed when high energy particles 
bombard a target, involves the emission of several nuclear fragments such 
as protons, neutrons, and alpha particles. This process is known as spalla¬ 
tion. When observed in a cloud chamber, or in a photographic research 
nuclear emulsion, the result of spallation is the production of a star; 
several examples of stars are given in Chapter 14. When a target of medium 
atomic weight is bombarded by high energy particles, the spallation 
products usually cover a large range of mass numbers and atomic numbers. 
For example, in one experiment Lindner and Perlman (1950) bombarded 
thin strips of antimony metal with high energy deuterons and alpha 
particles; the isotopes formed in the target were separated by chemical 
means and identified by measurements of the half-lives and absorption 
characteristics of their radiations with Geiger counters. 1 argets bombarded 
with 190 Mev deuterons yielded a large number of nuclides with atomic 
numbers ranging from Z = 52 down to Z = 39, and mass numbers ranging 
from A = 124 down to A = 87. Similar results were obtained with 380 Mev 
alpha particles as projectiles. Many of the isotopes formed were found to be 
neutron deficient and decayed by electron capture. 

The production of such a large number of different nuclides by bom¬ 
barding a target with one kind of particle of high energy must involve 
several different types of nuclear reactions with the formation of a com¬ 
pound nucleus being only one type. Serber (1947) examined the various 
possibilities and indicated that among them are the transfer of only a part 
of the projectile energy to a nucleus in a single collision; the projectile with 
reduced energy makes collisions with another nucleus, transferring a dif- 
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ferent amount of energy; some of the particles emitted in these collisions 
act as projectiles in bombarding other nuclei. Low energy particles may be 
captured by other nuclei resulting in the formation of a compound nucleus 
with ensuing reactions which are already known. 

Spallation may also be produced with high energy neutrons as pro¬ 
jectiles. Marquez (1952) bombarded a copper target with neutrons having 
a range of energies from 300 to 440 Mev with a peak at 370 Mev. Chemical 
separation of the nuclides produced, and subsequent analyses of these 
nuclides showed, a series of products extending from 2 2 Ti 45 to 2 oCu 04 . 

The method of indicating a spallation reaction by a concise notation 
depends upon the knowledge that is available concerning the reactants and 
the products. For example, if 2 oFe 52 , which is one of the spallation products, 
is produced by the bombardment of 29 CU 63 by a neutron, we may write the 
reaction as 

29 CU 63 + o ^ 1 -* 2 «Fe 52 + nuclear fragments. (27) 

In this reaction, it is apparent that the charge 2 eFe 52 is 3 units less, and its 
mass number is 12 units less, than those of the reactants. This may be 
represented schematically by writing the reaction as 

29 Cu 63 (n, 32 l 2 a) 26 Fe 52 . (28) 

This group of fragments may consist of one alpha particle, one proton, and 

seven neutrons, in which case the reaction may be written as 

29 CU 63 ( n t ap7n ) 26 Fe 52 . (29) 

In addition to the above processes two other types of processes of great 
importance in nuclear physics will be discussed in the succeeding chapters. 
One of these is the production of new types of particles, called mesons , by 
bombarding substances with high energy protons and neutrons (see 
Chapter 14). The other process is nuclear fission. As we shall see (Chapter 
13), although fission can occur spontaneously in special cases or be pro¬ 
duced by low energy neutrons, in general, high energy projectiles are 
required to produce this process. 

Problems 

12-1. (a) Calculate the difference between the binding energy of a nucleus of 

C 12 and the sum of the binding energies of three alpha particles, (b) Assuming 
that these alpha particles form a triangular structure with three “alpha-particle 
bonds" between them, calculate the binding energy provided by each alpha- 
particle bond. 

Ans. (a) 7.33 Mev. 
(b) 2.45 Mev. 
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12-2. What target isotope must be used to form the compound nucleus (ijNa ) 
when the projectile is (a) a neutron, (b) a proton, and (c) an alpha particle. 

12-3. Determine the De Broglie wavelength of (a) a thermal neutron whose 
energy is 0.025 ev; (b) a neutron whose energy is 200 kev. 

12-4. Calculate the Coulomb barrier of 47Ag 108 (a) for protons and (b) for 
alpha particles. 

12-6. (a) Calculate the distance of closest approach n of an alpha particle 

having a kinetic energy of 4.2 Mev to a nucleus of charge Ze = 90«. (b) Using 
the value of R as the radius of the nucleus of uranium, calculate the width w 
of the potential barrier through which the alpha particle must pass in the disin¬ 
tegration of U 238 . 

12-6. Show that if the neutrino rest mass is m„ then the energy &n of a recoil 
nucleus in an EC process is given by 

— mlc i )/2Mc? 

where M is the mass of the recoil nucleus and 6 r is the total energy available 
for the process. 

12-7. Neglecting the neutrino rest mass, calculate the energy of the recoil 
nucleus for the EC reaction with (a) Be 7 , and (b) A 37 , (c) Calculate the velocity 
of the ion in each case. 

12-8. C 14 disintegrates by 0~- emission with an end-point energy of 0.155 Mev. 
Neglecting the neutrino rest mass, (a) calculate the recoil energy of the product 
nucleus, (b) A beta particle with an energy of 0.055 Mev is emitted in a direction 
at 135° to the direction of motion of the recoil nucleus. Determine the momenta 
of the three particles involved in this disintegration. 

12-9. The end-point energy of the negative beta-rav spectrum of He 6 is 3.50 
Mev. (a) Determine the recoil energy of the product nucleus, (b) A beta particle « 
is ejected with a kinetic energy of 1.5 Mev at an angle of 90° to the direction of • 
motion of the recoil nucleus. Determine the momenta of the three particles 
involved in this disintegration. 

12-10. (a) Write the reaction equation for electron capture by Be 7 , (b) Deter¬ 

mine the Q value of this reaction, (c) Determine the recoil energy of the product 
nucleus. 

Ans. (b) 0.875 Mev. 

(c) 57.3 ev. 

12-11. (a) Write the equation for the /3”-decay of P 32 . (b) Calculate the ? 
Q value for this decay, (c) When the angle between the recoil nucleus and the 
beta particle is 130°, the recoil momentum of the nucleus yields a value of 
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Hr = 5750 gauss cm, and that of the beta particle a value of 2150 gauss cm. 
Using a vector diagram, determine the momentum of the neutrino. 

Ans. (b) 1.70 Mev. 

(c) 4700 gauss cm. 

12-12. A gamma-ray photon of energy hv is emitted from the nucleus of an 
atom of mass Af. (a) Derive an expression for the kinetic energy of the recoiling 
nucleus, (b) Ba u7 emits a gamma-ray photon of 0.66 Mev during an isomeric 
transition. Calculate the recoil kinetic energy of the atom in ev. 

Ans. 1.7 ev. 


12-13. (a) Derive an expression for the recoil kinetic energy of an atom which 

emits a conversion electron of momentum p. (b) The momentum of the conver¬ 
sion electron in its path of radius ft in a uniform magnetic field of strength H 
is HeR. Show that the recoil kinetic energy is given by 

f _ ** (HR)' 

k " 2 M 

where all quantities are in cgs em units, (c) The measured value of the momentum 
of the conversion electrons from Cs 1 * 7 is given as 3380 gausses cm. Determine the 
recoil energy in ev. 

Ans. 4 ev. 
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chapter 

Nuclear Fission 


13-1. Discovery of Nuclear Fission 

By 1934 a reasonable amount of data had been accumulated on the 
disintegration of nuclei which were bombarded by neutrons to lead I* ermi 
and his co-workers to try to produce elements of atomic number greater 
than 92 by bombarding uranium with neutrons. In their early experiments 
they found four beta-ray activities with different half-lives as a re¬ 
sult of bombarding uranium with neutrons. Now uranium is a naturally 
radioactive substance which disintegrates with a long half-life by the 
emission of alpha particles; hence these beta-ray activities indicated 
that some new process was taking place. This new process was interpreted 
as the formation of one or more transuranic elements, that is, elements of 
atomic number greater than 92. Some chemical tests were therefore tried 
to verify this hypothesis. Element 93, for example, is a chemical homologue 
of manganese; that is, it occurs in the same column of the periodic table. 
In one chemical experiment, a manganese salt was added to a solution of a 
uranium salt which had been bombarded with neutrons and then pre¬ 
cipitated out as manganese dioxide. Two of the beta-ray activities came 
down with the precipitate. Other chemical tests were tried which ruled 
out the possibility that these beta-ray activities could be due to any of 
the elements in the range of atomic numbers 86 to 92 inclusive. It was 
therefore concluded that element 93 had been produced. A chemist, 
Noddack, criticized this conclusion on the basis that many elements are 
precipitated with Mn0 2 and suggested the possibility that the bombarded 
nuclei were split into nuclei of elements of lower atomic number. This 
suggestion was apparently ignored, and other workers, particularly I. Curie 
and her co-workers, and Hahn, Strassmann, and Meitner, entered this 
field in search of the transuranic elements. Uranium, thorium, and prot¬ 
actinium were bombarded with neutrons and many different beta-ray 
activities discovered. These were carefully checked by both physical and 
chemical methods to determine the nature of the emitters, and until early 
in 1939 they were generally ascribed to radioactive substances of atomic 
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number greater than 92. Several new radioactive series were suggested 
to account for these activities; each one started with uranium and by a 
series of beta-particle disintegrations led to elements of atomic numbers 
as high as 96 and 97. It must be pointed out that chemical analysis in this 
region of the periodic table is extremely difficult and becomes even more 
difficult because of the very small samples of newly formed radioactive 
material available. 

In 1939 Hahn and Strassmann found, after a series of very careful 
chemical experiments, that one of the radioactive elements formed by the 
bombardment of uranium with neutrons was an isotope of the element 
barium, Z = 56. Another of the radioactive elements thus formed was the 
rare-earth element lanthanum, Z = 57. It is obvious that the lanthanum 
is formed by the beta decay of the barium. Hahn and Strassmann therefore 
suggested that the beta-ray activities previously ascribed to transuranic 
elements are probably produced by radioactive isotopes of elements of 
lower atomic number. The process that is started by bombarding uranium 
with neutrons is one in which the new uranium nucleus becomes unstable 
and splits up into two nuclei of medium atomic masses; if one nucleus 
formed is barium, Z = 56, the other nucleus must be krypton, Z = 36. 

I This type of disintegration process in which a heavy nucleus splits up into 
two nuclei of nearly comparable masses is called nuclear fission. 

As soon as the discovery of nuclear fission was announced early in 
1939, physicists in laboratories throughout the world where neutron sources 
were available immediately repeated and confirmed these experiments. 
Within the next two years the results were extended to include the nuclear 
fission of thorium and protactinium, the measurement of the energies 
of the bombarding neutrons necessary to produce fission in the particular 
isotope of the heavy element, the amount of energy released in nuclear 
fission, and analyses of the products of nuclear fission together with their 
genetic relationships. 

13-2. Fission of Uranium 

In the process of nuclear fission a very much greater amount of energy is 
released than that ever previously encountered in any nuclear or atomic 
process. In addition to the release of energy, the fission of uranium was 
accompanied by the emission of several neutrons. It was immediately 
apparent that these neutrons could be utilized, under proper conditions, 
to produce fission of other uranium nuclei and thus a chain reaction could 
be initiated which could result in the release of tremendous amounts of 
energy. The first successful nuclear reactor utilizing the fission of uranium 
nuclei in a self-sustaining chain reaction was constructed at Chicago and 
operated successfully on December 2, 1942. This reactor, sometimes known 
as a uranium graphite pile because of the manner in which it was constructed, 
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was built under the direction of E. Fermi by groups headed by W H. Zmn 
and H. L. Anderson. Since then many other nuclear reactors of various 

designs have been built throughout the world. 

An idea of the amount of energy released in nuclear fission can 
obtained by considering one example of the fission of uranium, Z - » 

A = 235, assuming that the fission products are barium, Z — 56, A — , 

and krypton, Z = 36, A = 92, with the prompt release of 3 neutrons. 
We can write the equation for this reaction as 


o n 


+ 92 U 235 -> ( 92 U 236 ) — seBa 141 + 3 flKr 92 -f 3 0 n‘ + Q 


(1) 


where Q represents the energy released in this reaction. This energy is 
provided by the difference in mass between the initial products and the 
final products. A simple way of calculating this difference in mass is with 
the aid of the packing fraction curve, as shown in Figure 2-23. The following 
are approximate packing fractions obtained from this curve: 


Packing fractions X 10 4 

Mass defect X 10 4 

0 n> = 90 

90 

„U”‘ = 5 

1175 

»Kr* = -8 

-736 

= -3 

-423 

3on' - 

270 

Am 

2154 


Since the number of nucleons before and after the fission process is 
the same, the difference between the mass defects of the nuclides on the 
two sides of the equation is equal to their difference in mass. In this par¬ 
ticular case, the decrease in mass is 0.2154 amu. Since 931 Mev = 1 amu, 
this decrease in mass corresponds to a release of energy of about 200 Mev. 
This value is more than 20 times as great as that released in the average 
alpha-particle disintegration (5 to 10 Mev), and millions of times greater 
than that released in the process of combustion. 

The fission of a nucleus results in the production of two massive 
particles having equal and opposite momenta. Figure 13-1 is a cloud- 
chamber photograph of the fission of uranium showing the tracks of two 
massive fragments traveling practically in opposite directions. The kinetic 
energies of these fission particles are in the inverse ratio of their masses. 
These fission products are unstable, each having an excess number of 
neutrons. Each particle may emit one or two neutrons shortly after fission 
but in a time too short to be measured, probably in less than 10 15 second. 
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Such neutrons are called 'prompt neutrons; they have been included in 
equation (1). Other neutrons may be emitted later; such neutrons are 
called dc'aycd neutrons (see §13-7). 

Uranium fission can be produced by both slow and fast neutrons. 
On the basis of Bohr’s theory of nuclear processes, nuclear fission takes 
place in two steps: (l^the formation of the compound nucleus in which 
the energy is temporarily stored among the different degrees of freedom 
of the nuclear particles in a manner similar to that of thermal agitation of 



Fio. 13-1. Cloud-chamber photograph of the tracks produced by two fission 
particles; these particles are the products of the fission of uranium which has captured 
a neutron. The uranium is on the foil shown in the center of the chamber. (From a 
photograph by J. K. B0ggild, K. J. Br0strom. and T. LauriUen.) 

a liquid, and (2) the transformation of a sufficient portion of this energy 
into potential energy of deformation of the compound nucleus which will 
lead to its fission. The possibility of the occurrence of fission by bombarding 
a nucleus with neutrons depends, therefore, on the difference between the 
critical energy of such an unstable deformation of the nucleus and the 
energy used to excite the nucleus; the latter is determined by the binding 
energy, IV,,, of the added neutron. Bohr and Wheeler have made estimates 
of these values for some of the heavy elements; these are listed in Table 13-1. 

From Table 13-1 it can be seen that the uranium isotope of mass 
number A = 235 should be responsible for the fission produced by slow 
neutrons. This was confirmed experimentally by Nier, Booth, Dunning, 
and Grosse. They first separated small quantities of the uranium isotopes, 
A = 235 and A = 238, by means of the mass spectrometer, and then 
bombarded each of these isotopes with slow neutrons. They observed 
practically no fission with uranium, A = 238, but did get a fairly large 
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Bombarded 

Nucleus 


92 U 234 
92 U 235 
92 U 238 
91 Pa 231 
90 Th 232 
90 Io 230 
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Compound 

Nucleus 


92 U 235 
92 U 236 
92 U 239 
91 Pa 232 
90 Th 233 
90 Io 231 


Table 13-1 

Critical Energy 
&c in Mev 


Binding Energy 
W D in Mev 


6 c - W n 

in Mev 



number of fissions with A = 235. Furthermore, the rate of fission per 
microgram of uranium 235 observed in this experiment was in good agree¬ 
ment with the number obtained under the same experimental conditions 
from unseparated samples of uranium containing the normal percentage 
of uranium 235. 


13-3. Energies of the Fission Fragments 

The measurement of the kinetic energy of the fission fragments and the 
distribution in energy among these fragments has been carried on over 
a period of years, some by calorimetric methods, but mostly by ionization 
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Fig. 13-2. Energy spectrum of the fission fragments produced in the slow neutron 
fission of uranium 235. (After Fowler and Rosen, Phys. Ret\, 72, 928, 1947.) 

methods. Fowler and Rosen (1947) using a specially designed ionization 
chamber, determined the distribution in energy of the fragments from 
the fission of U 235 by both slow and fast neutrons. Figure 13-2 shows the 
distribution in energy among the fission fragments of the slow neutron 
fission of U 235 . There are two definite peaks to the curve, one at 61.4 Mev 
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and the other at 93.1 Mev. They obtained a similar curve for the distribu¬ 
tion in energy of the fragments from the fission of U 235 by fast neutrons 
with a range of energy from 1 kev to about 1 Mev, with the peaks shifted 
slightly to higher energies. The kinetic energy of a fission fragment was 
calculated from the ionization current on the assumption that the energy 
required to produce an ion pair in the gas of the chamber is the same for 
a fission product as for an alpha particle. 

The assumption that the energy required to produce an ion pair in 
a gas is the same for a highly charged fission fragment as for an alpha 
particle is open to question. This problem was investigated by Leachman 


Thermal 

neutrons 

i 



Fig. 13-3. Schematic diagram of the apparatus used for measuring the velocities of 
fission fragments. 

(1952), who measured the velocities of the fission fragments from the slow 
neutron fission of U 233 , U 235 , and Pu 239 , using a time-of-flight method and 
comparing these results with the velocity distribution calculated from 
ionization methods. A simplified diagram of the experiment is shown 
in Figure 13-3. The fissionable material, such as UO 3 , is put on a thin foil 
of nickel, which is placed 1 cm from one end A of a long tube; the other 
end B, being 343 cm away. A scintillation detector is placed at each end, 
the pulses being fed through separate amplifiers to an oscilloscope. Fission 
is induced by slow neutrons from a nuclear reactor. When fission occurs, one 
fragment travels 1 cm and produces a pulse, the other fragment travels 
343 cm and produces a pulse; the time interval between these pulses is then 
determined from the oscillograph record. The results for the distribution 
in velocity of the fission fragments for U 235 are shown in the full curve of 
Figure 13-4; the dashed curve is that computed from ionization measure¬ 
ments. The curves have the same general features; the peaks of the curve 
obtained by the time-of-flight method are both shifted to higher velocities 
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relative to the curve obtained from ionization methods. From these data 
the shift in the peak for the light fragment is 5.7 Mev and that for the 

kinetic energ.es of the fission^enU 
61.4 Mev and 93.1 Mev, and adding the above values of 5.7 Mev and 



Fig. 13-4. Distribution in velocity of the fission fragments from the thermal neutron 
fission of uranium 235. (After Leachman, Rhys. Rev., 87, 444, 1952.) 


6.5 Mev, we obtain for the total kinetic energies of the fission fragments 
166.7 Mev. 

Similar results were obtained for the velocity distributions of the 
fragments from the thermal neutron fission of U 233 and Pu 239 . 

13-4. Some Products of Nuclear Fission 

Many different atomic nuclei have been produced by the fission of uranium 
and thorium as a result of bombarding them with neutrons. Most of these 
fission products have been identified by chemical tests; others, by means 
of the x-rays emitted by the excited atoms produced during fission. In 
many cases the particular isotopes produced have been identified by 
comparing their half-life periods with those produced by other types of 
nuclear reactions. The fact that so many different fission products have 
been produced indicates that the excited uranium or thorium nucleus can 
split up in many different ways. All of the presently known fission products 
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are elements in the middle of the periodic table with atomic numbers 
ranging from Z = 30 to Z = 63. 

The relative distribution of the different nuclides among the fission 
products depends upon the energy of excitation available for the fission 
process. Figure 13-5 is a graph showing the fission yield (in percentages) 
plotted against the mass number of the fission fragment for the fission of 
uranium 235. From this graph, it is seen that the most probable values 



Fig. 13-5. Graph showing yields of fission product chains of U 236 as a function of 
mass number. (After “Plutonium Project Report on Nuclei Formed in Fission,” 
Revs. Modern Phys., 18, 539, 1946.) 


for the mass numbers of the two fission fragments are about 95 and 139 
when two prompt neutrons are emitted simultaneously. It will be observed 
that the yield passes through a minimum at mass number 117, correspond¬ 
ing to fragments of equal mass. The yield curve drops rapidly at mass 
numbers 72 and 162. 

The ratio of the number of neutrons to the number of protons, that 
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is N/Z, for uranium is about 1.6. For stable elements in the mnge of 
atomic numbers 30 to 63, the range of max.mum values of N/Z .si -J 
hence the fission fragments will have an excess of neutrons. The fis 
products will therefore be unstable; they will thus go to a more stable for 
either by beta disintegration or by the emission of one or more excess 
neutrons Neutrons emitted a measurable time after the fission process 
are called delayed neutrons: they play an important role in the control o 
nuclear reactors. The beta-decay chain leading to a stable nuclide has been 
followed for a great many fission products. For example, the heaviest stable 
isotope of barium has a mass number 138; hence barium 141, one of the 
fission products of uranium, is unstable because it has an excess of 
neutrons. The beta-decay chain of barium 141 has been found to be 


50 


;Ba 


Ml 


18 min 


57 


La 


Ml 


— >»Ce 141 — *5 9 Pr 

3.7 hr 28 d* 


141 


(*) 


The end product of this chain is a stable isotope of praseodymium. Sum- 
larly, krypton 92 is unstable and starts a beta-decay chain which ends in a 

stable isotope of zirconium: 


30 


Kr 


.92 


2.4 mo 


37 


Rb 


92 


3 gSr 92 —► 39 Y 82 ► « 0 Zr 

2.7 hr 3.5 hr 


92 


O) 


The assignment of the mass number to the particular isotope pro¬ 
duced in the fission process is aided by the production of the same beta 
activity by other methods. For example, the 3.5-hr activity of yttrium 92 
can be produced in an n-p reaction with zirconium. Similarly, the 28-day 
activity of cerium can be produced by an a-n reaction with barium as 
well as by several other reactions. 


13-5. Neutrons Released in the Fission of Uranium 

One of the first problems to be solved is the determination of the number of 
neutrons released for each fission process produced. Szilard and Zinn (1939) 
performed an experiment to determine the number of fast neutrons emitted 
in the fission of uranium by slow neutrons. The arrangement of the 
apparatus used by them is shown in Figure 13-6. The neutrons were emitted 
as a result of the photodisintegrat ion of beryllium by the action of the gamma 
rays from radium. A helium-filled ionization chamber F connected to a 
linear amplifier was used as a detector of fast neutrons. The neutrons from 
the beryllium B were slowed down by the paraffin C, and then bombarded 
the uranium oxide contained in the cylindrical box E. When desired, the 
uranium oxide could be shielded from the slow neutrons by interposing a 
sheet of cadmium H. A cadmium sheet G was also used to shield the 
ionization chamber from slow neutrons. 

When the uranium oxide was exposed to the action of slow neutrons by 
the removal of the shield H, Szilard and Zinn observed 50 pulses per 
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minute in the helium ionization chamber. When the cadmium shield was in 
place, only 5 pulses per minute were obtained. The difference of 45 pulses 
per minute must therefore be due to fast neutrons emitted from the 
uranium under the action of the thermal neutrons. 

In order to estimate the number of fast neutrons emitted per fission 
under the action of slow or thermal neutrons, the helium ionization chamber 
was replaced by another chamber which was lined with a layer of uranium 



Fig. 13-6. Arrangement of the apparatus for the observation of the emission of 
fast neutrons from uranium l>ombarded by slow neutrons. A, radium; H, beryllium 
block; C, paraffin; D, lend block; E, box filled with uranium oxide; F, ionization chamber; 
G, cap of cadmium sheet; //, shield of cadmium sheet. 

oxide of known area. The fast neutrons which entered this ionization 
chamber produced fission of some of the uranium, and the number of 
fissions per minute was counted. Making some reasonable assumptions 
concerning the range of fission particles in uranium oxide, they then were 
able to estimate the number of fissions per minute produced in the large 
amount of uranium oxide in the cylinder E. Combining this result with the 
count of the number of fast neutrons which were recorded by the helium 
ionization chamber, Szilard and Zinn estimated that two fast neutrons 
were emitted per fission of uranium by slow neutrons. 

In a further refinement of this experiment the uranium oxide was 
replaced by a cell containing about 430 grams of uranium metal, and 
a high-pressure spherical ionization chamber containing hydrogen at 10 
atmospheres pressure and argon at 8 atmospheres pressure was used to de¬ 
termine the number of neutrons emitted per fission. The ionization chamber 
was connected to an oscillograph and the pulses due to the recoil protons 
produced by collisions with the high energy fission neutrons were recorded 
photographically. Since the probability or cross section for scattering of 
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protons by neutrons is a function of the neutron energy, the distribution 
of energy among the fission neutrons was also determined. The result o 
this experiment led to a value of 2.3 neutrons per fission. 

At about the same time (1939) von Halban, Joliot, and Kowarski 
made a determination of the number of neutrons per fission of uranium 
and obtained a value of 3.5 db 0.7. After the start of World War II, physi¬ 
cists in the United States decided to withhold further information on the 
results of experiments on nuclear fission because of its obvious importance 
in producing a nuclear chain reaction. After 1945 some information on this 
subject began to be released. In 1950, information was released giving the 
average number of neutrons emitted per fission of uranium 235 by thermal 
neutrons as 2.5 ±0.1. 



Fio. 13-7. Energy distribution of neutrons from the thermal neutron fission of 
uranium 235 in the low energy range. (After Bonner, Ferrell, and Rinehart, Phys. Rev., 
87, 1033, 1952.) 

13-6. Energy of Neutrons from Thermal Fission of U 235 

The energy spectrum of the neutrons emitted in the thermal fission of 
uranium 235 has been determined by measuring the energy of the recoil 
protons ejected by the neutrons from hydrogen or a substance containing 
hydrogen. The energy spectrum was found to extend from about 0.05 Mev 
to about 17 Mev. In the low energy range, Bonner, Ferrell, and Rinehart 
(1952) used a cloud chamber containing hydrogen at a pressure of -J- of an 
atmosphere. Neutrons from the thermal fission of uranium entered the 
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cloud chamber and produced recoil protons by collisions with hydrogen. 
The energy spectrum of the fission neutrons was determined from the 
number of tracks produced by these recoil protons and the lengths of these 
tracks. This spectrum is shown in Figure 13-7. The graph shows the 
number of neutrons N(&) per 100 kev energy interval as a function of the 
neutron energy from about 75 to 600 kev. 



Fio. 13-8. Energy distribution of fission neutrons from the thermal neutron fission of 
uranium 235 (After Watt, Phys. Rev., 87, 1040, 1952.) 

The spectrum of the fission neutrons in the energy range from 0.4 to 
7 Mev was measured by D. L. Hill (1952). The fission neutrons emitted in 
the thermal fission of uranium 235 ejected protons from a layer of paraffin; 
these protons then passed through an absorbing material and were detected 
in a series of counters. The amount of absorbing material between the 
paraffin and the counters yielded the range of the protons. The energy of 
the protons, and hence the energy of the neutrons, could be determined 
from the range-energy relationship of the protons. A different technique 
was used by B. E. Watt (1952) to determine the energy spectrum of the 
neutrons in the range from 3.3 to 17 Mev. The fission neutrons ejected 
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detem^ne^l fronT^ie ainount'of'absorb^ngmSerial in their path. The energy 
nf the crotons was determined from the known range-energy relationship, 
aid the eneri of the incident neutrons calculated from it. The results o 
the measurements of both Hill and Watt are shown on the single graph of 
Figure 13-8. This curve shows a maximum in the region of 0./5 Mev. 
distribution in energy is well represented by the equation 


N (6) = C sinh (2S) u *e 


(4) 


where AT (6) is the number of neutrons within a given energy interval, and 
C is an empirically determined constant. The results obtained by Bonnei, 
Ferrell, and Rinehart are also represented by the above equation. 

13-7. Delayed Neutron Emission by Fission Fragments 

A nucleus which has an excess of neutrons may decay either by (3 -emission 
or by neutron emission, depending upon the energy of the nucleus with 
respect to each of these processes. Bohr and Wheeler (1939), in then 
theory of nuclear fission, predicted the possibility of neutron emission from 
some of the fission products. Neutron emission would most likely occur it, 
in the process of beta decay, the product nucleus is left in an excited state 
with an energy in excess of the binding energy of a neutron in that nucleus. 
The neutron would then be emitted promptly, that is, with an immeasur¬ 
ably short lifetime. However, since the nucleus emitting the neutron was 
formed in a beta-decay process, the neutron activity of a sample will have 
the same period or half-life as the beta activity of the parent nuclide. Such 
neutron emission is called delayed neutron emission, and the neutrons 
emitted in this process are termed delayed neutrons. 

Delayed neutrons from fission products of uranium were first detected 
by Roberts, Meyer, and Wang (1939), who observed the continued emis¬ 
sion of neutrons after the fission of uranium had ceased. Booth, Dunning 
and Slack (1939) also observed delayed neutron emission and measured 
two different half-lives of the neutron activity. Because of the importance 
of the delayed neutrons in the control of a chain reaction, they were inten¬ 
sively studied for the design of the first uranium pile. More recently 
Hughes, Dabbs, Cahn, and Hall (1948) made accurate determinations of 
the half-lives of the delayed neutrons accompanying the fission of uranium 
235 in the heavy water pile of the Argonne Laboratory. Their results are 
given in Table 13-2. 

The origins of some of the delayed neutrons have been established by 
chemical tests. A. H. Snell and his co-workers (1947) showed that the 
55.6-second delayed-neutron activity came from an excited state oi krypton 
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Table 13-2 


Delayed Neutrons from Fission of U 235 


Half-Life 
in Seconds 

Energy of Neutrons 
in Kev 

Yield (Relative to 

Total Neutron Emission) 
in Percentages 

55.6 

250 

0.025 

22.0 

i 

560 

0.166 

4.51 

430 

0.213 

1.52 

620 

0.241 

0.43 

| 

420 

0.085 

0.05 

— 

0.025 

Total Yield 

! 


0.755 


87 formed by the beta decay of bromine 87 with a half-life of 56 seconds. 
Figure 13-9(a) shows the nuclear disintegration scheme suggested by them 


Br° T 55.6 sec I ,3T 23 sec 



Fig. 13-9. Delayed neutron emitters. (After Snell, Levinger, Meiners, Sampson, and 
Wilkinson, Phys. Rev., 72, 545, 1947.) 

for the delayed neutron emission. Bromine 87 may disintegrate with the 
emission of a beta particle of small energy, forming krypton 87 in an 
excited state; the latter promptly emits a neutron fo rmin g krypton 86 in 
the ground state. A branching process also occurs in which bromine 87 
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emits a beta particle with a larger energy, forming krypton 87 in a lower 
energy state. This is followed by a beta decay to rubidium 87 with a half- 
life of 75 minutes. This nuclide of rubidium is found in nature and as 
very long half-life of about 10 “ years, undergoing beta decay to.a staDie 
form of strontium 87. An exactly analogous decay scheme was found y 

Snell and his co-workers for the 23-second delayed-neutron activity. This 

follows the beta decay of iodine 137 to xenon 137 as shown in Figure 13-9 to; • 


13-8. Transuranic Elements—Neptunium and Plutonium 

The capture of a neutron by uranium does not necessarily lead to the 
fission of the compound nucleus. Uranium 238, for example, has a small 
capture cross section for neutrons of low energy. For certain values of the 
neutron energy, the capture cross section becomes very large. These values 
are known as the resonance energies. One value of this resonance energy 
has been determined by H. L. Anderson (1940) as about 11 ev. The im- 
portance of the capture of neutrons by uranium 238 is that it leads, through 
a series of disintegrations given below, to the formation of two transuranic 
elements, neptunium (Np), Z = 93, and plutonium (Pu), Z = 94. 

It was not until 1940 that the existence of transuranic elements was 
definitely established. McMillan and Abelson discovered the first trans¬ 
uranic element, neptunium, by bombarding uranium with low energy 
neutrons. The capture of neutrons by uranium 238 in an n-y reaction led 
to the formation of a new isotope of uranium, A = 239, which decays by 
beta-ray emission with a half-life of 23.5 minutes resulting in the forma¬ 
tion of neptunium. The following are the nuclear reactions: 


92 U 238 + on 1 - (wU* 39 ) - 92 U 239 + hu 


(5) 


followed by 92 U 239 - 93 NP 239 + r, T = 23.5 min. ( 6 ) 

McMillan and Abelson performed chemical experiments with the 
minute quantities, so-called tracer amounts, of the element formed in the 
above process and showed that its oxidation states differed from those of 
uranium. This was the first time that the existence of a new element was 
established by chemical experiments on a tracer scale of investigation. 

The neptunium formed in the above reaction is also radioactive, 
emitting a beta particle to form a new transuranic element of atomic num¬ 
ber 94, now known as plutonium. The following is the nuclear reaction foi 
this process: 


93 NP 239 - 94 PU 239 + r, T = 2.3 da. ( 7 ) 


This isotope of plutonium is radioactive with a long half-life and emits an 
alpha particle according to the following reaction: 


94 Pu 239 - 92 U 235 + 2 He 4 , T = 24,000 yr. 


(») 
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This isotope of plutonium plays an important part in an atomic bomb 
project because it is fissionable with both slow neutrons and fast neutrons. 

A different isotope of plutonium was discovered shortly after the dis¬ 
covery of neptunium. This transuranic element was discovered by Seaborg, 
McMillan, Wahl, and Kennedy late in 1940. They bombarded uranium 
with deuterons and showed that the following reactions occurred: 

92 U 238 + ,H 2 - ( M Np 240 ) - i 3 Np 238 + on 1 + on 1 (9) 

followed by 9 3 Np 238 9 «Pu 238 + 0”, T = 2.1 da, (io) 

and then 94 PU 238 — 92 U 234 + 2 He 4 , T = 92 yr. ( 11 ) 

The chemical properties of plutonium determined with the minute 
amounts available from the above reactions formed the basis for setting 
up the so-called chain-reading units at Clinton, Tennessee, and Hanford, 
Washington, for the production of plutonium on a large scale for use in the 
atomic bomb. Once the chemical properties of plutonium were known it 
seemed reasonable to hunt fo»- these elements in nature. Pitchblende ore, 
one of the sources of uranium, was examined by Seaborg and Perlman; 
they made a chemical separation of neptunium and plutonium and were 
able to show the presence of a small quantity of alpha activity in the trans¬ 
uranium fraction which they attributed to plutonium, A = 239. The 
amount of plutonium in the pitchblende corresponds to about 1 part in 10 14 , 
an amount which could not possibly be found had the chemical properties 
not been known. It probably is being formed continuously as a result of the 
radiative capture of neutrons by some of the uranium present in the ore. 

Another isotope of neptunium, A = 237, was discovered by Wahl and 
Seaborg in 1942. This is produced in the following reactions: 

92 U 238 + on 1 ( 92 U 239 ) - 92 U 237 + 0 n l + on 1 ( 12 ) 

followed by 92U 237 93 NP 237 + 0”, T = 7 da, ( 13 ) 

and 9 3 Np 237 -> 91 Pa 233 + 2 He 4 , T = 2.25 X 10 6 yr. (u) 

The fact that this isotope is comparatively stable makes it particularly 
suitable for the chemical investigations of the properties of neptunium. 

A large number of isotopes of neptunium, ranging in mass number 
from 231 to 239, have since been produced. Similarly, a large number of 
isotopes of plutonium have since been produced; they range in mass 
number from 232 to 242. 

Other transuranic elements, of atomic numbers 95, 96, 97, and 98, 
have also been produced. These will be discussed in Chapter 15. 

13-9. Photofission of Nuclei 

Almost any method which will make a nucleus sufficiently unstable can be 
used to produce the fission of uranium and thorium. One method is to 
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bombard these nuclei with high energy photons. Haxby, Shoupp, ,Step\ hens, 
and Wells (1941) were the first to produce such fission with ga y 

clma ra^pho ons of 6.3 Mev energy, obtained by bombarding fluorite 
£T^th high energy protons, were used to irradiate a 12 cm* piece of 
^anium metaTplaced on the high-voltage plate of an ionization chamber. 
The fission products were measured by the pulses of ionization they' P 
duced in this chamber. Baldwin and Koch (1945) used the hig gy 
x-ray photons produced by the betatron to induce the fission of uramum_ 
Uranium oxide coated on a cylinder was irradiated with x-ray photon 
energies from 8 Mev to 16 Mev. The fission fragments were collected on a 
paper cylinder held over this sample. The beta decay of the fission frag¬ 
ments was then examined with a counter. Fission products were observed 
for all values of the x-ray energies used in irradiating the uranium down 
to about 8 Mev. They estimate that the threshold for the photofission of 

uranium is less than 7 Mev. , , . , 

Baldwin and Koch also tried to produce photofission in lead but were 

unsuccessful, even with x-ray photons of 16 Mev energy. 

Koch, McElhinney, and Gasteiger (1950) were able to make more 

accurate determinations of the photofission thresholds by allowing the 
x-rays from a 20 Mev betatron, operated at suitable energies to be >ncident 
on samples of separated isotopes of uranium, plutonium, and thorium. The 
values obtained by them are given in Table 13-3. It will be noted tha 
these values do not vary very much from nuclide to nuclide in this range 

of mass numbers. 


Table 13-3 


Nuclide 

Photofission Threshold in Mev 

90 Th 230 

5.40 

92 U 233 

5.18 

92 U 235 

5,31 

92 U 238 

5.08 

94 Pu 239 

5.31 


The photofission of uranium and thorium was investigated by W. 
Titterton and co-workers (1950), using the continuous x-ray beam from 
the Harwell synchrotron with a maximum energy of 24 Mev. They used a 
photographic plate technique; for studying the photofission of uranium, 
the emulsion of an Ilford D x plate of 100 M thickness was impregnated with 
uranium from a saturated solution of uranium nitrate. When dry, it was 
exposed to the x-ray beam and then developed. For the study of the photo¬ 
fission of thorium, a similar plate was impregnated with thorium from a 
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thorium nitrate solution. In each case they observed the typical tracks in 
the emulsion produced by the fission fragments moving in opposite direc¬ 
tions. They measured the ranges of these particles and compared the 
kinetic energies of the fission fragments from thorium with those produced 
in slow neutron fission of U 235 . They found that the average kinetic energy 
released in the photofission of Th 232 was about 0.8 of that released in the 
slow-neutron fission of U 235 . 

In addition to the tracks of the fission fragments, they occasionally 
found a thin, long-range track produced by an alpha particle. This alpha 
particle is probably released at the instant of fission and travels approxi¬ 
mately at right angles to the tracks of the fission fragments. There were a 
few cases in which a third track accompanying fission was an extremely 
short track, about 5 m in length, indicating the emission of a more massive 
particle than an alpha particle. Dewan and Allen (1949), in an investiga¬ 
tion of ternary fission of uranium 235 for slow neutrons, had similarly 
observed short-range particles, of ranges less than 1 cm in air, and con¬ 
cluded that these particles had masses of the order of A = 13. 

13-10. Ternary Fission 

Shortly after nuclear fission was discovered, R. Present (1941), using the 
Bohr liquid drop model of the nucleus, predicted the possibility of the 
tripartition, or ternary fission; that is, the division of an excited heavy 
nucleus disintegrating by division into three nuclei of comparable masses. 
This process is comparatively rare and, at present, the evidence for it is 
meager. L. Rosen and A. M. Hudson (1949), in a preliminary report on the 
tripartition of U 235 bombarded with slow neutrons, found about 4.3 
ternary fissions per 10° binary fissions. In other work on ternary fission, 
two massive fragments have been observed with the third particle usually 
a long-range alpha particle, and in a few cases a somewhat heavier particle. 
For example, K. W. Allen and J. T. Dewan (1950), in their investigation 
of the ternary fission of U 233 , U 235 , and Pu 23y bombarded by slow neutrons, 
found that a long-range alpha particle accompanied the fission of these 
nuclei in about 0.2 per cent of the fissions. The average kinetic energy of the 
alpha particles was found to be about 15 Mev with a maximum energy of 
about 26 Mev. This is in agreement with the results reported for the ternary 
fission in the photofission of uranium. 

In an investigation of the ternary fission of U 235 by slow neutrons, 
E. W. Titterton, using the photographic emulsion technique, observed 
that most of the long-range alpha particles were emitted at right angles to 
the line of motion of the two massive fission fragments. The distribution of 
energy among these alpha particles showed a maximum at about 29 Mev, 
with the greatest number having energies in the neighborhood of 15 Mev. 
The observed maximum alpha-particle energy suggests the idea that the 
alpha particle is left between the massive fission fragments at the instant 
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Of fission and acquires its kinetic energy from the dectrostetic fields of 
these nuclei. He found that the frequency of occurrence of ternary hss.o. 
is about 1 in 400 binary fissions, in agreement with the results of Allen an< 
Dewan He also found a few very short tracks which seemed to indicate tnc 
formation of nuclei with charges Z > 2, but found no evidence of ternary 
fission into three approximately equal masses. Allen and Dewan ( o 
also investigated these short-range (< 1 cm air equivalent) particles ac¬ 
companying nuclear fission of uranium; from the initial specific ionization 
along their tracks,the masses were estimated to be of theorder of A -IS ±4- 
Their frequency of occurrence wac comparatively high, about 1 in / 
fissions. 


13-11. Spontaneous Fission 

The occurrence of the spontaneous fission of a heavy nucleus was first 
observed by Petrzhak and Flerov (1940), who detected the spontaneous 
fission of natural uranium. E. Scgrd (1952) reported on the work done on 
the spontaneous fission of heavy nuclei at Los Alamos up to January, 1946, 
by himself and co-workers. The substance under investigation was de¬ 
posited in a thin layer on a platinum disk and placed inside an ionization 
chamber connected to a linear amplifier; the ionization pulses produced by 
the fission fragments were then counted. They detected spontaneous 
fission in several of the heavy nuclei ranging from thorium, Z = 90, 
A = 230, to americium, Z = 95, A =241, and measured their disintegra¬ 
tion constants. They also measured the number of neutrons produced pei 
spontaneous fission of uranium, A = 238, and obtained the value 2.2 ± 0.3 
neutrons per fission. 

The spontaneous fission of curium, Z = 96, A = 242, was first ob¬ 
served and studied by Hanna, Harvey, Moss, and Tunnieliffe (1951). 
They compared the fission rate with the rate of alpha-particle disintegra¬ 
tion of curium and found 6.2 fission per 10 8 alpha particles. Using a half- 
life value of 162.5 days for alpha-particle disintegration, they obtained a 
spontaneous fission half-life of 7.2 X 10 6 years, the shortest such half-hfe 
thus far observed. They also measured the distribution in energies of the 
fission fragments and found that the most probable energy of the lightei 
fragment was about 95 Mev, while that of the heavier fragment was about 
65 Mev, results very similar to those obtained in the slow-neutron fission 
of uranium and plutonium. This is in accord with the idea that the energy 
of the fission fragment is due entirely to the electrostatic field between 
them and is independent of the method of inducing fission. 


13-12. Fission of Heavy Nuclei 

Calculations based on the liquid drop model of the nucleus indicate that 
it should be possible to produce the fission of any heavy nucleus by provid¬ 
ing sufficient energy of excitation. Probably the first definitely successful 
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experiments on the fission of normally stable heavy nuclei were those per¬ 
formed by Perlman, Cloeckermann, Templeton, and Howland (1947) in 
which high energy helium ions, deuterons, and neutrons from the 184-inch 
Berkeley cyclotron were used to bombard tantalum, Z = 73, platinum, 

Z = 78, thallium, Z = 81, and bismuth, Z = 83. The occurrence of fission 
for each of these nuclei was verified by chemical identification of radio¬ 
active fission products. The energies of the bombarding particles were 
these: 200 Mev deuterons, 400 Mev helium ions or alpha particles, and 
100 Mev neutrons. The fission yield curve for each of these elements dif¬ 
fered from that of the slow-neutron fission of uranium in that it did not 
show the pronounced asymmetrical division of the fission products. They 
also found that, in some cases, the lighter isotopes of an element were 
produced, and that the most probable type of fission was one in which the 
sum of the mass numbers of the fission products was much smaller than 
the target element mass number. This indicates that several neutrons are 
emitted in this process, probably before the actual occurrence of fission. 

A similar result was observed by O’Connor and Seaborg (1948) in the 
fission of uranium 238 by 380 Mev helium ions. The fission yield curve 
showed a maximum in the neighborhood of A = 115, extending to a low 
value of about A = 27, much lower than that of the slow-neutron fission 
of uranium 235. On the high mass number side, it extended up to about 
A = 180. They also found nuclei in the mass number range of 180 to 200 
which were produced in the process of spallation rather than fission. The 
fission of thorium by alpha particles of 37.5 Mev average energy was 
investigated by A. S. Newton (1948), who found that the fission yield curve 
had a broad plateau extending from mass number 80 to about 150, with a 
small trough in the neighborhood of mass number 117. It is thus apparent 
that the fission yields depend upon the excitation energy. Tewes and 
James (1951) investigated the fission of thorium when bombarded with 
protons of energies ranging from 6.7 Mev to 21.1 Mev. They observed the 
trough in the fission yield curve at the position corresponding to symmetri¬ 
cal fission, and noted that the trough became shallower with increasing 
proton energy. Thus the probability of symmetrical fission increases with 
increasing energy of the bombarding particle. 

13-13. Fission of Lighter Nuclei 

The concept of nuclear fission as a type of nuclear disintegration in which 
the nucleus splits into two nuclei of comparable masses can be extended to 
the entire range of complex atomic nuclei. The fission of nuclei of elements 
of medium atomic weight has been investigated by Batzel and Seaborg 
(1951), using the high energy protons from the 184-inch Berkeley cyclo¬ 
tron. For example, copper, A =63, was bombarded by protons and one of 
the products looked for was chlorine, A = 38. Cl 38 has a half-life of 38 



§13-13 


Fission of Lighter Nuclei 421 


minutes. The production of Cl 38 was detected with proton energies as low 
as about 60 Mev, with the cross section for its production increasing wi 
increasing bombarding energy, as shown in Figure 13-10. Of the sever 



Energy of bombarding proton in Mev 


Fig. 13-10. Cross section for the formation of Cl 38 and Na from copper as a 
function of the energy of the bombarding proton. (After Batrel and Scaborg, Phys. Kev., 
82, 609, 1952.) 

reactions by which Cl 38 could be produced, calculations can be made of the 
energy requirements for the following fission reaction: 

Cu 63 + p _ C1 38 + A1 2 S + „ (15) 

and the spallation reaction 

Cu 63 + p _> Cl 38 + V + n + 6a. 0‘) 

The spallation reaction would require a threshold value of about 110 Mev, 
while the fission process would require a threshold energy of about 50 Mev. 
Of the latter amount about 30 Mev is needed for the excitation energy for 
passage over the potential barrier, and the remainder for the mass differ- 
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ence between the reactants and the products. As shown in Figure 13-10, 
since Cl 38 is formed at energies less than the spallation threshold, Cu 03 is 
fissionable. 

Another fission product of Cu 63 investigated by Batzel and Seaborg 
was Na 24 , which would be formed in the fission reaction 

Cu 63 + V — Na 24 + K 30 + n ' ( 17 ) 

with a threshold of about 50 Mev. The observed cross section for this 
reaction is also shown in Figure 13-10. The spallation reaction in which 
Na 24 could be formed is 

Cu 63 + p -> Na 24 + p + 3n + 9a (is) 

and would have a threshold of about 170 Mev. 

Other nuclei of elements of medium atomic weight in which fission was 
produced are Br‘ 9 , Ag 107 , and Sn 118 . In each case identification of one of 
the fission products was made by chemical analysis. 

13-14. Fission Chain Reaction 

The fact that, on the average, more than one neutron is emitted per fission 
in the neutron fission of such isotopes as Th 232 , U 233 , U 235 , U 238 , and Pu 230 
leads to the possibility of a chain reaction in a mass of fissionable material. 
Whether the chain reaction remains steady, builds up, or dies down de¬ 
pends upon the competition between the production of neutrons through 
fission and the loss of neutrons through a variety of processes such as non¬ 
fission capture of neutrons, primarily n-y reactions in the system, and the 
leakage of neutrons through the surface of the system. 

A system in which the fissionable and nonfissionable materials are so 
arranged that the fission chain reaction can proceed in a controlled manner 
is called a nuclear reactor. In contrast, an atomic bomb is a device designed 
to produce a chain reaction that builds up at an explosive rate. The latter 
will not concern us here. 

A nuclear reactor is a source of the products of the fission process, 
namely, energy, neutrons, and radioactive isotopes. As we have .shown 
(§13-2), energy is released at the rate of 200 Mev per fission of one atom or 
about 23 X 10° kw-hr per fission of one kilogram of fissionable material of 
mass number 235. As a source of neutrons, a nuclear reactor can provide a 
large number of neutrons per unit time with a wide range of energies (§13-6). 
Of the v neutrons emitted per fission, only one neutron is required to cause 
further fission in order to maintain the chain reaction at a steady rate. The 
remaining v — 1 neutrons per fission are thus available for other purposes; 
these purposes are always taken into consideration in the design of the 
reactor. For example, a reactor may be designed for neutron experiments 
such as those discussed in earlier chapters. Or the reactor may be designed 
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to produce desired isotopes by neutron capture, such as the production of 
plutonium from U 238 , the production of C 14 from N 14 , or the production of 
fissionable U 233 from Th 232 through the reaction 

90 Th 232 + on 1 - 90 Th 233 + hv 

followed by ooTh 233 - 9 .Pa 233 + (T, T = 23 min 0*) 

and 9 iPa 233 - 92 U 233 + (T , T = 27.4 da. 

Once a fission chain reaction has started, the effective multiplication 
factor k e will determine whether the chain reaction will continue at a steady 
rate, increase, or decrease. The effective multiplication factor is defined as 
the ratio of the rate of production of neutrons, P, to the combined rate of absorp¬ 
tion A and rate of leakage L of neutrons, or 



( 20 ) 


the term absorption includes all types of absorption, such as those which 
produce fission and those which produce n-y processes in the material of the 
reactor. The fission chain reaction will be critical or steady when k e = 1, 
it will be building up or supercritical when k e > 1 , and it will be dying 
down or subcritical when k t < 1 . 

If F is the rate at which fission processes occur, and if v is the average 
number of neutrons emitted per fission, then 

P = vF. ( 21 ) 


Equation (20) may then be written as 


k< 


vF 

A + L 


from which 



F 1 
".41 + (L/A)' 


( 21 ) 


The ratio F/A depends upon the amount of fissionable and nonfission- 
able material and on their cross sections for fission and neutron capture. 
The ratio L/A depends upon the ability of the reactor to contain and ab¬ 
sorb neutrons before they can escape through the surface. As the size of a 
reactor decreases, the rate of neutron leakage through the surface increases, 
and the rate of neutron absorption decreases, so that L/A increases and 
approaches infinity, and hence in the limit k e approaches zero. As the size 
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of the reactor increases, L/A decreases toward zero, and k e increases to¬ 
ward the limiting value vF/A. Hence if the composition of the reactor is 
such that 

pF/A > 1, 

then there is some size of this reactor for which k e = 1; for this size, the 
reactor is critical. This size is called the critical size and the mass of fissionable 
material at this size is called the critical mass. The region containing the 
fissionable material is called the reactor core. The core may be surrounded 
by nonfissionable material capable of reflecting neutrons back into the core; 
in such a case both the critical size and the critical mass are reduced. On 
the other hand, if there is an insufficient amount of fissionable material or 
an excess of absorbing material in the reactor core so that vF/A < 1, then 
there is no size for which a steady chain reaction can occur, irrespective of 
whether or not a reflector is used. 

13-15. Processes within a Reactor 

The power level at which a reactor operates is proportional to the number 
of fissions occurring per unit time and this, in turn, is proportional to the 
number of neutrons in the reactor. Hence the power level of the reactor can 
be controlled by controlling the number of neutrons in it. A common 
method of doing this is to introduce a neutron-absorbing material, usually 
in the form of a steel rod containing boron, and to adjust the position of 
this rod in the core. This essentially changes the value of k e in the desired 
direction. As the reactor continues in operation, fissionable material is used 
up and the ratio F/A decreases. To keep the power level constant the con¬ 
trol rods containing the neutron-absorbing material should be moved out 
of the reactor at a suitable rate. When the limit of such compensation is 
reached, all the control rods are out; the reactor will then become sub- 
critical and die down unless new fissionable material is added. 

It has already been shown that the neutron is unstable and decays with 
a half-life of about 12 minutes. However, this has practically no effect on 
the operation of a nuclear reactor because the lifetime of the neutron is 
very long in comparison with the time interval between the emission of a 
neutron in a fission process and its subsequent absorption or leakage. This 
time interval, sometimes called the time of a neutron generation, is usually 
smaller than 10 -3 second. Thus, only negligible fractions of the neutrons 
produced are lost by the decay process. 

The determination of the effective multiplication constant for a given 
distribution of fissionable material in a nuclear reactor is a very difficult 
problem owing to the fact that the neutron-fission cross sections and 
absorption cross sections are complicated functions of the neutron energy. 
The latter, in turn, are governed by the neutron-fission spectrum (§13-6), 



Processes within a Reactor 425 


§13-15 

hv the elastic and inelastic scattering cross sections of neutrons, and, to 
some extent, by the size of the reactor. When these calculations are carried 
nllt it can be shown that pure natural uranium, no matter how large the 
amount, cannot support a chain reaction, that is vF/A < 1. However, 
natural uranium, suitably arranged with either graphite (carbon) or heavy 
water can support a chain reaction. The graphite or the heavy water acts 
as a moderator to slow down the highly energetic neutrons produced in the 
fission of uranium. The moderator has a very small capture cross section, 
so that most of the collisions between neutrons and moderator nuclei result 
in the scattering of neutrons at reduced energies. With a sufficient amount 
of moderator in the reactor, the neutrons are reduced to thermal energies. 
The values of the thermal cross sections are such that vF/A > 1, and thus 
a chain reaction can be produced. Table 13-4 lists the different cross sections 
of uranium for thermal neutrons. 

Table 13-4 


Thermal Neutron Cross Sections for Uranium 


Process 

Cross Sections in Barns 

Natural U 

U«s 

IT” 

Fission 

549 

0 

3.92 

Capture 

101 

2.80 

3.5 

/S /X 

Scattering 

8.2 

8.2 

8.2 


A glance at this table shows that thermal neutron fission in natural 
uranium is due entirely to the presence of the isotope U i35 , which has an 
abundance of only 0.71 per cent in natural uranium. A small amount of 
fission will take place in U 238 with some of the fast neutrons being released 
in the fission process before they are reduced to thermal energies. The first 
reactor ever built, the so-called uranium-graphite pile, used natural 
uranium with graphite as the moderator. 

It will be interesting to consider the processes that occur during one 
generation of neutrons in a natural uranium graphite-moderated reactor 
operated at a constant power level. In one example, starting with 100 
neutrons captured by uranium, mostly thermal neutrons captured by U 
and the remainder captured in fast fission process by both U ° and U , 
256 new neutrons are produced. Of these 

100 neutrons will be used to carry on new fissions; 

90 neutrons will undergo radiative capture by U ; 

20 neutrons will undergo radiative capture by U 235 ; 
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30 neutrons will be absorbed by the moderator; 

5 neutrons will be absorbed by structural material; 

9 neutrons will escape from core; and 

2 neutrons will be in excess, normally absorbed by control rods but 
otherwise available for increasing the power level. 

13-16. Types of Nuclear Reactors 

The design, construction, and operation of a nuclear reactor are part of a 
very large and rapidly expanding field of nuclear engineering. There are 
many nuclear reactors now in operation throughout the world, but only a 
very few produce power for consumption outside the reactor. Some of the 
nuclear reactors use natural uranium for the production of plutonium, 
Pu 239 , which is fissionable by both fast and slow neutrons. A reactor which 
could produce useful power from a natural fuel such as uranium, and in the 
process produce additional fissionable nuclides equal to or exceeding the 
amount of the fuel used is called a breeder reactor. Most nuclear reactors 
now in operation are used for experimental purposes and for the training 
of personnel. 

Uranium ores are plentiful and widely dispersed over the surface of the 
earth, and even though the concentration of uranium in these ores is small, 
the amount of uranium in existence is probably very large. In constructing 
nuclear reactors, the fuel may be natural uranium, or it may be uranium 
enriched with the lighter isotope, A = 235. The enrichment may be 
produced in a number of ways, of which gaseous diffusion through a porous 
barrier and thermal diffusion are perhaps the most common, although 
separation by electromagnetic methods has also been used. 

Reactors may be classified in a wide variety of ways. For example, 
they may be classified by the manner in which the fuel and the moderator 
are mixed. A homogeneous reactor is one in which the fuel and the moderator 
form a mixture which has uniform composition. One of the common types 
of homogeneous reactors consists of a solution of uranyl nitrate in water, 
with the uranium enriched with the lighter isotope by as much as 1 part of 
U 235 to 6 parts of U 238 , as compared with natural uranium, where the ratio 
is 1 to 140. The solution is put in a steel sphere and this is surrounded by a 
neutron reflector such as beryllium oxide and graphite. The entire reactor 
is shielded by lead, cadmium, and concrete. The operation of the reactor 
can be controlled by means of cadmium rods which penetrate the beryllium 
oxide reflector. These control rods can be positioned accurately to control 
the power level of the reactor, and one or more may be used as safety rods, 
to be dropped into position should the power level get too high. 

Most of the nuclear reactors, especially the larger ones, are of the 
heterogeneous type; that is, the fissionable material is concentrated in con¬ 
tainers suitably distributed throughout the moderator. In many cases the 
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fissionable materials, in the form of cylinders of uranium or uranium oxide 
enclosed in aluminum tubes, are spaced in a latt.ce work m the moderator, 
usually graphite but sometimes heavy water, as shown in Fl ^ re . 
A heterogeneous reactor suitable for research work, des.gned and bmlt at 
the Oak Ridge National Laboratory, consists of a set of fuel elements 
immersed in a large tank of ordinary water. This set of fuel elements con¬ 
sists of plates of uranium-aluminum alloy inside an aluminum container. 



Fia. 13-11. Top of the reactor core of Argonne National Laboratory’s heavy 
water reactor. The shield has been removed to show the ends of the uranium rods which 
are suspended in a tank of heavy water. The large hole in the center is the thimble 
which extends nearly to the bottom of the tank. Materials to be made radioactive arc 
lowered into this hole. (Courtesy of Argonne National Laboratory.) 


A set of these fuel elements containing sufficient uranium to become 
critical when immersed in water is mounted on a frame with suitable con¬ 
trol rods of boron-carbide. This fuel is lowered into a large concrete tank of 
water which acts as the moderator, as shown in Figure 13-12. About 3 kg 
of U 235 are sufficient for the critical amount of fuel, but if beryllium oxide 
is used as a reflector, a smaller amount, about 2.4 kgm of U 235 , will produce 
criticality. This reactor will develop approximately 100 kw and provide a 
thermal neutron flux of about 10 12 neutrons/cm 2 /sec. Samples to be 
irradiated by thermal neutrons can be placed conveniently anywhere in 
the water. Neutrons above thermal energy are also available for irradiating 
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Fig. 13-12. Simplified diagram of "swimming pool" type of nuclear reactor. 


materials by placing the substances between the fuel elements, or close 
to them. 

A fair amount of technical information about the design, construction, 
and operation of some nuclear reactors is now available in the technical 
literature. Reference to some of this literature is given below. 


Problems 

13-1. Calculate the electrostatic potential energy of two nuclei of atomic 
numbers Z\ = 36 and Z 2 = 56, when their centers are 1.5 X 10“ 12 cm apart. 

13-2. Show that the ratio of the kinetic energies of two fission fragments that 
have equal and opposite momenta is M/m , where M and m are their respective 
masses. Which fragment has the greater kinetic energy? 

13-3. (a) Determine the potential, in volts, at a distance of 10" 12 cm from a 

nucleus of charge Ze = 45e, where e is the electronic charge, (b) Determine the 
potential energy, in Mev, of two such nuclei when the distance between their 
centers is 10 -12 cm. 

13-4. Calculate the energy released in the fission of uranium, A = 235, by a 
slow neutron if the fission products have mass numbers 72 and 162, respectively. 

13-6. (a) Calculate the energy released in the fission of uranium, A = 235, 

by a slow neutron if the two fission products have equal mass numbers and two 
neutrons are emitted promptly, (b) Calculate the kinetic energies of the two 
fission particles, assuming that these are acquired as a result of the Coulomb 
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difference between (a) 


repulsion at the instant of fission, (c) Account for any 
and (b). 

<*- 1 . 3 / Xll-» erg/deg), calculate the average energy, in Mev of a neutron 
at 300°K; of a proton at 14 X 10‘°K; of a helium nucleus at 10 K. 

13-7. The neutrons in a beam have an average energy of 0.025 ev. Calculate the 
average velocity of the neutrons. 

13-8. Assume that the excitation energy required for passage over thenuclear 
potential barrier is equal to the Coulomb potentml energy of the two^nucle. 
formed in the fission process, (a) Calculate the exc.tat.on energy for the^.smte- 
gration of Be« into two alpha particles, (b) Compare this value with the known 
disintegration energy of 17 Mev and account for the difference. 

13-9. In the fission reaction 

Cu M + p-*Na ,4 + K” + n 

determine (a) the excitation energy necessary for passage over the potential 
barrier; (b) the energy equivalent of the mass difference between reactants and 
products; and (c) the threshold energy for the reaction. 

13-10. In the fission reaction 

60 Sn ,,s + p —> nNa M + 4oZr M + n, 

determine (a) the excitation energy necessary for passage over the potential 
barrier; (b) the energy equivalent of the mass difference between reactants and 
products; and (c) the threshold energy for the reaction. 

Ans. (a) 58 Mev. 

(b) -8 Mev. 

(c) 50 Mev. 


13-11. In the fission reaction 

6oSn 118 + uGa* + 2 oCa“ + 4n, 

determine (a) the excitation energy necessary for passage over the potential 
barrier; (b) the energy equivalent of the mass difference between reactants and 
products; and (c) the threshold value for the reaction. 

Ans. (c) ~70 Mev. 


13-12. On the liquid drop model of the nucleus the probability of spontaneous 
fission increases rapidly with Z 2 , A. G. T. Seaborg found that if Z 2 /A \s plotted 
against the half-life, it approaches the value 47 for a half-life of 10“ 20 seconds, 
which may be considered the rate of instantaneous fission. Use this value to 
determine an upper limit to the number of new elements which may be produced 
by nuclear processes. 
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13-13. Determine the kinetic energy that an alpha particle can acquire from the 
Coulomb field of a fission fragment of Z = 56 and A = 140, assuming that the 
alpha particle is released at rest at the instant of fission. 

Ans. 17 Mev. 

13-14. (a) Show that the kinetic energy 6 k of the fission fragments, in Mev. 

for the slow-neutron fission of U m can be expressed in terms of the atomic masses 
of the particles involved in the fission process by the equation 

= 931[m(U m ) - m(L) - m(H) - (k - l)m(n)) - v6 n - & y 

where m(L) is the mass of the light fragment, m(H) the mass of the heavy 
fragment, m (n) the mass of the neutron, v the average number of neutrons emitted 
per fission, & n the average kinetic energy of these neutrons, and & y the average 
energy of the prompt gamma rays. 

(b) l sing the data from the table of atomic masses, and taking v = 2.5, 
= 2 Mev, and & y = 4.6 Mev, calculate the kinetic energy of the fission 
fragments for the most probable fission mode. 

13-15. Assuming that the energy released per fission of U 236 is 200 Mev, calcu¬ 
late the rate at which fission should occur in a nuclear reactor in order to operate 
at a power level of 1 watt. 
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14-1. Subatomic Particles 

For a period of about thirty-five years prior to 1932, an atomwas^urned 
to consist only of two different elementary, stable part.eles-electrons 
protons-in equal numbers. On the Bohr-Rutherford nuclear picture of he 
atom, there were ,1 electrons and 4 protons in the atom, where A >s the 
mass number of the isotope; all of the -4 protons were in the nuc eus 
together with A - Z electrons, with Z electrons outs.de the nucleus of the 
neutral atom of atomic number Z. With the discovery of the neutron, n 
1932, the picture changed radically. There are still Z electrons outs.de the 
nucleus, but now there are only Z protons in the nucleus, no electrons what¬ 
ever in it, and N neutrons, where N + Z = A. The neutron however 
when outside the nucleus, is not a stable particle; it undergoes beta decay 
with a half-life of about 12 minutes, the process being given by the equation 

n - P + r + - (,) 


in which v represents the neutrino. 

After 1932, the number of subatomic particles began to increase at a 
rapid rate. The positron was discovered in 1934 among the particles in 
cosmic rays, and shortly thereafter was found as one of the particles emitted 
in the radioactive disintegration of many of the artificially produced radio¬ 
active nuclides. In the case of positron emission, the theory of beta decay 
assumed that a proton in the nucleus disintegrates, emitting the positron, 
with the process given by 

p (in nucleus) -> n (in nucleus) + 0 + + v. (2) 

The positron has no independent existence; ultimately it combines with 
an electron to produce annihilation gamma-ray photons (§14-4), with the 
process usually written as 

e + + e“ —* hv. 

The reverse of the process given in equation (3) also occurs, that is, 
the production of a positron-electron pair from a gamma-ray photon of 
sufficient energy (§14-3). 
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The neutrino has been, for over twenty years, a very elusive particle. 

Its existence was predicated by Pauli in 1931, but the first direct experimen¬ 
tal proof of the existence of a free neutrino has only recently been established 
(1953), by its interaction with a proton (§12-9), in the process given by 

* + p — n + /3+ ( 4 ) 

These particles have charges of either zero or one, in terms of the 
electronic charge e as the unit; the charges of all other particles known have 
values which are integral multiples of e: that is, the charges are quantized. 
The masses of the above subatomic particles vary considerably, with the 
neutrino having either zero mass or a mass which is less than 0.05 per cent 
of that of the electronic mass, m c , while the proton mass is about 1835 m*, 
and the neutron mass is only slightly larger, that is, about 1836 m e . In 1937, 
a new charged particle, now called a mu meson , was discovered in the cosmic 
radiation; its mass is about 200 m c . Very little additional work was done 
in this field until after World War II. Beginning in 1947 a whole series of 
new particles, some charged, others uncharged, were discovered among the 
particles in cosmic radiation. Many of them have masses intermediate 
between that of the electron and that of the proton and are designated as 
mesons. Some have masses in excess of the proton mass. All of them are 
unstable. Some of these particles have also been produced in nuclear re¬ 
actions with the high energy particles and radiation now available in several 
laboratories. In this chapter we shall consider the modes of production, 
decay, and other properties of these new unstable particles. Just how they 
fit into the picture of the nucleus and the atom is not very clear at present. 
Whether there is any limit to the number of such particles, or whether mass 
is a quantized property like charge and angular momentum, is not certain, 
but some theoretical work is being done along these lines. 

14-2. Cosmic Rays 

In the early part of the twentieth century electroscopes were widely used 
in experiments on x-rays, radioactivity, and electrical discharge through 
gases. It was soon found that even though no known radiations were 
present in the neighborhood of such an electroscope, and no known electrical 
discharges were taking place in any circuit near the electroscope, a charged 
electroscope would gradually lose its charge. It was early surmised that the 
discharge of a well-insulated and shielded electroscope could be produced 
only by the action of some type of radiation which came either from below 
the surface of the earth or from outside the atmosphere. Experiments 
designed to test these hypotheses were begun about 1910. The rate of dis¬ 
charge of an electroscope at different altitudes was measured by several 
experimenters. In 1912, W. Kolhorster and V. F. Hess found that the 
amount of ionizing radiation incident on the electroscope, as measured by 
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«. o. to- « « ”* k ‘S 

• j a the earth* hence the name cosmic rays. The great penetrat g P 
of these rays was also demonstrated by other experiments in which the 
to penetrate variou, thick-— ot ab.orb.ng nr.tenJe 

before reaching the detector. World 

Very little work was done in cosmic-ray studies until afte 

War I It was then believed that cosmic rays were hard gamma ^ ^a 
•Trays of very high frequencies. However, in 1927, J. Clay found that the 
intensity of cLmic rays at sea level was not constant but varied with 
latitude^ hence the cosmic rays must contain some charged particles whose 
motion was affected by the earth's magnetic field. This latitude effect was 
confirmed,by a series of measurements (1930-1933) made by a group of 
observers at different stations throughout the world; this group was headed 
bv A H. Compton. The latitude effect was found to amount to about a 
10 per cent decrease in intensity in going from high geomagnetic latitudes 

toward the^equator.co^ic ^ , g ^ vast t0 be dea lt with in this book. 

Hence we shall confine ourselves only to those cosmic-ray events and 
phenomena which have a direct bearing on nuclear P hys,CS '\ C '^® 
already discussed one such important event, the discovery of the position 
in 1932 by C. D. Anderson. Other particles have since been discovered in 
cosmic rays, particularly different kinds of mesons, that is, particles of mass 
intermediate between the mass of an electron and that of a proton. Furthermore, 
the energies available with cosmic-ray particles greatly exceed those pro- 
duced by the largest particle accelerators. Estimates of the energies o 

cosmic rays are of the order of 10' J to 10 15 ev. , , f 

Our knowledge of cosmic rays owes a great deal to the development of 
three types of detectors other than the electroscope. These are (1) the 
Geiger counter, (2) the Wilson cloud chamber, and (3) the photographic 
plate with specially prepared photographic emulsions In cosmic-ray in¬ 
vestigations, several Geiger counters are generally used in a single experi¬ 
ment; these counters may be connected in a variety of ways to recording 
devices. Geiger counters are also used in conjunction with W ilson cloud 
chambers; a common procedure is to use the discharge produced by a 
particle passing through one or more counters to actuate the expansion 
mechanism of the cloud chamber. The expansion of the chamber can thus 
be timed to coincide with the passage of a particle through it; hence prac¬ 
tically every cloud-chamber photograph will yield some information. 

Photographic plates have been used in nuclear physics since the day 
Becquerel discovered radioactivity. Modern photographic plates with so- 
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called “nuclear” emulsions differ from ordinary photographic plates in that 
the emulsions are much thicker, usually from 25 to 2000 microns thick 
(1 micron = 10 -3 mm). Further, these emulsions contain greater con¬ 
centrations of silver halide than ordinary emulsions; sensitivity of the 
emulsion to different types of ionizing particles can also he controlled. 
Reproductions of photographs showing the traeks of different types of 
ionizing particles are shown in many of the figures in this chapter. 

14-3. Production of Pairs of Charged Particles 

In cloud-chamber experiments on the passage of high energy gamma rays 
through a heavy element such as lead, pairs of oppositely charged particles 
were observed to.originate from a common point. From the densities of the 
traeks it was evident that these particles had exactly the same mass as that 


Fic.. 14-1. Cloud-chamber pho¬ 
tograph of the path* of a pair of 
oppositely charged particle*, an elec¬ 
tron ami a positron, formed by the 
disintegration of a 5.7 Mev gamma- 
rav photon in its passage through a 
sheet of lead 0.002 inch thick. 
Magnetic field of 1680 gausses is 
directed into the paper. (Photo¬ 
graph by H. It. Crane.) 



of an electron. The velocities and hence the kinetic energies of these particles 
could be determined from the measurements of the radii of curvature of 
their paths in a magnetic field. The results of these measurements support 
the view that a positron and an electron are formed as the result of the 
interaction of a gamma-ray photon with a heavy nucleus. From calculations 
on the number produced, it is believed that this pair formation occurs in 
the intense electric field outside the nucleus rather than inside it. 

If a gamma-ray photon of energy hv is transformed into a pair of 
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particles, each of rest mass m c , then, according to the principle of conserva¬ 
tion of energy, 

hv = 2 m<£ 2 + Si + 62 , ^ 

where m c c 2 is the rest mass energy of each particle and 6 , and S 2 are the 
kinetic energies of the particles at the instant of production. Now, is 



Fio. 14-2. Cloud-chamber photograph of a triplet which consists of the paths of a 
positron and two electrons. The triplet was produced by the conversion of a gamma-ray 
photon into a positron and an electron in the field of another electron. The magnetic 
field is directed into the paper. (From a photograph by P. Gerald Kruger and W. E. Ogle.) 




equivalent to 5.11 X 10 5 ev energy; hence only gamma-ray photons whose 
energies are greater than 1.02 Mev can form a pair of charged particles. 

Experiments on the production of pairs of charged particles have been 
performed successfully with the gamma-ray photons from ThC (hv =2.62 
Mev). In this case the total kinetic energy of the positron and electron 
formed by each photon should be 1.6 Mev. Cloud-chamber measurements 
of the energies of these particles are in good agreement with this calculated 
value. Figure 14-1 is a cloud-chamber photograph, taken by Crane, showing 
the paths of a pair of oppositely charged particles, a positron and an electron, 
which were produced by a gamma-ray photon which entered the lead foil 
0.002 inch thick. The gamma-ray photon came from a target of fluorine 
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which had been bombarded by protons. The known energy of the photon 
is 5.7 Mev. From measurements of the radii of curvature of the paths of 
the particles in the known magnetic field, Crane computed the sum of 
energies of these two particles to be 4.7 Mev. This checks very well with 
equation (5) when the rest mass energy of the two particles, 1.02 Mev, is 
added to the sum of their kinetic energies. 

The production of pairs of charged particles—electrons and positrons 
is one method by which gamma rays give up their energy in their passage 
through matter. Pair production can also be used for the measurement of 
gamma-ray energies in excess of 1.02 Mev. An example of this has already 
been given in §11-11 in which the gamma-ray energies were measured wit* 
a scintillation counter. When pair production is studied with the aid of 
cloud chamber, triplet paths are observed occasionally. A photograph o 
such a triplet is shown in Figure 14-2. This photograph was taken by 
Kruger and Ogle during their investigation of the gamma rays emitted 
by Na 24 . '1 hese triplets consist of the paths of a positron and two electrons, 
and arc accounted for by the production of a pair of particles by the split¬ 
ting up of a gamma-ray photon when it is in the field of an electron. This 
electron buffers a recoil when the gamma-ray photon is transformed into 
an electron and a positron. Measurements show that both the momentum 
of the system and the energy of the system are conserved in this process. 

14-4. Annihilation of Charged Particles 

The transformation of a photon into a positron and an electron is sometimes 
referred to as the materialization of energy. The reverse process, in which a 
positron and an electron combine and their energy is transformed into the 
energy of gamma rays, is usually referred to as the annihilation of matter. 
This process has been observed by Thibaud, Crane, and Lauritsen, and 
others. A convenient source of positrons is a block of carbon which has been 
bombarded with deuterons producing radioactive nitrogen according to 
the reaction 

6 C>2 + jH 2 -> ( 7 N 14 ) - 7 N 13 + on 1 , (6) 

followed by 7 N 13 —► 6 C 13 + £ + . 

In one experiment, some recently activated carbon was placed at the 
bottom of an ionization chamber and the ionization measured. To dis¬ 
tinguish between the ionization produced by the positrons and that pro¬ 
duced by the gamma rays, a second ionization chamber was placed directly 
below the first one. The walls and window of the ionization chamber were 
sufficiently thick to prevent any of the charged particles from entering the 
chamber, so that only the ionization produced by the gamma rays was 
recorded. It was found that the ionization produced by the gamma rays 
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decreased exponentially with time in exactly the same way as that due to 
S oSons that is> the half-life was the same whether determ.ned from 
the rate of emission of positrons or from the intensity of the gamma rays 
associated with this process. It seems reasonable to assnme that the gamma 
rays have their origin in the annihilations of the positrons b y e '“ tr ° n ^ 1 “ 
check this assumption, a freshly activated piece of carbon P^d, 
the activated side upward, directly above one of the iomzation chambers. 
It may be assumed that as many positrons are emiUed upvard as do 
ward. Those that are emitted downward are absorbed in the rest o 
carbon and give rise to gamma rays which are measured by the ionization 
produced in the chamber. The upward-moving positrons escape into the 
air. However, when a thin sheet of aluminum is placed on top of the carbon, 
the upward-moving positrons will be absorbed in the aluminum and give 
rise to gamma rays. The amount of ionization produced with the aluminum 
on the carbon was found to be about twice as great as that produced with¬ 
out the aluminum, indicating that the positrons were annihilated in the 
aluminum, giving rise to gamma-ray photons. 

Measurements of the intensity of the ionization produced by the 
gamma rays showed that the number of photons produced was twice the 
number of positrons absorbed. The energy of these gamma-ray photons has 
been measured and found to be about 0.5 Mev. This is approximately the 
same as the rest mass energy of the positron and of the electron; hence 
positrons and electrons are most likely to combine when their speeds are 
small. Since the combined mass of the electron and positron is equivalent 
to about 1 Mev, the result of their annihilation must be the production of 
two gamma-ray photons each of 0.5 Mev energy, but traveling in opposite 
directions in order to conserve momentum. The fact that two photons 
traveling in opposite directions arc produced by the annihilation of a 
positron and an electron was demonstrated by the use of two Geiger- 
Mueller counters, one on each side of an activated carbon block. The 
counters were arranged so that they would record only coincidences , that 
is, photons entering the two counters simultaneously. The number of 
coincidences observed, and their decrease with time, checked very well 
with the known rate of emission of positrons by the carbon block. 


14-5. Wavelength of Annihilation Radiation 

When a positron goes through a substance the probability that it will com¬ 
bine with an electron of the substance is greatest when the velocity of the 
positron is almost zero. It will most likely combine with one of the electrons 
in an outer shell rather than with a K or an L electron because the positron 
would be strongly repelled by the electric field of the nucleus were it to 
approach the K or L electronic orbits. In most cases, the result of the 
annihilation of an electron-positron pair is the production of two gamma- 
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ray photons of equal and opposite momenta and of equal energies. The 
energy of each photon is equal to the rest mass energy of an electron, 
& = m c c 2 and hence the wavelength of the annihilation radiation should be 



which is identical with the Compton wavelength. 

The wavelength of the annihilation radiation was measured with very 
high precision by DuMond and his co-workers (1952), using a two-meter 
focusing curved-crystal spectrometer (see §5-9). The source of the annihila¬ 
tion radiation was a rectar gular piece of copper which had been irradiated 
with neutrons.^Cu 64 formjd by the capture of a neutron is radioactive, 
decaying by 0 emission to Zn 64 , and by positron emission or electron 
capture to Ni 64 . The positions have a range in copper of only about 0.3 mm. 
A narrow beam of the annihilation radiation was allowed to go through a 
long narrow slit of lead and then through the curved crystal and detected 
by an Nal( 11) crystal scintillation counter. A tapered lead collimator was 
placed between the crystal and the counter to prevent the direct radiation 
from reaching the counter. 

A single sharp line was obtained for the annihilation radiation. The 
wavelength X of this radiation was found to be 

X = 0.024262A, 

in very good agreement with the Compton wavelength. 

14-6. Formation of Positronium 

When a positron slows down in its passage through matter, it may join an 
electron to form a positron-electron system, called positronium , which lasts 
for a measurable time before combining to produce annihilation radiation. 
One may think of positronium as an atom analogous to that of hydrogen 
in which an electron and a positron move in a Bohr orbit about the center 
of mass, which is halfway between them. This is an unusual type of atom 
in that it has no nucleus; it may be described by assigning to it the values 
Z = 0, A =0, and M = 2 m Q . 

The lowest Bohr orbit of positronium is one for which n = 1 and l = 0, 
so that the lowest state is an S state. However, this state has fine structure 
owing to the spins of the particles; when the two spins are oppositely 
directed, the atom is in a *5 state; when the two spins are parallel, it is in 
a 3 S state and has the higher energy. The triplet state is a metastable 
state and has an appreciably longer lifetime than the singlet state. Theo- 
leticai calculations predicting the existence of these states were made by 
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T Pirenne (1944) and J. A. Wheeler (1946), who showed that the lifetime 
of the singlet state should be of the order of 10 '° see. Furt ermore e 
annihilation radiation emitted by the combining of a positron-electron pa 
in the ‘S state should consist of two gamma-ray photons emitted simu 
taneously; but the radiation from the 3 S state of this system should cons st 
of three gamma-ray photons emitted simultaneously. Theoretical calcula¬ 
tions by Ore and Powell (1949) showed that the lifetime of the S state of 
positronium decaying and producing this three-photon annihilation should 

be about 1.4 X 10 -7 sec. . . . 

The first experimental evidence for the formation of positronium was 

obtained by M. Deutsch (1951), who observed a time delay between the 
emission of a positron from Na 22 and the appearance of the annihilation 
photon from the substance in which the positrons were absorbed. Several 
different gases, such as N 2 , 0 2 , or methane, were used as absorbers of the 
positrons. He also observed that the delay time increased with an increase 
in pressure of the gas. He concluded that the time delay was due to the 
formation of positronium. To show the existence of the two states, S and 
3 S, and to distinguish them, Deutsch made use of the fact that the triplet 
state, being a metastable state with an energy of only 0.013 ev above the 
l S state, could be converted to the singlet state by interaction with some 
substance such as NO, which has an odd number of electrons. He found 
that by adding a small amount, about 5 per cent, of NO to the gas in which 
positronium was being formed, the triplet state was quickly converted to 
the singlet state. The evidence for this was the rapid decrease in the number 
of delayed counts which would otherwise have come from the decay of the 
longer-lived triplet state. An examination of the gamma-ray spectrum with 
an Nal scintillation spectrometer showed an increase in intensity of the 
0.51 Mev line when NO was added to the gas, such as N 2 , and a decrease 
in intensity at the lower energy region corresponding to the three-photon 
annihilation radiation. 

Deutsch (1951) measured the lifetime of the 3 S state of the posi¬ 
tronium formed in 0 2 and in freon (C C1 2 F 2 ). The latter seems to have a 
special affinity for positrons. Deutsch found the disintegration constant X, 
extrapolated to zero pressure of the gas, to be 6.8 X 10*’ sec *, so that the 
lifetime of the 3 S state becomes 1.5 X 10" 7 sec, in good agreement with 


the theoretical prediction. 

The simultaneity of emission of the three photons in the decay of the 
3 S state of positronium was recently verified by De Benedetti and Siegel 
(1952), using three coplanar scintillation counters set at angles of 120° 
around a circle with the source at the center. The latter consisted of Na 22 
in a small vessel containing freon at 6 atmospheres pressure. The three 
counters were connected in coincidence; when one of the counters was 
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moved out of the plane of the circle, the number of coincidences obtained 
was reduced by a factor of 10. This showed that the radiation reaching the 
three counters simultaneously came from the positronium in the source. 
1 hey also measured the energy of the radiation in one of the counters and 
found it to consist of a single line with its maximum point at an energy of 
ym c c 2 , which is to be expected since, for this special arrangement the three 
annihilation photons should have equal energies. They also used an 
arrangement with only two counters in coincidence to detect the two- 
photon annihilation radiation from the l S state of positronium and meas¬ 
ured its energy in one of the counters, obtaining only one line with its 
maximum at an energy of m a c 2 , in agreement with other experiments. 

14-7. Discovery of the Mu Meson 

'tn 1935, H. Yukawa developed a theory in which he postulated the exist¬ 
ence of short-range nuclear forces which act between nucleons; in this 
theory the nucleons are held together by a field of force known as a meson 




Fig. 14-3. A schematic drawing showing the two cloud 
chambers Ch| and Chj, and Geiger counters C i, C*. and C$ 
which are connected in triple coincidence. The passage of a 
charged particle through the three counters actuated the 
simultaneous expansion of the two chambers. The upper 
cloud chamber was in a magnetic field directed at right 
angles to the plane of the paper. (After Fretter, Rhys. Rev., 
70, 626. 1946.) 


field. The meson field has associated with it particles, called mesons , in a 
manner analogous to the way photons are associated with the electro¬ 
magnetic field which exists between charged particles. According to the 
Yukawa theory, a meson should have a mass intermediate between the 
mass of an electron and that of a proton and could carry a positive charge, 
a negative charge, or no charge. A particle of this type, then called a 
mesotron but now called a mu meson (p-meson), was discovered in 1937 by 



Properties of Mu Mesons 441 

§14-8 

s. H. Neddermeyer and C. D. Anderson and independently by .1 U C. Street 
and E C. Stevenson in cloud-ehamber stud.es of cosm.c rays/Estimates o 
the mass of this meson were made from measurements o the eurvature of 
its track in a magnetic field, the density of ionization along this track as 
observed in the Wilson cloud-chamber photographs, or, sometimes, 
range in the gas of the chamber. Such estimates yielded values for the mass 
of the meson in the neighborhood of 200 electronic masses. 

W B. Fretter (1940) made some very careful measurements of th 
masses of the mu mesons, using two cloud chambers, one above the other 
They were expanded simultaneously whenever a penetrating particle passed 
through them. This was accomplished by placing Geiger counters above 
each chamber, the two sets of counters actuating the expansion mechanism 
whenever an ionizing particle passed through them, as shown in h igure 
The upper cloud chamber was placed in a magnetic field of 5300 gausses so 
that the momentum of the particle could be measured. The lower clou 
chamber had a set of lead plates 0.5 inch thick and placed 1.5 inches apart 
so that the range in lead of the particles could be measured. Of the 2100 
particle tracks observed, 20 were found suitable for measurement. The mass 
determinations of these yielded a value of 202 m r . The present accepted 
value is 207 m 0 . 


14-8. Properties of Mu Mesons 

'Some of the mu mesons were found to be positively charged, others nega¬ 
tively charged. It was found that they were unstable particles, disintegra¬ 
tion occurring near the end of the range by the emission of an electron. I he 
average lifetime of a mu meson against spontaneous decay was found to be 
2.15 X 10“ 6 sec. This was much larger than that predicted by Yukawa 8 
theory. 

The decay of a muon (shortened version of mu meson) has been ob¬ 
served in cloud-chamber photographs and in nuclear photographic emul¬ 
sions. In one series of experiments (1949), Leighton, Anderson, and Seriff 
measured the energies of the electrons, both positive and negative, produced 
in the decay of cosmic-ray n-mesons at sea level. The observations were 
made with a Geiger counter-controlled cloud chamber placed in a mag¬ 
netic field of 7200 gausses. They found a range of values from 9 Mev to 
55 Mev for the decay electrons. This wide range of energies for the decay 
electron spectrum, together with the principles of conservation of energy 
and momentum, suggests that this decay process is accompanied by the 
emission of two neutral particles of very small mass, probably two neu¬ 
trinos. The decay of the mu meson can thus be represented by the reaction 




( 8 ) 




442 Fundamental Particles 


§14-8 


In the decay of the muon, one must account for its rest mass, which is 
about 210 m Q or about 105 Mcv. The maximum energy carried away by the 
electron is 55 Mev; hence the minimum energy carried away by the two 
neutrinos is about 50 Mev. Further, using the principle of conservation of 
angular momentum, the spin of the muon probably is \ but may be $ (in 
units of h) since the spin of the electron is §; the sum of the spins of the 
neutrinos can be zero^- 

An interesting example of the disintegration of a muon is shown in 
Figure 14-4, taken by C. F. Powell (1947). This shows the path of a muon 
in a nuclear emulsion; the muon disintegrates into an electron which is 
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Fig. 14-4. Photograph showing the track, in a photographic emulsion, of a mu 
meson which decays, emitting an electron; the latter then collides with another electron. 
(Photograph by C. F. Powell, 1947.) 

emitted at right angles to the original path of the muon. As the electron 
proceeds through the emulsion, it collides with another electron, the two 
proceeding on through the emulsion, their paths making a small angle with 
each other 

*?)f special interest in nuclear physics is whether these mu mesons are 
the nuclear particles of the Yukawa theory. One of the most decisive experi¬ 
ments which settled the question in the negative was performed by Conversi, 
Paneini, and Piecioni (1947), who investigated the difference in behavior 
between positive and negative mu mesons stopped in iron and carbon. They 
used a magnetic field of 15,000 gausses between pole faces 20 cm high to 
sort out positive from negative mesons. They found that only the positive 
mu mesons disintegrated in the iron; the negative mesons were probably 
captured by the nuclei of iron. But in the case of the passage of mu mesons 
through carbon, both the positive and the negative meson, together with 
disintegration electrons, both positive and negative, were observed. This 
result was interpreted bv Fermi, Teller, and Weisskopf (1947) as showing a 
much weaker interaction between mu mesons and nuclei than that required 
by Yukawa particles. They calculated that as the negative mu meson slows 
down in its passage through matter, losing energy by electron collision and 
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radiation, it gets to a distance from a nucleus corresponding to a K orbit of 
the Bohr type in a time of the order of 1 (T 12 sec. The radius of the K orbit 
of a meson is smaller than the K orbit of an electron about the same 
nucleus in the ratio of the masses of the two particles, that is, about 
In the case of carbon, the radius of this K orbit is about 10 times the nuclear 
radius The mu meson apparently moves in this orbit for about Z.t> X 
sec and then decays. On the basis of the Yukawa theory, a nuclear meson 
should be captured in a time of the order of 10“ sec. The disagree¬ 
ment between the two is of the order of 10 ' 2 , showing a much weaker inter- 
action between mu meson and nucleus than that needed for a Yukawa 


P That mu mesons are captured by nuclei of iron can be accounted for 
by the fact that the radius of the K orbit of a mu meson in iron is not more 
than twice the nuclear radius, and hence the probability of finding it within 
the nucleus is much greater for iron than for carbon. Later work on the 
passage of mu mesons through matter shows that the capture cross section 
varies as Z*. In substances of small values of Z, the probability of decay 
exceeds that of capture, and at Z = 13, capture and decay processes 

compete equally.^ . 

One of the results of the capture of mu mesons in a heavy element such 
as lead is the production of neutrons, probably by the reaction 


n~ + p (in nucleus) —♦n + v. (*) 

The production of neutrons by the capture of M "-mesons has been investi¬ 
gated by Sard and co-workers for the past few years (1948-1953) by 
allowing cosmic-ray ^-mesons to pass through various materials. They 
found very few neutrons produced in the lighter materials such as Mg and 
Ca, but found that, on the average, about two neutrons produced for every 
#z"-meson stopped in lead. 

In the capture of ^-mesons by matter the observed excitation energy 
is of the order of 10 to 20 Mev, whereas the mass energy that disappears 
in this process is about 100 Mev. Hence it is necessary to postulate that a 
neutrino be emitted, as in equation (9), to carry off this energy. If this 
reaction does take place, then the M-meson must have a spin of 5 , (or f), in 
order to conserve spin angular momentum. A second conclusion that 
follows if equation (9) is correct, is that the jz-meson is not the particle 
required by the Yukawa theory, for in this theory the meson and proton 
should combine to produce a neutron only 


14-9. Discovery of the Pi Meson 

It was suggested by R. E. Marshak and H. Bethe (1947) that the fact that- 
mesons are produced in the atmosphere by nuclear interactions but that 
^-mesons have very small interactions with nuclei could be explained only 
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by assuming that the mesons produced in the primary nuclear interactions 
are heavy mesons which have a short lifetime of about 10“ 8 sec and that 
these heavy mesons decay into mu mesons. At about this time, Occhialini 
and Powell, and D. H. Perkins, using special nuclear emulsion photographic 
plates exposed at high altitudes, observed that some of the mesons stopped 



Fig. 14-5. Capture of a ir -meson by u nucleus producing u star in an Ilford C-2 
emulsion. (Photograph by Perkins, Xaiure, 159, 126, 1947.) 


in the photographic emulsions and produced so-called “stars.” that is, 
nuclear disintegrations with the emission of slow protons or alpha particles*. 
The photograph in Figure 14-5 shows the star observed in the photographic 
emulsion of an Ilford C-2 plate by Perkins. The noticeably curved track is 
that of the heavy meson, now known as the w-meson ; when captured by a 
nucleus in the emulsion the resulting nuclear disintegration produces a star 
in which three charged particles are emitted.£>hortly after this, Lattes, 
Muirhead, Occhialini. and Powell (1947), using similar nuclear photo¬ 
graphic emulsions exposed at high altitudes, found tracks of some mesons 
each of which, when brought to rest in the emulsion, decayed with the 
emission of a mu meson„This was interpreted as the decay of a ^-meson 
into a n' -meson. ,Thc Ilford C-2 plate was not sensitive enough to show the 



g 14 _ g Discovery of the Pi Meson 445 

further disintegration of the y-meson into a positive electron. With im¬ 
proved photographic emulsions the complete x + -/* + -e + decay scheme has 
been successfully recorded many times/ Figure 14-fi is a photograph show¬ 
ing the tracks in a more sensitive nuclear emulsion ol a x^-meson which, 
when stopped, decays into a p^-meson, the latter then continuing until 
its characteristic kinetic energy has been expended in the emulsion, and 



Fig. 14-6. ir-y-e decay. A positive pi meson comes to rest and decays into a /i-meson 
and a neutrino. The muon track shows the rapid increase in grain density (ionization) and 
multiple coulomb scattering characteristic of slow mesons. Upon coming to rest, the 
muon disintegrates into an electron (thin track at minimum ionization) and two neu¬ 
trinos. (Photomosaic courtesy of Maurice M. Shapiro and Nathan Seeman, Naval 
Research Laboratory.) 


then decaying into an electroc/ The kinetic energy of the muon emitted 
in the decay of a pi meson is always the same and is equal to 4 Mev. To 
conserve energy and also momentum in this process, an additional 
particle, most likely a neutrino, must be emitted simultaneously. Thus 
the disintegration scheme for a positive pi meson is 



/ 


^Examples have also been found of the decay of a negative pi meson 
in flighty as shown in Figure 14-8;4ts mode of decay is similar to that of the 
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positive pi meson, thus^ 

(ii) 

Early estimates of the rest mass of the charged x-meson yielded values 
of about 330 m 0 , or about.165 Mev; this value is now known to be too high. 
At the time of the discovery of the pi meson, the new, large, modulated 
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Fio. 14-7. Schematic diagram of the apparatus in the first experiment on the produc¬ 
tion of 7r-mesons using 380 Mev alpha particles of the 184-inch California University 
synchrocyclotron to bombard a target. w“-mcsons travel in semicircular paths from 
place of origin in the target to stack of photographic plates. 


frequency cyclotron at the University of California was already in opera¬ 
tion, producing alpha particles of about 380 Mev. Gardner and Lattes 
(1948) performed experiments in which these high energy alpha particles 
bombarded a thin target, made of a material such as carbon, beryllium, 
or uranium, to determine whether w-mesons can be produced by the bom¬ 
bardment of nuclei by alpha particles. A stack of photographic plates 
(Ilford C-2 emulsions) was placed at an appropriate position so that any 
7r~-mesons produced by this bombardment would be deflected by the 
magnetic field of the cyclotron so as to reach the plates, as shown in Figure 
14-7. Examination of the tracks in the emulsion showed them to be of the 
same type as the cosmic-ray meson tracks. In later experiments on the 
artificial production of w-mesons, high energy protons were used as the 
bombarding particles, with a variety of substances used as targets. A 
plentiful supply of pions (shortened version of pi meson) thus became 
readily available wherever there were high energy particle accelerators. ^ 
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14-10. Pi-Meson Decay in a Cloud Chamber 

Cloud-chamber investigations have also been made to study the 

and modes of disintegration of the mesons. Pi mesons, produced ar y 

by the 385 Mev proton beam of the synchro-cyclotron at Nevis (Columb a 



Fio. 14-8. Photograph of jr“-meson tracks and associated events in a cloud cham¬ 
ber placed in a magnetic field of 4.500 gausses. At (1) *--meson decays in flight into 
meson. At (2), a meson, which lost some energy in a brass bolt, was slowed suffi¬ 
ciently so that it came to rest in the gas and was captured by a nucleus, resulting in a 
nuclear explosion forming a star. (Photograph courtesy of L. Lederman, Nevis Cyclotron 
Laboratory, Columbia University.) 


University), were allowed to enter a cloud chamber 16 inches in diameter 
and working in a magnetic field of 4500 gausses. r l he charge of the meson 
could be determined from the direction of curvature of the tracks. Figure 
14-8 is a photograph of r ~-meson tracks in the cloud chamber showing two 
interesting events. Event (1) shows a jr“-meson decaying in flight into a 
^"-meson. This process is inferred from the change in direction of the path 
and from the change in density of the tracks; the n-meson track is less dense 
than the end of the T~-meson track. Event (2) shows the path of a slow 
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n -meson which, at the end of its range, is absorbed or captured by a 
nucleus of one of the atoms of tlie gas; the nucleus so produced is unstable 
and disintegrates into at least three charger! particles. This nuclear explo¬ 
sion is an example of a nuclear star in a cloud chamber. One of the prongs 



Fig. 14-9. Photograph of 7r + -me.son tracks and associated events in a cloud cham¬ 
ber placed in a magnetic field of 4500 gausses. Track A is that of a slow 7r + -mcson which 
comes to rest in the gas at ( 1 ) and decays into a M + -meson moving along track D\ it 
enters the carbon plate and decays into a positron which moves along track E. This 
track shows minimum ionization. C is the track of a 70 Mev w + -meson; H is a proton 
track of about the same curvature but greater ionization. F is a low momentum electron 
track of minimum ionization. (Track F retouched.) (Photograph courtesy of L. Leder- 
man, Nevis Cyclotron Laboratory, Columbia University.) 

of the star forms a typical “hammer” track; that is, it disintegrates into 
two charged particles traveling in opposite directions. 

Tracks of 7r + -mesons, produced under similar conditions at Nevis, are 
shown in the cloud-chamber photograph of Figure 14-9. Track C is that 
of a positive pion of high energy, about 70 Mev; it passes through the 
carbon block placed across the cloud chamber. This photograph is especially 
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interesting because it shows the r + V-e + decay. Track A is that of a positive 
pion near the end of its range, as evidenced by the increase in ionization 
and curvature along the track. When the pion comes to rest at point (1) it 
disintegrates into a positive mu meson, D, which has an energy of about 
4 Mev, and a neutrino; the latter is a non-ionizing particle and produces 
no track. The muon enters the carbon plate, which is thick enough to stop 
muons of energies up to 10 Mev. The particle which emerges from the carbon 
and forms track E is a positron formed in the decay of the M + -meson. The 
fact that it is an electron rather.than a muon track is inferred from its 
momentum, which is about 40 Mev/c,.and also from its small ionization ; 
these two factors combined indicate a very small mass. In this same photo¬ 
graph there are a low energy (a few Mev) and low momentum electron, 
track F, and also a heavily ionizing proton, track B. 

14-11. Origins of the Pi Mesons* 

The results of cosmic-ray investigations led to the conclusion that pi mesons 
are produced both in nucleon-nucleon interactions and in the interaction 
of high energy photons with nucleons. For laboratory production of pi 
mesons, the most obvious target materials are hydrogen and deuterium or 
substances rich in these isotopes. More complex nuclides can also be used 
as targets, particularly to study the dependence of w-meson production on 

the mass number A. .... . ’ • 

The simplest nucleon-nucleon interaction involving protons as pro¬ 
jectile and target is evidently - 

P+P-^t‘ + . (12o) 

or V + V » + + (*;+ ?)• (,2b) 

The symbol (n + p) is used to indicate the fact that the neutron and 
proton may act as free particles, since the deuteron is a comparatively 
loosely bound structure; its binding energy is about 2.3 Mev, whereas the 
average binding energy per nucleon of the heavier nuclides is about 8 Mev. 

The interaction between a high energy proton and a deuteron may be 
considered as an interaction between the proton and one of the nucleons, 
either the proton or the neutron, which constitute the deuteron. The possible 
reactions with deuterium as the target are thus 



p + p (in d) —* w + + p + n, 

(13) 

or 

p + p (in d) —* tt + + d. 

04) 


p + n (in d) —* + n + n. 

(15) 


p + n (in d) —* tT + p + P- 

(16) 


Pi mesons can also be produced by the interaction of high energy 
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photons, hv, with nucleons; the reactions which take place arc probably 
those given by 

hv + p—**+ -f n ( 17 ) 

and hv + n —* ir“ + p. (is) 

In addition to the charged pi mesons, the existence of neutral pi mesons, 
symbol 7r°, has been definitely established. The neutral pion has been pro¬ 
duced by bombarding hydrogen and deuterium with high energy photons; 
their existence has also been established from cosmic-ray evidence. The 
reactions for the production of neutral pi mesons by high energy photons 
are probably 



hv + p -* *° + p; 

(19) 

and 

hv 4- d —► ir° + (n + p) 

(20) 

or 

hv + d -► ir° + d. 

(21) 


The reaction given by equation (19) shows that there should be a minimum 
or threshold energy for the production of neutral pions equal to the energy 
equivalent for the mass of tt°. 



Fig. 14-10. Experimental arrangement for the production of 7r°-mesons. The 
gamma rays coming from the decay of 7r°-mesons produced when a target of hydrogen or 
beryllium is bombarded with 330 Mev x-rays are detected by the scintillation counters. 
(After Steinberger, Panofsky, and Steller, Phys. Rev., 78, 802, 1950.) 

14-12. Production of Neutral Pi Mesons V 

The production of neutral pi mesons by the interaction of high energy 
photons with matter was first definitely established by Steinberger, Panof¬ 
sky, and Steller (1950), using the 330 Mev x-ray beam of the Berkeley 
synchrotron, although their production was inferred in earlier experiments 
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hv Biorklund, Crandall, Moyer, and York (1949), who detected high 
energy photons coming from targets bombarded with protons from t 
Rerkeley cyclotron. The latter suggested that a possible explanation of 
these high energy photons was that they were produced by the disintegra¬ 
tion of a neutral meson into two gamma-ray photons, thus 


x° -> y -b 7 - 


( 22 ) 


In the experimental arrangement used by Steinberger, Panofsky, and 
Steller, a narrow beam of x-rays from the synchrotron is incident on a 


Scintillation — M 
crystal . 
counters 


Polyethylene 

target 



Gamma ray 
counter 

Pb converter 

X-ray beam 


Proton counter 
Nal crystal 


Cu 

collimator 



Fio. 14-11. Experimental arrangement for the production of 7r 0 -mesons in a 
polyethylene target bombarded by x-ray photons. (After Silverman and Stearns, 
Phys. Rev., 88, 1225, 1952.) 

target, either of beryllium or hydrogen, as shown in Figure 14-10, and the 
products of this bombardment are detected by two gamma-ray counters 
which make an angle ? with each other in a plane at an angle d with the 
x-ray beam. Each gamma-ray counter consists of three crystal scintillation 
counters with a thin piece of lead between the first two crystals to convert 
the gamma-ray photons into electron-positron pairs. The two counters 
were connected in a coincidence circuit with a resolving time of 10 sec. 
The measured values of the coincidence rates for different values of 6 and 
agreed well with the calculated values based on the assumption that a 
7 r°-meson of about 135 Mev rest mass disintegrates into two gamma-ray 
photons, each of approximately half this energy. 

The threshold value of the energy of the photons to produce neutral pi 
mesons in the reaction 


hv + p —* ir° + p 


( 19 ) 
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was determined by Silverman and Stearns (1952) as about 145 Mev. In 
their experiment, a beam of x-rays (bremsstrahlung radiation) from the 
315 Mev Cornell synchrotron was allowed to strike a polyethylene (CH 2 ) n 
target, as shown in Figure 14-11. Only one gamma-ray counter was used, 
set at an angle <p to the incident beam, and a proton counter consisting of ar. 
Nal crystal was set at a suitable angle 0 to the incident beam. The two 
detectors were connected so that a proton pulse was registered only when 
there was a coincidence between the two counters. Using four different 
values between 215 Mev and 295 Mev for the energy of the incident 
photons, they measured the maximum energy of the protons scattered at a 
given angle 0 . These values agreed closely with those expected from the 
reaction above. 

14-13. Mass of the Charged Pi Meson ^ 

Among the important properties of any particle are its charge, mass, spin, 
average lifetime, and mode of decay. We have already shown the evidence 
for the modes of decay of the charged and neutral pi mesons. In the deter¬ 
mination of the mass of a charged particle in motion, two separate measure¬ 
ments usually have to be made, one of E/M, that is, its charge-to-mass 
ratio, and the other, its velocity v. For the charged pi mesons, two general 
types of methods have been used in the determination of their masses. One 
involves the detailed study of the tracks of the mesons in nuclear photo¬ 
graphic emulsions with respect to the length of track, as well as the grain 
density, that is, the number of developed grains per unit length of track. 
In all of these measurements, the properties of the particular nuclear emul¬ 
sion used are evaluated with the aid of particles of known charge, mass, and 
energy; the tracks of protons of known energy are commonly used for this 
purpose. The results of these studies show that the ratio of the ranges in an 
emulsion of two particles, each of the same velocity v, is equal to the ratio 
of their masses. The energy & of a particle which has a range H in an 
emulsion is given by 

6 = kR n , ^ 23 ) 

where k and n are constants for a particular emulsion. The grain density 
of a track is proportional to d&/dR, the loss of energy per unit length of 
path in the emulsion. The latter depends only upon the charge of the 
particle and its velocity, and is independent of the mass. For particles of a 
given charge, say electronic charge, the rate of loss of energy is a function 
of the velocity only. This function hasa minimum fora velocity approaching 
the velocity of light—approximately that velocity for which the total mass 
of the particle is about twice its rest mass. Since a track, either in an emul¬ 
sion or in a cloud chamber, is produced by ionization, the density of a track 
is sometimes expressed in terms of the density at minimum ionization. For 
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certain electron-sensitive emulsions (Kodak NT-4 and Ilford G-5), tracks 
of minimum ionization contain about 300 to 400 grains per millimeter. At 
this density, the arrangement of grains is just barely recognizable as a 
track. From the above, it follows that tracks of minimum ionization are 
produced by electrons of about 1 Mev and by protons of about 2000 Mev. 

The study of tracks in either photographic emulsions or cloud cham¬ 
bers may be supplemented by independent determinations of the momenta 



Fig. 14-12. Schematic diagram of the arrangement of apparatus for determining 
the mass of the pi meson. (After Barkas, Am. J. Phys 20, 8, 11)52.) 

of the particles by having them pass through magnetic fields and deter¬ 
mining the curvature of the paths in these fields. 

Another very useful method is the determination of the average 
angular deviation a of the trajectory per unit length of path as a function 
of the grain density. The angular deviation of the path is due to the Cou¬ 
lomb interaction between the charged particle and the nuclei of the material 
of the emulsion. The value of the angular deviation for a particle of given 
charge, mass, and velocity can be calculated as a function of the grain 
density, and the experimental result compared with theoretical predictions. 
Such measurements have been used to determine the nature of the particle 
producing the track as well as the mass of the particle. 

One of the most accurate determinations of the mass of the charged 
pi meson was made with pi mesons produced by the bombardment of a 
carbon target by high energy protons in the Berkeley cyclotron. These 
pions traveled in semicircular paths in the magnetic field of the cyclotron 
and were detected by nuclear photographic plates, as shown in Figure 14-12. 
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To avoid errors involved in direct measurements of the intensity of the 
magnetic field, the same photographic plate received protons scattered 
from a thin tungsten target placed in the circulating proton beam of the 
cyclotron. A copper block with a suitably cut circular channel was placed 
in front of the photographic plate so that only protons whose velocity was 
practically the same as that of the mesons could reach the photographic 
plate, hor particles of the same velocity, the ratio of their ranges is equal 
to the ratio of their masses. The results of such an experiment by Barkas, 
Smith, and Gardner yield a value of 273m e for the mass of the charged pi 
meson. 


14-14. Lifetimes of the Pi Mesons y 

It has already been mentioned that Marshak and Bethe had calculated 
that the lifetime of the charged pi mesons would be of the order of 10 -8 sec. 
One of the earliest determinations of this lifetime was made by J. R. 
Richardson (1948), using the w-mesons produced in the Berkeley synchro¬ 
cyclotron by the bombardment of graphite by 380 Mev alpha particles. 
Pi mesons which are emitted at small angles to the horizontal plane 
travel in helical paths in the vertical magnetic field of the cyclotron. 
Those which rose upward were allowed to travel through 180° before 
striking a photographic plate; those which spiraled downward were allowed 
to travel 540° before striking a photographic plate. The ratio of the number 
of mesons in the two plates will determine the number of mesons which 
decayed while traversing a complete circle. The time required to traverse 
a circle in a cyclotron is independent of the speed; hence the average 
lifetime of the decaying mesons could be determined. The first results 
obtained for the mean life of a charged pi meson yielded the value of 
about 1.1 X 10 -8 sec. Using a similar method with improved technique, 
Martinelli and Panofsky (1950) obtained a value of 1.97 X 10“ 8 sec for the 
mean life of 7r + -mesons. 

A more recent experiment on the decay in flight of 7r + -mesons was 
performed by Durbin, Loar, and Havens (1952) for the determination of 
their mean lifetimes. A beam of jr-mesons produced in the Nevis cyclotron 
by the bombardment of a beryllium target with 385 Mev protons came out 
through a channel in the concrete shielding. The mesons in the beam had 
an energy of about 73 Mev. By reversing the magnetic field of the cyclotron, 
mesons of the opposite charge could be taken out through an appropriate 
channel. The meson beam was deflected by a magnet outside the channel 
and directed through three stilbene scintillation counters operated in 
coincidence, as shown in Figure 14-13. A much larger scintillation counter, 
C 4 , eight inches in diameter and containing xylene, a liquid, was set at a 
distance L from C3. This distance L could be varied from a few inches to 
about 8 ft. The coincidence counters C\, C 2 , C 3 defined the beam of the 



§14-15 


Nuclear Interactions of x -Mesons 455 


x-mesons; some of these mesons decayed in flight between C 3 and C 4 , the 
remaining ones being detected by C 4 . It was shown that for L > 2 ft, 
practically all the tx-mesons produced in the x-decay miss the detector C' 4 . 
After suitable corrections for beam impurities, angular divergence, acci¬ 
dental coincidences, and so forth, the difference in counts between C 1 C 2 C 3 
detectors and the C 4 detector represented the number of x-mesons decaying 
in flight along the path of length L. Knowing the average velocity of the 
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Fio. 14-13. Schematic diagram of the apparatus for measuring the lifetime of 
charged pi mesons. (After Durbin, Loar, and Havens, Phys. Rev., 88, 180, 1952.) 


x-mesons, and determining the mean free path from the above experiment, 
the mean lifetime could be calculated. The values so determined are, for 
x + -mesons, 2.54 X 10 -8 sec, and for x“-mesons, 2.44 X lO " 8 sec, with an 
error of about 0.19 X 10 “ 8 sec. Thus within the limits of experimental 
error, the mean lifetimes of the x + - and x~-mesons are identical. Adopting 
the value for the mean life T m = 2.5 X 10 -8 sec, the half-life of a x*- 
meson is 

T = 0.693 X 2.5 X 10 " 8 sec, 
or T= 1.75 X 10 - 8 sec. 

The lifetime of the x°-meson seems to be considerably shorter than 
that of the charged x-mesons. Present estimates of this lifetime are of the 
order of 10 -15 to 10 -14 sec. / 

14-15. Nuclear Interactions of 7r“-Mesons 

The interaction of negative pi mesons with nuclei can be considered in two 
general categories: (a) the interaction with the simplest type of nucleus, 
the proton, and (b) the interaction with more complex nuclei which lead 
to the production of stars. 

The interaction of x~-mesons with protons has been studied with 
artificially produced mesons and with cosmic-ray mesons. The most 
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probable reactions are 


* + p — * n + Y 

(24) 

and x~ + p -h► n + x°, 

(25) 

followed by x° —* 2y. 

(26) 


Carlson, Hooper, and King (1950) investigated the electron-positron 
pairs produced in nuclear photographic emulsions by cosmic rays at 
70,000 ft elevation. The distribution in energy of these pairs was similar to 
that expected from the gamma-ray spectrum arising from the decay of 
neutral mesons. Panofsky, Aamodt, and Hadley (1951) studied the 
gamma-ray spectrum using the x“-meson beam produced in the Berkeley 
184-inch cyclotron. The x~-mesons bombarded hydrogen under pressure; 
the gamma rays formed in this reaction passed through a slit system into a 
thin sheet of tantalum in which the gamma-ray photons were converted 
into electron-positron pairs. The pairs were deflected by a strong magnetic 
field into two trays of Geiger counters. The pair spectrum showed two 
peaks, a fairly narrow one centered about 130 Mev, and a rather wide one 
centered about 70 Mev. The narrow peak was ascribed to the gamma-ray 
photons formed in the reaction (24) by r ~-mesons stopped in hydrogen. 
From an analysis of this peak, they obtained a value of 275m c for the mass 
of the 7r - -meson. The wide peak ranged in values from 53.6 to 85 Mev and 
was ascribed to reactions (25) and (26), in which two gamma-ray photons 
were produced by the disintegration of each 7r°-meson. This range of 
values is due to the Doppler broadening of the frequencies of the gamma 
rays owing to the initial velocities of the x°-mesons. From this range of 
values, and the known difference in mass between neutron and proton, the 
difference in mass between the x“-raeson and the x°-meson could be 
calculated. The value obtained from this experiment was 

m w - - = 10.2 ± 2m*. (27) 

Using the present value of 273m 0 for the mass of the x“-meson, the mass 
of the ir°-meson becomes 262m e 

The stars produced by the capture of slow x“-mesons in the nuclei of 
the elements composing nuclear emulsions were investigated by Menon, 
Muirhead, and Rochat (1950). They studied more than 2500 stars, about 
half of them produced by artificially generated mesons, the remainder 
produced by cosmic-ray mesons. They classified the stars according to the 
number of prongs in each. The particles forming the prongs were identified 
by means of their grain densities and the scattering along their tracks. 
Tracks were observed which were ascribed to protons, alpha particles, and 
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Li 8 nuclei, the last identified by their characteristic hammer tracks. (See 
Figures 14-5 and 14-8 for typical stars.) About 46 per cent of all visible 
stars were ascribed to the interaction of 7 r“-mesons with light nuclei such 
as C 12 , N 14 , and 0 16 ; about 54 per cent were ascribed to interaction with 
the heavy nuclei, silver and bromine. About 28 per cent of all ir -mesons 
absorbed in the emulsion were captured by nuclei without producing visible 
stars. 

The reactions between ir -mesons and light nuclei were identified as 

6 C 12 + — 2 2 He 4 + iH' + 3 0 n‘ (3 prongs) ( 28 ) 

7 N 14 + tT —* 3 2 He 4 + 2 0 n' (3 prongs) (29) 

8 0 16 + t- — 3 2 He 4 + ,H> + Son 1 . (4 prongs) (30) 

From the above reactions, it would seem that the alpha particle acts as a 
single unit inside the lighter nuclei, giving additional evidence that alpha 
particles are subgroups within such nuclei. The stars produced by the 
capture of 7 r"-mesons by heavy nuclei had, on the average, fewer prongs 
than those produced by the lighter nuclei. Further, the ratio of alpha 
particles to protons was very small, about 0.3. The energy spectrum of the 
protons ejected in these disintegrations had a Maxwellian distribution. It 
appears that in the absorption of a T _ -meson by a heavy nucleus, the energy 
is given to many nucleons in a small region of the nucleus, and as these 
nucleons proceed outward, they give up most of their energy to the other 
particles, with very few nucleons ultimately having enough energy to 
escape from the nucleus. 

14-16. Mesic Atoms 

There is a certain probability that negative mesons, either mu or pi, in 
their passage through matter, will be stopped; these will be captured in 
orbits about the nuclei, forming a type of Bohr atom. Since the radius of a 
Bohr orbit varies inversely as the mass of the negatively charged particle, 
the radius of a mesic orbit will be about 1/200 or 1/300 that of an electronic 
orbit. The energies of the mesic atoms will be correspondingly higher and 
hence energy changes produced by the motion of a meson from a high 
energy orbit to one of lower energy will result in the emission of x-ray 
photons characteristic of the mesic atoms. The emission of x-rays from 
both the mu mesic atoms and the pi mesic atoms has been observed. 

X-rays due to the transition from the 2 P states to 15 states of mesic 
atoms formed in the passage of jr“-mesons through beryllium, carbon, and 
oxygen have been detected in a series of experiments performed by Camac, 
McGuire, Platt, and Schulte (1952), using the 7 r~-meson beam from the 
Rochester cyclotron. Calculations of the 2P —* \S transition yield photon 
energies of 44.3 kev in beryllium, 100 kev in carbon, and 178 kev in oxygen. 
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The x-rays from these transitions were detected with an Nal (Tl) scintilla¬ 
tion counter which had been calibrated with x-ray lines of known energy. 
X-rays were observed at the expected energies within the limits of experi¬ 
mental error. 

X-rays from mu-mesic atoms were investigated by Rainwater and 
Fitch (1953), using a negative meson beam of well-defined momentum from 
the Nevis cyclotron. The beam was allowed to pass through a piece of 
copper, three inches thick, to absorb all the pi mesons; the mu mesons, 
which constituted about 5 per cent of the original beam, passed through the 



Fig. 14-14. X-ray spectrum from mu-mesic atom of titanium (After Fitch and 
Rainwater, Phys. Rev., 92, 796, 1953.) 


copper into an absorber or target. X-rays produced in this absorber by the 
mu-mosic atoms were then detected by an Nal crystal. The crystal was 
calibrated with photons of 1.38 and 2.76 Mev energy. Absorbers of 
different atomic numbers, ranging from Z = 13 to Z = 83, were used in 
this experiment. The most probable transition in each case would be a 
2P —> IS transition for the mesic atom, giving rise to a characteristic line. 
A typical x-ray spectrum obtained from titanium is shown in Figure 14-14; 
this spectrum consists of a characteristic line at 0.955 Mev. The calculated 
energy of this line, assuming the nucleus to be a point charge, is 1.045 Mev. 
Similar results were obtained with the other mu-mesic atoms. Fine structure 
was observed in the x-ray lines of Pb, Z = 82, and Bi, Z = 83. This fine 
structure could be explained in terms of the fine structure of the 2 P level 
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due to the spin of the meson, the transitions being 2P 3/2 —* 
IS and 2 Pi/ 2 —► 15. 

Since the orbit of the M~-nieson is very close to the nucleus, the energy 
of the orbit, and hence also the transition energy, will be sensitive to the 
size of the nucleus. This accounts for the shift in energy shown in Figure 
14-14. Similar results were obtained for the energies of the other x-ray lines 
investigated. Hence the results of these experiments can be used to deter¬ 
mine the nuclear radius. We have already shown that the nuclear radius R, 
as determined from a variety of nuclear phenomena, such as the scattering 
of particles and alpha-decay lifetimes, is given by 

R = r 0 A 113 (31) 

where r 0 is the radius parameter. These experiments have usually yielded 
values of r 0 of the order of (1.4 — 1.5) X 10“ 13 cm. From the results of 
their experiments on x-rays from mu-mesic atoms, Rainwater and Fitch 
found that the best fit between theory and experiment could be obtained 
by assigning the value 


r„ = 1.2 X 10" 13 cm 


( 32 ) 


to the radius parameter. This value is based on the assumption that the 
nucleus is a sphere of radius R in which the protons are uniformly distrib¬ 
uted throughout its volume; also, the known values for the mass, spin, and 
magnetic moment of the M _ -meson were used in the calculations. 

The value of the radius parameter obtained from these experiments is 
significantly smaller than those values obtained from other experiments. 
This reduction leads to an increase by a factor of (1.5/1.2 ) 3 « 2 in the 
proton density of the nucleus, assuming the correctness of the homogeneous 
nuclear model. This lower value of r 0 is in agreement with other recent 
experiments and may lead to a change in our concept of the distribution of 
charge in the nucleus. 

14-17. Tau Mesons 

Among the different particles classified as mesons, one interesting type is 
called a tau (r) meson. Its mass is approximately 1000 m Q , and it decays at 
rest into three 7 r mesons. It was first discovered by Brown, Camerini, Muir- 
head, Powell, and Ritson in 1949, in a nuclear emulsion exposed to cosmic 
radiation. It has since been observed by others in photographic emulsions 
exposed to cosmic rays at high altitudes, under varying thicknesses of 
absorbers, usually ice or aluminum. Figure 14-15 is a photograph of a 
typical decay of a r-meson into three r-mesons. Tracks a, b, and c, are those 
of the 7 r-mesons. These three tracks are coplanar, indicating that the 
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probability of the simultaneous emission of another particle, such as a 
neutrino, is negligible. The measured values of the kinetic energies of the 
particles forming these tracks are 17.1, 27.8, and 41.0 Mev, respectively, 
or a total of 80.5 Mev, corresponding to about 173 m 0 . If the mass of a 
7r-meson is taken to be 275 m„, then the mass of the r-meson becomes 998 m K . 
In the case cited above, the path of the r-meson in the nuclear emulsion is 
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FlO. 14-15. Photograph of tracks of a r-mcson decaying at rest into three Tr-mcsons, 
a, b, and c. Tracks are in an Ilford Cl-5 nuclear emulsion, 1200 microns thick, which was 
exposed on Mt. Hosa. 4500 meters al»ove sea level, surrounded by an aluminum absorber 
5 cm thick. The numbers on the photograph indicate the respective lengths of the tracks 
in the emulsion. Tracks a and b end in the glass plate, track c goes into the air after only 
100 microns in the emulsion. (From photograph supplied by Ceccarelli, Dallaportu, 
Merlin, and Ilostagni, Xature, 170, 454, 1952.) 


8000 microns, sufficient to allow an independent determination of its mass 
to be made. Ceccarelli, Dallaporta, Merlin, and Rostagni, (1952) obtained 
a value of (940 ± 140)w o from such a measurement. 

The role of r-mesons in nuclear phenomena other than that described 
above is at present unknown. To produce mesons in the laboratory for 
more intensive investigations would require particles with energies in excess 
of 500 Mev, the rest mass energy of the T-meson. There is at present only 
one particle accelerator, thecosmotron at Brookhaven National Laboratory, 
capable of producing such high energy particles. Other accelerators capable 
of producing such high energy particles will probably be in operation in the 
near future. Until then, we shall have to rely upon the fortuitous appear¬ 
ance of r-decay processes for our knowledge of these particles and their 
relationship to other nuclear particles and to nuclear forces generally. 


14-18. V-Particles 

Interesting groups of unstable particles, generally classified as V particles, 
have been observed in photographs of cloud-chamber investigations of 
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penetrating showers in cosmic rays. The first observations of such particles 
were made by G. D. Rochester and C. C. Butler (1947). In one observation 
they found two tracks having a common origin, making an angle of about 
05° with each other, which they attributed to the disintegration of a neutral 
particle, now called a V°-particle , into two charged particles, as shown in 


V° 

( No visible 
track) 




Fics. 14-17. 


Fio. 14-16. Schematic diagram showing the tracks formed in a cloud chamber by 
the products of disintegration of a neutral V° particle. The V° particle, shown moving 
along the dotted path, does not produce a track. 


Fig. 14-17. Schematic diagram showing the tracks formed by the disintegration of 
charged V particle in flight. 


Figure 14-10. From the curvature of the tracks in the magnetic field in the 
cloud chamber, the charges had opposite signs. The masses of the particles 
were approximately those of ir-mesons. They estimated the energy of the 
neutral particle to be greater than 800m o . In the second case, they observed 
the path of a charged particle which suffered a sudden deviation; this 
deviation could not be accounted for by nuclear scattering in the gas of the 
cloud chamber. Better consistency was obtained by assuming that the 
charged particle, called a particle, disintegrated in flight into a charged 
7 r-meson, and at least one neutral particle, as shown in Figure 14-17. The 
mass of the V + particle was estimated to be about 1000 m u . 

These events are comparatively rare, but nonetheless many V particles 
have been observed since then. An idea of the frequency of occurrence of 
these events can be gathered from the following statistics. In counter- 
controlled cloud-chamber studies of penetrating showers, Seriff, Leighton, 
Hsiao, Cowan, and Anderson (1950) found 34 V particles in 11,000 photo¬ 
graphs. Of these 30 were classified as V° particles and 4 as V + particles. In 
similar experiments, Leighton, Wanlass, and Anderson (1953) found 152 
\ particles in 23,000 photographs, 134 classified as Y° particles and 18 as 
V + particles. Figure 14-18 shows a V° particle obtained in these experiments. 
The decay particles are formed below a lead plate in the cloud chamber. A 
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V° particle, which does not produce a track since it is not charged, originates 
in a nuclear event in the lead plate and then decays in flight into two 
charged particles which form the V. The shorter track on the left is that of 
a positively charged particle with a momentum of about 390 Mcv/c and 



Fio. 1-1-18. Cloud-chamber photograph of the decay of a V° particle. The V° 
particle originated in a nuclear event in the lead plate in the cloud chamber and decayed 
below it into two particles of opposite sign as shown by the opposite curvatures of the 
tracks in a magnetic field. (Photograph supplied by It. B. Leighton, California Institute 
of Technology.) 

a mass estimated as between 1350 m Q and 1650 m 0 ; it is probably a proton. 
The negative particle produces less ionization, has momentum of about 
150 Mev/c and a mass less than 370 m Q , and is probably a 7r“-meson. The 
Q value, or the energy released in this reaction, is about 33 Mev. 

Figure 14-19 shows two unrelated V° particles in the same photograph. 
The V° particle in the upper left of the photograph was probably formed in 
a nuclear event or star produced in the lead blocks above the cloud chamber. 
'I'his nuclear event probably also gave rise to the penetrating shower 
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particles seen in the upper right of the chamber. One of these penetrating 
particles produced a star in the lead plate in the center of the chamber 
producing some penetrating particle and a V° particle. The latter disinte- 



Fxo. 14-19. Cloud-chamber photograph showing two unrelated V° decays. One 
V° decay occurs near the top and to the left of the center of the upper chamber, yielding 
a heavily ionizing positive particle and a lightly ionizing negative particle whose track 
is very short. This V° particle probably originated in the same nuclear event, in the lead 
blocks above the chamber, which gave rise to the penetrating shower particles to the 
right. One of these particles, colliding with a nucleus in the lead plate between the 
chambers, produced another T° particle which decayed below it, right of center, yielding 
a heavily ionizing positive particle which travels almost vertically downward, and a 
short, lightly ionizing negative particle. The positive particles in both cases are probably 
protons. (From a photograph by Leighton, Wanlass, and Anderson, Phys. Rev. 89, 151, 
1953.) 

grates below the lead plate into a long, heavily ionizing positive track and a 
short track due to a lightly ionizing negative particle. The tracks of both 
negative particles are too short for measurements; the particles producing 
these tracks probably leave through the walls of the cloud chamber. The 
positively charged particles in both cases are probably protons. 
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One* of the* important te*sts as to whether wo are* dealing with a V n 
particle or with two tracks which arc unrelated is the test of coplanarili/, 
that is, the plane containing the two decay particles must also contain the 


Fio. 14-20. Cloud-chamlxir photograph of the decay of a particle in flight. The 
V + particle is formed in the nuclear event giving rise to a star in the lead plate between 
the chambers. The l' + particle travels slightly toward the left below the plate and then 
disintegrates into a jr^-meson which moves down toward the right, and a neutral particle 
which leaves no track. (From a photograph supplied by It. B. Leighton, California 
Institute of Technology.) 

line of travel of the V° particle. The latter is taken as a line from the center 
of the star to the vertex of the V. 

As has been shown, charged V disintegrations are comparatively rare 
events. Figure 14-20 shows a V + particle coming from a star produced in 
the lead plate in the cloud chamber; the V + particle disintegrates in flight 
below the plate with the emission of a charged particle. To conserve 
momentum, at least one other particle, a neutral one, must be emitted 
simultaneously. Penetrating charged particles produced in the star can be 
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seen in the photograph coming from the same point in the lead plate from 
which the V + particle originated. 

The present consensus is that there are several different kinds of V° 
particles. One of these, called l 7 ®, has a mass of about 2200 m 0 and decays 
into a proton and a pi meson: 

+ (33) 

The value of Q\ is approximately 35 Mev; the lifetime of the V\ particle 
is about 2.5 X 10 _, ° sec. 

Another group of particles classified as V? is probably a complex group. 
One well-substantiated type of disintegration is into two pi mesons: 

F? -* + W~ + Q2- (34) 

The value of Q 2 is approximately 200 Mev. Its rest mass is of the order of 
850 m 0 ; its lifetime is probably less than that of of the order of 10 -, ° sec. 

Many of the observed V° particles do not fall in the above classifica¬ 
tions. Their masses fall between those of V’? and V 2 and their modes of 
decay are uncertain. 

14-19. Mass Spectrum of Fundamental Particles 

The fundamental particles discussed thus far do not exhaust tb list of 
known particles. New particles are being discovered with great frequency. 
As we have seen, most of the newly discovered particles have vefy short 
lifetimes and produce unusual events. The same type of particle may be 
discovered by different physicists under different experimental conditions. 
The names assigned to such particles are usually related to the phenomena 
which led to their discovery; hence several names may be assigned to the 
same particle and will persist until some consensus is reached concerning 
the name. Recently (1953), a group of physicists, meeting at the Inter¬ 
national Cosmic-Ray Congress at Bagn£res-de-Bigorre, France, proposed 
a new method of classifying the fundamental particles in three large groups, 
depending upon their masses, with sufficient flexibility for the inclusion of 
additional particles that may be discovered later. These are the groups: 

1. L-mesons: light mesons such as t and n and any other meson whose 
mass is less than that of the r-meson. 

2. tf-mesons: heavy mesons, such as the r-meson; any meson with a 
mass between that of the ir-meson and the mass of the proton. 

3. F-particles or hyperons: particles with mass between the mass of 
the neutron and that of the deuteron. This classification may be 
extended if fundamental particles heavier than the deuteron are 
discovered. 

These three groups are shown in the mass spectrum in Figure 14-21. 
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The names and symbols for the older fundamental particles are left 
unchanged in this new scheme. These are electron, e; proton, p; neutron, n; 
neutrino, v. All the other new particles are to be designated by Greek 
letters: small Greek letters for mesons, and capital Greek letters for 
hyperons or Y particles. Under this new proposal, the p -, and r-mesons 
retain their designations, but the names of the V particles will be changed.. 



Hyperons or Y-porticles 


L~ mesons 


- K-mesons - 

K.Xond 6° particles 


I_I_I-1_1—1_I-1_1-1_1_I_I_l—l-1-1-1-1—1—1 

0 400 800 1200 1600 2000 2400 2800 3200 3600 4000 

Moss of particle in units of electronic moss. m # 

Fig. 14-21. Diagram showing mass spectrum of the fundamental particles with tho 
proposed new classification. The unit of mass is the electronic rest mass. 

depending upon whether they are classified as Y particles or K mesons. 
For Y particles, the names suggested are as follows: 

A 0 (lambda zero)—old name V?—with the decay scheme 

• A 0 —* p + 

A + for the positive counterpart of A 0 , with the possible decay schemes 

A + —> n + 

A + —* p + ir°. 

For those V part icles which are K mesons, and which have previously been 
designated as v°, F}, the new name suggested is 0°. These particles are 

characterized by the decay scheme 

0° — it* + 

or 0° —♦ ir* + 

Among the newly discovered particles not listed above are the kappa 
meson and the chi meson, both K mesons, and both discovered by 
O'Ceallaigh and co-workers (1951). Their decay schemes are 

k —► p. 2 neutral particles (nature unknown), 

and x -» it + 1 neutral particle (nature unknown). 
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We have already discussed some of the atomic and nuclear events 
involving the L mesons. Very little is now known about the part played 
by K mesons and Y particles in nuclear processes. Until recently the only 
sources of these particles were cosmic-ray events, but with the recent 
completion of the cosmotron (see §16-7) capable of producing protons of 
2.3 Bev, it has become possible to produce A 0 particles in the laboratory. 



Fig. 14-22. Cloud chamber photograph showing the production of a A 0 particle 
by the interaction of a 7r“-mcson with a proton. The direction of motion of the A 0 
particle from the end of the ?r“-meson track is shown by the broken arrow. The A 0 particle 
disintegrates into a proton p and a 7r“-meson whose tracks form the V. A heavy meson is 
probably emitted simultaneously with the A 0 particle; its direction of motion is shown by 
the broken arrow marked K°. (Fowler, Shutt, Thorndike and Whittemore, Fhys. Rev., 
91, 1287, 1953. Photograph courtesy of Brookhaven National Laboratory.) 

In one experiment, Fowler, Shutt, Thorndike, and Whittemore allowed a 
beam of ir ~-mesons of 1.5 Bev to enter a diffusion cloud chamber contain¬ 
ing hydrogen at a pressure of 18 atmospheres placed in a magnetic field of 
11,000 gausses. One section of a stereoscopic photograph obtained in this 
experiment is shown in Figure 14-22. The track of the incident 7r“-meson 
can be seen to end in the chamber, and at a distance of 0.65 cm from it is the 
vertex of a V formed by the tracks of two particles labelled p and tT. 
The identification of the particles that produced these tracks was made 
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from measurements of their momenta and densities of ionization. Assum¬ 
ing that these particles are the products of the disintegration of a A° 
particle formed as a result of the interaction of the negative pi meson with 
a proton, its energy was found to he 1.26 Bev and its momentum 610 Mev/c. 
The direction of motion of this particle is shown by the broken arrow 
marked A°. The lifetime of this A° particle, calculated from its velocity and 
distance of travel, was found to be 4 X 10“" sec. To conserve energy and 
momentum in the production of the A° particle by the interaction of the 
pion and the proton, it would be necessary for at least one other neutral 
particle, probably a heavy meson, to be produced at the same time. The 
direction of motion of such a particle is indicated by the broken arrow 
marked K°. Since there is no evidence for its disintegration in a path 23 cm 
long, its lifetime must be greater than 4 X 10“'° sec. 

14-20. Primary Cosmic-Ray Particles 

Most of the cosmic-ray particles observed in the atmosphere are of second¬ 
ary origin, that is, they are the products of the interaction between the 
primary cosmic-ray particles and nuclei in the atmosphere. Experiments 
must be conducted at altitudes above 60,000 ft to observe appreciable 
amounts of primary cosmic-ray particles. These experiments are usually 
made with nuclear emulsion photographic plates or with automatically 
operated cloud chambers which are sent aloft attached to balloons. When 
the equipment is recovered, the plates are developed and the cloud-chamber 
records and photographs scanned. Examinations of the photographic plates 
and cloud-chamber photographs show the presence of high energy protons 
and also of heavier nuclei, some with nuclear charges Ze in excess of +40e. 

The primary cosmic-ray particles must have very large amounts of 
energy in order to pass through the earth’s magnetic field and enter the 
atmosphere. M. S. Vallarta has calculated the minimum energies that 
protons must possess in order to penetrate the earth’s magnetic field at a 
given angle as a function of the geomagnetic latitude. For example, in order 
to enter the earth’s atmosphere vertically at about 45°N geomagnetic 
latitude protons must possess energies in excess of 2500 Mev. Heavier 
nuclei, because of their greater charge, must have still greater energies, 
probably in excess of 10" ev, in order to penetrate the earth's magnetic 
field. 

The first records of the heavy primary cosmic rays were obtained by 
Freier, Lofgren, Xey, Oppenheimer, Bradt, and Peters (1948), who sent 
up photographic plates and a cloud chamber attached to free balloons, to 
an altitude of 94,000 ft. The photographic plates, in stacks of 12, were 
placed above and below the cloud chamber, with the emulsion surfaces in 
a vertical plane. The photographic plates showed tracks of particles much 
denser and heavier than those usually associated with nuclear disintegra- 
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Fio. 14-23. Photomicrograph of a very heavy primary nucleus of the cosmic rays 
with Z = 42 ± 4, observed in a stack of photographic pellicles (nuclear emulsions 
without glass support), exposed at an altitude of 100,000 ft. The primary particle 
entered the stack at a and slowed down in 1800 microns of continuously recorded path 
abb'cc'dd'ee'f. The primary particle came to rest in the third pellicle', producing the 
characteristic taper associated with successive electron capture. The peculiar corkscrew 
appearance of the track at / is due to the buckling of the column of developed silver 
as the emulsion shrinks during processing by a factor of approximately 2.5. This buckling 
occurs throughout the track but is most readily discernible at its end. (Photomicrograph 
courtesy of Maurice M. Shapiro and Nathan Seeman, Naval Research Laboratory.) 


tions. The estimated values of Z for some of these tracks were as high as 40. 
Cloud-chamber photographs showed tracks of heavily ionizing particles 
but with values of Z generally lower than those observed with photographic 
emulsions. 

The investigation of the primary cosmic-ray particles has continued 
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with great, improvement in nuclear emulsions and techniques for using and 
processing them. Figure 14-23 shows the track of a heavy primary nucleus 
observed in a stack of photographic “pellicles,” that is, nuclear emulsions 
without glass supports, exposed at an altitude of 100,000 ft, obtained by 



Fio. 14-24. A heavy primary cosmic 
ray with estimated value of Z ■ 11 ± 1, 
passing through a nuclear photographic 
emulsion, interacts with a heavy nucleus, 
possibly silver, and produces a giant star. 
This star consists of 31 black and gray 
tracks and a shower of about 30 tracks of 
relativistic particles, the latter collimated in 
a broom of 52° angular spread. One of the 
fast shower particles is captured in flight 
and produces a 7-pronged star »S. The giant 
star also contains three slow meson tracks 
with energies a\ — 3 Mev, a>i — 4.0 Mev, 
and <73 - 8.2 Mev. A number of tracks, 
directed at large angles to the plane of the 
emulsion, have been omitted from the hori¬ 
zontal projection of the event. (From a 
photograph by Yagoda, Phys. Rev., 85, 
891, 1952.) 


Shapiro and Seeman. They estimate the value of Z to be about 42. Because 
of its high charge, this nucleus produces thousands of times as many ions 
along its path as would a fast, singly charged particle. The dense track has 
associated with it a series of short tracks along most of its length. These 
short tracks are the paths of secondary electrons, sometimes called delta 
rays. The delta rays are produced by the effect of the intense electric field 
of the primary particle on the material through which it passes. A count of 
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the number of delta rays per unit length of track, combined with a measure¬ 
ment of the range of the particle in the emulsion, can be used to measure 
the charge Ze of the primary particle. A characteristic of such a track is the 
thinning down near the end of the track, noticeable in section e 1 /. This 



Fig. 14-25. Emission of a slow ir + -meson in the disruption of a heavy nucleus. 
The tt-ji-c- decay events can be seen clearly in this photo-drawing. Although apparently 
emerging in the same direction as the fast shower particles, this slow ir + -meson is 
probably a member of an independent group of slow mesons. (From a photograph by 
Yagoda, Phys. Rev., 85, 891, 1952.) 

“thin-down length” can also be used to estimate Z on the assumption that, 
as the primary nucleus slows down, it captures electrons from the atoms 
through which it passes. Two methods are thus available for the determina¬ 
tion of the charge of the heavy primary cosmic-ray particle. 

Although the number of heavy primaries is small in comparison with 
the primary protons, their contribution to the total energy of the cosmic 
rays is comparable to that of the protons because the energy of a heavy 
primary is much larger than that of a proton. 

I'igure 14-24 shows a nuclear disintegration produced by a heavy 
primary cosmic-ray particle in a nuclear emulsion flown at about 100,000 
ft altitude. The experiment was conducted by H. Yagoda (1951); Ilford 
G-5 plates with thick emulsions were flown in several stratosphere balloon 
flights at Minnesota at altitudes whose maxima ranged from 90,000 to 
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106,000 ft. The figure is a photo-drawing prepared by inking in details on 
an enlargement print obtained from a low-power photomicrograph. About 
61 tracks of ionizing particles were observed, some heavy black tracks, 
others relativistic particles forming the collimated cosmic-ray shower, 
shown as dotted tracks. The primary particle is recognized by the delta 
rays associated with it. From a count of the delta rays, the value of Z for 
the primary particle is found to be about 11. The heavy nucleus with which 
the primary particle interacted is probably silver. The neutrons ejected in 
this event, since they are uncharged, do not produce any tracks. A second¬ 
ary star S, with seven prongs, is produced in the emulsion by one of the 
shower particles. In addition, there are tracks of three slow mesons with 
energies of 3, 4.9, and 8.2 Mev. Another giant star produced in one of these 
emulsions is shown in Figure 14-25. The particle initiating the nuclear 
disruption is not known; it may have been a high energy neutron. Accom¬ 
panying this event is the track of a T + -meson which decays into a #z + -meson 
of 4 Mev energy; the latter then decays into an electron. 

Problems 

14-1. I’sing the equation for the momentum of a relativistic particle of rest 
mass »i 0 and total energy &, calculate the momentum of an electron of 300 Mev. 

14-2. (a) Calculate the momentum of a proton whose kinetic energy is 400 

Mev. (b) Determine the velocity of this proton. 

14-3. (a) Plot a graph of the momentum p of a relativistic particle against its 

total energy &, using a set of units in which c = 1 and m 0 - 1. On this scale, 
select values of 6 = 1, 2, 3, . ..10. (b) Determine the momentum of an electron 
whose total energy is 2moc*. Express this momentum in units of Mev/c. (c) Deter¬ 
mine the momentum of a proton whose total energy is 2woC*. Express its momen¬ 
tum in units of Mev/c. 

Ans. (b) 0.885 Mev/c. 
(c) 1630 Mev/c. 

14-4. Determine (a) the velocity and (b) the momentum of a mu meson whose 
kinetic energy is 4 Mev. (c) Determine the radius of curvature of the path of this 
meson in a magnetic field of 5000 gausses. 

Ans. (a) 0.264c. 

(b) 29 Mev/c = 15.5 X 10“ 16 gm cm/sec. 

(c) 19.3 cm. 

14-6. Calculate (a) the velocity and (b) the momentum of a charged pi meson 
whose kinetic energy is 10 Mev. (c) Calculate the radius of curvature of its path 
in a magnetic field of 6000 gausses. 

Ans. (a) 0.36c. 

(b) 54 Mev/c = 28.8 X 10~ 16 gm cm/sec. 

(c) 30.0 cm. 
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14-6. A gamma-ray photon incident upon a hydrogen target produces a 
7T + -meson which moves off with an initial kinetic energy of 70 Mev in a direction 
at 90° to the direction of motion of the incident photon, (a) Determine the 
momentum of the meson, (b) Determine the energy of the incident gamma-ray 
photon. 

14-7. (a) Show that the kinetic energy of a charged meson of rest mass m 0 

moving in a magnetic field of intensity H in a circular path of radius R satisfies 
the equation 


in which e, the charge of the meson, is measured in es units. 

(b) Calculate the radius of curvature of the path of a ir + -meson in a 
magnetic field of 15,000 gausses when its kinetic energy is 14 Mev. 

(c) Calculate the radius of curvature of a /x+-meson in the same mag¬ 
netic field when its kinetic energy is 4 Mev. 


14-8. 


(a) Show that the rest mass energy of a particle is given by 


niof 3 



where p is its momentum and 6* is its kinetic energy. Measurements on the 
track of a meson in a photographic emulsion yield the values of 215 Mev 
for its kinetic energy and 330 Mev'c for its momentum. Determine (b) its 
mass, and (c) its velocity. Identify the particle. 

Ans. (b) 290w,. 
(c) 0.917c. 

14-9. The kinetic energy of a positively charged particle is found to be 62 Mev 
and its momentum 335 Mev c. Determine (a) its mass, and (b) its velocity. 
Identify the particle. 

Ans. (a) 880 Mev or 1760/We. 
(b) 0.374c. 

14-10. Suppose that a neutral particle decays into two charged particles which 
make an angle of 40° with each other. The measured kinetic energy of one 
particle is 62 Mev and its momentum is 335 Mev/c, and the kinetic energy 
of the second particle is 215 Mev and its momentum is 330 Mev/c. (See prob¬ 
lems 14-8 and 14-9.) Determine (a) the mass of the neutral particle, (b) its kinetic 
energy, and (c) its momentum. 

Ans. (a) 2240w e . 

(b) 164 Mev. 

(c) 624 Mev/c. 

14-11. Assuming the nucleus to be a point charge, (a) calculate the radii of the 
mu-mesic Bohr orbits of titanium, Z = 22, for quantum numbers n = 1 and 2 
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(b) Compute the energy radiated from such an atom in a transition between 
these orbits. 

Ans. (a) 1.15 X 10' 2 cm, 4.00 X 10"' 2 cm. 
(b) 1.04 Mev. 

14-12. Assuming the nucleus to be a point charge, (a) calculate the radii of the 
pi-mesic Bohr orbits of beryllium, Z = 4, for quantum numbers n = 1 and 2. 
(b) Compute the energy radiated from this atom in a transition between these 
orbits. 

Ans. (a) 4.8 X 10" 12 cm, 19.2 X 10~ 12 cm. 
(b) 44.4 kev. 

14-13. Assuming the nucleus to be a point charge, calculate the radius of the 
mu-mesic Bohr orbit of lead, Z = 82, A = 208, for which n = 1. Compare this 
value with the radius of the nucleus of lead. 

Ans. 3.08 X 10“ 13 cm. 
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chapter 

New Elements and 
Isotopes 


15-1. Naturally Occurring Elements 

It has already been noted that fewer than 100 elements are found in nature 
and that these have approximately 300 isotopes, varying from 1 for an 
odd Z-odd N element such as bismuth 8 3 Bi 209 to 10 for the magic number 
element tin, Z = 50. Most of these isotopes are stable, but a few of them 
are radioactive with long lifetimes. The latter have been considered in our 
discussion of natural radioactive transformations. In addition, two lighter 
isotopes, C 14 and H 3 , are being continually produced in the atmosphere 
by the n-p reaction of cosmic-ray neutrons with N 14 of the atmosphere 
(see §11-13). C 14 has become widely distributed over the surface of the 
earth through the formation of C 14 0 2 and the subsequent reactions of C0 2 
with organic and inorganic matter. 

The formation of tritium in the nuclear reaction with cosmic-ray 
neutrons can take place only with fast neutrons; the nuclear reaction is 

7 N 14 + on 1 - ( 7 N 15 ) - fl C 12 + ,H 3 . (i) 

Tritium, as an isotope of hydrogen, should be widely distributed over 
the surface of the earth, but partly owing to its short lifetime, it occurs in 
minute concentrations. The relative abundance of tritium in Norwegian 
surface water has been measured by Grosse, Johnston, Wolfgang, and 
Libby (1951), and found to be about one atom of tritium to 10 18 atoms of 
ordinary hydrogen. The samples of water tested were all highly enriched 
with the heavier isotope D 2 0, by electrolytic methods. The enrichment 
factor was of the order of 10 6 . The ratio of tritium to deuterium in these 
samples was found to be of the order of 10” 12 . The presence of tritium was 
determined by counting the rate at which beta rays were emitted by the 
sample, ffhe natural abundance was then calculated from the measured 
beta-ray activity, the probable enrichment factor of the sample, its age, 
and the known half-life of tritium. It was noted that with a concentration 
of 3 X 10 18 gm of tritium per gram of ordinary hydrogen, it is the rarest 
atomic species discovered in nature. It was further concluded that most, 
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if not all, of He 3 found in the atmosphere has its origin in the disintegration 
of cosmic-ray-produced tritium. 

Methods have been developed by W. F. Libby and others for dating 
archaeological and geological samples by determining the C M content. 
The basic assumption of the carbon dating method is that the relative 
abundance of the carbon isotopes has remained unchanged for the past 
few thousand years. When a living organism dies, its intake of carbon 
ceases and the amount of radioactive C M in it decreases continually. 
A determination of its present C 14 content per gram of substance, together 
with a knowledge of its half-life, yields the age of the sample. Wherever 
other reliable methods for determining the ages of such samples were 
available, the two methods gave consistent results. Ages of such samples 
extend up to 5000 years. One conclusion that can be drawn from this is 
that the neutron flux in cosmic radiation has been fairly constant for the 
extent of about 10,000 to 15,000 years, that is, about two or three times 
the half-life of C 14 . 

15-2. Filling Gaps in fhe Periodic Table 

The discovery of the neutron in 1932 may be said to be the beginning of 
modern nuclear physics. At about this time several methods of producing 
high energy charged particles were also in use. There were then still three 
places vacant in the periodic table for elements of atomic numbers less 
than 92; one at Z = 43, another at Z = 85, and the third at Z = 87. With 
the number of different types of particles available as projectiles for 
bombarding nuclei, and the variety of nuclear reactions already known, it 
became possible to produce these missing elements by bombarding nuclei 
of neighboring atoms of the periodic table with suitable particles. One of 
the first produced in this manner was the element Z = 43, now known as 
technetium (symbol Tc); it was produced by Perrier and Segrd (1937) by 
bombarding molybdenum, Z = 42, with deuterons in a d-n reaction. 
Seaborg and Segrd showed that the particular isotope formed in this 
reaction has a mass number .4 =96; the nuclear reaction is therefore 

42 Mo 95 + iH 2 - ( 43 Tc 97 ) - 4 3 Tc 96 + on 1 . ( 2 ) 

This isotope of technetium has also been produced in a p-n reaction with 
molybdenum and in an a-n reaction with niobium, Z = 41. This isotope is 
radioactive, decaying by electron capture with a half-life of 4.3 days. 

Since its original discovery, technetium has been produced by a 
variety of nuclear reactions; it is also one of the products of nuclear fission. 
There are now about 12 known isotopes of technetium, ranging in mass 
numbers from 92 to 105. All of them are radioactive. 

The element of atomic number Z = 85, now called astatine (symbol 
At), was first produced by Corson. MacKenzie, and Segr& by bombarding 
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bismuth with 32 Mev alpha particles. They found six different activities 
as a result of this bombardment, but all had exactly the same half-l.fe, 
T = 7.5 hr. These activities were (1) an alpha-particle group of 6.55 cm 
range, (2) another alpha-particle group of 4.52 cm range, (3) a gamma ray 
with an energy of 0.5 Mev, (4) an x-ray or gamma-ray photon of about 
80 Kev, (5) a low energy x-ray photon, and (6) a few low energy electrons. 
Their analysis of this experiment is as follows: since bismuth has only one 
stable isotope, the first reaction is 

83 Bi 209 + 2 He 4 — ( 85 At 213 ) — 8sAt 2n + o'* 1 + c* 1 . < 3 > 

Astatine then disintegrates in one of two ways, either by electron capture 
to actinium C', or by alpha-particle emission to bismuth, according to the 
following reactions: 

85At 211 4- —1^° —* 84AcC /2n (4) 

and 8*At 211 -> saBi 207 + 2 He\ (4.55 cm range) (5) 

Actinium C' disintegrates immediately, T = 5 X 10~ 3 sec, with the 
emission of an alpha particle of 6.55 cm range; this is very close to the 
known range of the alpha particles of the actinium C r formed in the 
actinium radioactive series. This reaction is 

84 AcC /2n - 8 2 Pb 207 + 2 He 4 , T = 5 X 1(T 3 sec. (6) 

If the actinium C' is formed by electron capture, this must be followed 
by the emission of K- series x-rays. The x-rays were measured by absorption 
methods and found to be identical with those of polonium, Z = 84, an 
isotope of AcC'. The x-ray photons were also counted with the same thin- 
walled Geiger counter that was used for counting the alpha particles, and, 
taking into account the difference in the counting efficiencies for the two 
types of radiation, it was estimated that, there were equal numbers of 
alpha particles and x-ray photons emitted. This is to be expected if astatine 
decays by electron capture to AcC'; electron capture is followed by the 
emission of an x-ray photon and the AcC 7 immediately disintegrates with 
the emission of an alpha particle. 

Astatine is a chemical homologue of iodine although it is found to 
have some of the properties of a metal. Its resemblance to iodine was shown 
in a series of experiments by Hamilton and Soley, who found that it is 
concentrated in the thyroids of normal and thyrotoxic guinea pigs in 
a manner similar to that of iodine. 

There are about 15 different isotopes of astatine now known, ranging 
in mass numbers from 203 to 219, all of them radioactive. One of these, 
A = 217, occurs in the neptunium radioactive series as the daughter of 
87 Fr 221 (see §10-4). Karlik and Bernert (1942) discovered other isotopes of 
astatine in the other radioactive series. 



478 New Elements and Isotopes 


§15-3 


Element Z = 87, now called francium, was first discovered by Mile 
Perey (1939) as one of the products in the radioactive disintegration of 
actinium; this isotope was called actinium K. About 1 per cent of the 
actinium nuclei disintegrate with the emission of alpha particles forming 
actinium K, 

s 9 Ac 227 —* 87 AcK 223 -f- 2 He 4 

followed by 87 AcK 223 -> 88 AcX 223 + p~ t T = 21 min. ( 7 ) 

The branching of actinium is shown in the actinium series of Figure 10-4. 

There are now about eight isotopes of francium known, with mass 
numbers ranging from 211 to 223. All of them are radioactive. 

Element Z = 61, originally called illinium, was not included in the 
above list of missing elements because its existence had been inferred from 
spectroscopic data, but it had not been definitely isolated. It was first 
produced in an a-p reaction with neodymium by Law, Pool, Kurbatov, 
and Quill (1941), and in p-n and d-n reactions with neodymium by Kur¬ 
batov and Pool (1943). The isotope formed in these reactions had a mass 
number A = 146. Element Z = 61 is now called promethium (symbol Pm). 
There are now about 10 isotopes of promethium known with mass numbers 
ranging from 141 to 156. All of them are radioactive. Some of these isotopes 
are formed in nuclear fission. 

15-3. Production of Transuronic Elements 

We have already discussed the discovery and production of the first two 
transuranic elements, neptunium and plutonium, formed as a result of the 
n-y process with uranium (see §13-8). In the period from 1945 to 1950 four 
additional transuranic elements were produced by using as projectiles the 
charged particles obtained from the 60-inch Berkeley cyclotron. These 
transuranic elements are given in Table 15-1. 


Table 15-1 


Transuranic Elements 

Atomic No. 

Name 

Chemical Symbol 

Range of 

Mass Nos. 

93 

Neptunium 

Np 

231-241 

94 

Plutonium 

Pu 

232-243 

95 

Americium 

Am 

237-244 

96 

Curium 

Cm 

238-245 

9? 

Berkelium 

Bk 

243-245 

j 98 

°alifornium 

Cf 

244-246 
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We have already described methods for producing some of the isotopes 
of the first of the transuranic elements, neptunium and plutonium (see 
§13-8), and the fact that these elements have been found in small con¬ 
centrations in pitchblende. Recently neptunium, A = 237, has been isolated 
in small amounts from this ore. The next transuranic elements, americium 
and curium, were first produced by G. T. Seaborg, L. O. Morgan, and 
A. Ghiorso in 1945, by bombarding uranium 238 and plutonium 239 with 
40 Mev helium ions. The identification of these elements from their chemi¬ 
cal and radioactive properties was done by Seaborg and J. G. Hamilton. 
These elements have since been produced in a variety of ways. Only a few 
of the reactions will be given here. For example, americium can be pro¬ 
duced in an a-n reaction with U 238 as follows 

92 U 238 + 2 He 4 — 9<Pu 241 4 o* 1 , (•) 

followed by 94 PU 241 -> 95 Am 241 4 /T, T = 14 yr. ( 9 ) 

Pu 241 also disintegrates by alpha-particle emission to Np 237 . The branching 
ratio of alpha-particle decay to beta decay is about 10 -5 . 

Several different isotopes of curium are formed when Pu 230 is bom¬ 
barded with alpha particles of 30 to 40 Mev. Two of the reactions are 



94 Pu 239 + 2 He 4 96 Cm 241 + 2 0 n' 

(10) 

and 

9< Pu 239 + 2 He 4 -> 9 8 Cm 240 + 3 0 n'. 

(11) 

These 

are followed by the radioactive disintegration of curium 

as follows: 


96 Cm 240 — »,Pu 23S + 2 He 4 , T = 26.8 da. 

(12) 


98 Cm 241 -» 94 Pu 237 + 2 He 4 


and 

9 gCm 241 + _,e° — 9 jAm* 41 , T = 35 da. 

(13) 


In addition, Cm 240 disintegrates by spontaneous fission with a half-life 
of 7.9 X 10 5 yr. 

Thompson, Ghiorso, and Seaborg (1950) produced berkelium by 
bombarding americium with 35 Mev alpha particles, the nuclear reaction 
being 

95 Am 241 4 2 He 4 —♦ 97 Bk 243 4 2 0 n ! . ( 14 ) 

This isotope of berkelium disintegrates mostly by electron capture and 
about 0.1 per cent by alpha-particle emission, the reactions being 

97 Bk 243 4 _,e° - 96 Cm 243 , 

97 Bk 243 —* 95 Am 239 4 2 He 4 , T = 4.6 hr. ( 15 ) 

Thompson, Ghiorso, Seaborg, and Street (1950) produced californium 
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by bombarding curium with 35 Mev alpha particles, the reaction being 

•eCm 242 + 2 He 4 - M Cf 244 + 2„ n ', <i«) 

followed by 0 sCf 244 _ „ # Cm M0 + 2 He 4 , T = 45 min. (I7) 

1 he same group of investigators (1951) bombarded natural uranium 
with carbon nuclei, charge +(«•, having an energy of approximately 
120 Mev. They separated the elements of Z > 94 chemically and investi¬ 
gated its alpha-particle activity. They found one with a half-life of 45 min 
and an alpha-particle energy of 7.15 Mev, which is characteristic of Cf 244 . 
The reaction in which Of 244 was formed was most likely 

92 U 2 ** + 4 C 12 —* gsCf 244 + 6on'. (,„ 

They also found an alpha-particle activity with a longer half-life of 35 hr 
after the decay of Cf 244 . They ascribed this activity to the formation of a 
new isotope of californium, A = 24(i, the reaction being 

» 2 U»» + ,C' 2 —.„Cf 24 " + 4 0 n l . (,„ 

This isotope can also be produced in an a-n reaction with Cm 243 . Cali¬ 
fornium, A = 240, disintegrates by alpha-particle emission to Cm 242 . 

All of the transuranic elements are radioactive, and several of them 
disintegrate by spontaneous fission, Cf 240 being one of these (see § 13-11). 


15-4. Electronic Structure of the Heavy Elements 

As a result of the intensive analysis of the chemical properties of the heavier 
elements, Seaborg suggested that the elements of atomic numbers greater 
than 88 probably form another transition group analogous to the rare-earth 
group of atomic numbers 58 to 71. In this latter group (see Table 8-2), 
each succeeding element is formed by the addition of an electron to the 
4/ shell until this shell is completed with 14 electrons. Seaborg suggested 
that in this new transition group electrons are added to the 5/ shell, the 
first 5 f electron probably appearing in thorium. Just as the rare-earth group 
of elements is called the lanlhanidc scries, so the new group of heavy 
elements is called the actinide scries. 

J. K. Dawson (1952), from a study of the magnetic properties of the 
ions of the transuranic elements, has suggested a somewhat different 
electronic structure in which, beginning with actinium, electrons are added 
to the fid shell until neptunium is reached. The evidence for neptunium is 
that 5 electrons may be either in the Cxi or the 5 f shell. There is a sudden 
change in magnetic properties at plutonium which is interpreted on the 
basis of 5 electrons in the 5/ shell and 1 electron in the (id. In the formation 
of the transuranic elements, the additional electrons are placed in the 
5/ shell. On this basis, only the transuranic elements belong in a special 
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series, say the transuranide series, in a manner analogous to the lanthanide 
series. However, other chemical properties do not seem to fit this assign¬ 
ment as well as the one suggested by Seaborg. Further experimental 
evidence is needed to resolve this problem. 

15-5. Stellar Energy of Nuclear Origin 

Ever since the discovery of the transmutation of elements, it has been 
thought that the conversion of mass into other forms of energy, which 
occurs during such transmutation, would provide a possible explanation 
of the origin of a great part of the energy radiated by the stars, but it was 
not until sufficient evidence had been accumulated in the laboratory 
concerning the probabilities of various types of reactions and their energy 
releases that it became possible to develop a fairly quantitative explanation. 
Astrophysical evidence shows that the most abundant type of nucleus 
present in the stars classified in the main sequence is the proton. Bethe (1939) 
developed the theory for the production of stellar energy in which protons, 
by suitable nuclear reactions, are transmuted into helium nuclei, thereby 
releasing energy which is transformed into radiation. One possible series of 
reactions, sometimes referred to as the proton-proton chain, which may 
occur in a star starts with the reaction between a proton and a proton to 


form a dueteron, that is, 

iH‘ + iH 1 - ( 2 He 2 ) - iH 2 + ( 20 . 

followed by 1 H 2 + 1 H 1 —► jHe*. ( 21 ) 

The chain ends either with the reaction 

2 He 3 + ,H' - ( 3 Li 4 ) - jHe 4 + (J + , <m) 

or, more probably, with the reaction 

2 He 3 + 2 He 3 — ( 4 Be 6 ) — 2 He 4 + ,H' + ,H‘. (as) 


Another possible series of reactions in which protons are converted into 
helium nuclei is one in which carbon and nitrogen act as catalysts; this 
series is usually referred to as the carbon-nitrogen cycle, and consists of the 
following series of reactions: 


«C 12 

+ 

.H' 

- ( 7 X 13 ) 

—* r N 13 

-f- hv 




rN 13 

- 6 C' 3 

+ 0 + , T = 9.9 min. 

6 C 13 

+ 

1 H 1 

- ( 7 X 14 ) 

-* 7 x m 

+ hv; 

7 n 14 

+ 

1 H 1 

- ( 8 0 1S ) 

- 8 0 15 

+ hv 




sO 15 

-> 7 N 1S 

+ 0 + , T = 2.1 min. 

7 n 15 

+ 

>H' 

- ( 8 O i6 ) 

- 6 C 12 

+ 2 He 4 . 


and 


( 24 ) 
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It will be noted that this chain of reactions can start with either nitrogen or 
carbon, since each one is reproduced in the reaction, except that in about 
one case in 10 ', the last reaction will lead to the formation of 8 0 ,G and the 
emission of a gamma ray. Since the positrons will combine readily with 
electrons resulting in the formation of gamma rays, the net result is the 
combination of four protons and two electrons to form an alpha particle 
with the consequent release of energy. The mass difference released as 
energy in this chain of reactions is thus simply the difference between the 
masses of four protons and one helium nucleus or 0.0270 amu which is 
equivalent to about 41 X KT 6 erg or 25.7 Mev. A small amount of this 
energy is carried away by the neutrinos which are emitted during the 
radioactive parts of the cycle. Bethe estimates this to be about 3 X 10~° 
erg, leaving about 38 X 10 -G erg for each alpha particle formed or approxi¬ 
mately 10 X 10“° erg for each proton consumed. In the particular case of 
the sun, it has been estimated that a gram of its mass contains about 
2 X 10 23 protons; hence if all the protons were consumed, the energy 
released would be 2 X 10 18 ergs. If the sun were to continue to radiate at 
its present rate, it would take about 30 billion years to exhaust its supply 
of protons. 

15-6. Stellar Evolution 

It is interesting to speculate concerning the evolution of the stars. It is 
generally agreed that the fiTst stage in the process of evolution is the 
contraction of a large mass of very tenuous matter from a large cloud of gas 
to a more compact star under the action of the gravitational attraction of 
the particles of the cloud. This produces a higher temperature at the center 
of the star and causes a flow of heat toward the surface of the star, and thus 
radiation of energy from the surface. A type of equilibrium may be reached 
in which the rate of radiation of energy from the surface is just equal to the 
rate of change in gravitational energy. The time scale for this event is 
rather short in terms of the estimated age of our galaxy; the latter is of 
the order of a few billion years. 

At some stage in the process of contraction the temperature at the 
center of the star must become sufficiently high that collisions between 
nuclei take place with sufficient relative kinetic energy of the particles so 
that nuclear reactions occur with the subsequent release of energy. Further¬ 
more, such collisions must occur with sufficient frequency to account for the 
rate at which energy is known to be radiated by different classes of stars. 
With the data on capture cross sections which are now available for several 
of the processes in the proton-proton chain and in the carbon-nitrogen 
cycle, it is possible to estimate the rate at which energy can be radiated 
from a star under a variety of conditions of temperature and density. 
Recently (1952), H. Bondi and E. E. Salpeter have developed empirical 
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equations for the rate at which energy is liberated in each of the above 
chains of reaction. For the case of the sun, they estimate that the rate of 
generation of energy in the proton-proton chain is about the same as that 
in the carbon-nitrogen cycle. For much more luminous stars, the carbon- 
nitrogen cycle predominates as a source of energy, while for the less lumi¬ 
nous stars the proton-proton chain supplies the greater fraction of the 
energy radiated. 

When all of the hydrogen is used up in the above thermonuclear reac¬ 
tions the star will consist mostly of helium. The temperature of the star is 
probably not sufficiently high for nuclear reactions to take place among the 
helium nuclei. At this stage gravitational contraction will occur once again 
until a temperature of about 10 8o K is reached with the density of the star 
about 10 4 gm/cm 3 . Under these conditions it will be possible for three 
helium nuclei to combine to form C 12 with the release of about 7.3 Mev. 
F. Hoyle estimates that such processes can occur sufficiently often to 
provide for the radiation of energy for an additional 10 7 years. When all the 
helium is used up, further gravitational contraction of the star will occur, 
producing a further rise in the temperature of the star and making condi¬ 
tions right for the formation of atoms of medium atomic weights. A glance 
at the packing fraction curve will show that the region of mass number 60 
is the most stable one, and that any appreciable combination of these 
atoms to form heavier ones will lead to endothermic rather than exothermic 
reactions. Bondi and Salpeter, tracing this life history of a star, suggest that 
the endothermic reactions may account for the sudden collapse of a star, 
identified as the sudden appearance of a supernova. 

Problems 

16-1. Using the data of Appendix IV, calculate the energy released in the 
N M (n,p)C“ reaction. 

Ans. 670 kev. 

16-2. Using the data of Appendix IV, calculate the neutron threshold energy 
for the formation of tritium in the reaction N 14 (n,0C 12 . 

Ans. 4.0 Mev. 

16-3. Write the nuclear reactions in which «iPr 146 is produced by p-n, d-n, and 
a-p reactions with Nd, Z = 60. 

16-4. Using the data of Appendix IV, calculate the energy released in the 
Ii 3 (d,n)He 4 reaction. 

16-5. Using the data of Appendix IV, calculate the energy released in the 
He 3 (d,p)He 4 reaction. 

16-6. Determine the isotope produced in a dAn reaction with Pu 239 . 
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16-7. Determine the isotope produced when carbon nuclei are used to bombard 

Th ?32 in a C-4 n reaction. 

16-8. Determine the isotope produced in a Pu m , a-pSn reaction. 

• « 
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Particle Accelerators 


16-1. Introduction 

In this chapter we shall consider the fundamental principles under¬ 
lying the operations of the particle accelerators which arc currently in use. 
The design, construction and operational details are engineering problems, 
and data are available on these aspects in the literature; references to some 
of this literature are given at the end of this chapter. 

The term particle accelerator will be generalized to include devices, such 
as the Van de Graaff generator, which, in themselves, provide only large 
differences of potential, but, when combined with appropriate ion tubes, 
accelerate the ions to high energies. One of the most common methods of 
obtaining a large difference of potential from a low-voltage alternating 
current source is the step-up transformer. Most frequently direct current 
rather than alternating current is needed for the experiments with electrons 
and positive ions. For such work, two-element thermionic tubes are used for 
either half-wave or full-wave rectification. Sometimes the secondaries of the 
step-up transformers are connected in series; potential differences of over 
one million volts have been obtained in this way. This high voltage is used 
to accelerate positive ions which have been produced in an auxiliary tube 
by the ionization of the gas in the tube. Some sources of positive ions are 
adaptations of the type of positive-ray tubes used in measurements of E/M) 
other sources of positive ions are low-voltage arcs maintained in a tube 
containing a gas. The most common kinds of positive ions used in nuclear 
experiments are protons, deuterons, and helium nuclei. 

In addition to these types of accelerators, there is a second group, 
exemplified by the cyclotron (for positive ions) and the betraton (for 
electrons), consisting of devices in which the charged particle makes 
several or many trips around a circular path, receiving additional energy 
during each trip. Although the energy acquired during each revolution may 
be comparatively small, after a sufficient number of revolutions, the particle 
will acquire a very large amount of energy. When the particle has acquired 
the desired energy, it is taken out of the device and used in nuclear experi¬ 
ments. 

The third group is a modification of the second group and utilizes the 
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phenomenon of phase stability in its operation. Among these devices are the 
synchro-cyclotron, the proton synchrotron, the betatron-synchrotron, and 
the cosmotron. This third group is capable of producing particles of much 
higher energies than those in the second group. 

The fourth group contains the linear accelerators in which the particles 
travel in straight paths, receiving additions to their energies at given 
positions along the path. Linear accelerators have been designed for opera¬ 
tion with electrons and with protons. 



Fig. 16-1. Schematic diagram of a 
Van do Graaff electrostatic generator. 


16-2. Van de Graaff Electrostatic Generator 

Van de Graaff (1931) designed a direct current electrostatic generator 
which can develop a potential difference of several million volts and, when 
used with positive ion tubes, can impart energies of several Mev to the ions. 
This type of generator consists essentially of a continuous belt B, made of 
some insulating material such as rubber, silk, linen, or paper, which passes 
over two pulleys P i and P 2 , as shown in Figure 16-1. Pulley Pi is at ground 
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potential and is driven by a motor; pulley P 2 is mounted inside a hollow 
metal sphere S of large radius or a metal cylinder with curved bases. The 
hollow metal body S is insulated from the rest of the apparatus. In the 
operation of this generator, an electric charge is sprayed onto the side of 
the belt which is moving upward. The source of this charge is usually a 
small transformer-rectifier set capable of developing a potential difference 
of about 10 to 100 kilovolts. The charge is sprayed on the belt from a set of 
sharp points A\ t and then removed from the upper end of the belt by 
another series of sharp points A 2 and conducted to the surface S. If Q is 
the charge on this surface at any instant, its potential with respect to 
ground is simply 

V = Q/C, (i) 

where C is the capacitance of the system. 

The conditions which limit the charge on the surface S t and hence its 
potential V, are the nearness of other objects, such as the walls and ceilings 
of the laboratory, and the breakdown of the air near the surface owing to 
the intense electric field around it. To improve the operation of the Van de 
GraafF generator, and to reduce its size for a given maximum potential dif¬ 
ference, the entire generator is placed inside a steel container in which the 
air is maintained at a high pressure, about 150 pounds per square inch. At 
the higher pressures, air can withstand stronger electric fields before break¬ 
down occurs. Also, since the air is in a closed steel tube, it may be dried and 
cleaned, and other gases may be mixed with it to improve the operating 
conditions. Van de Graff generators can now be obtained commercially to 
provide voltages up to 6 to 8 million volts and proton beam currents of the 
order of 6 to 8 microamperes. 

16-3. The Cyclotron 

Another device for producing high energy particles which has come into 
fairly common use is the cyclotron originally developed by E. O. Lawrence 
and M. S. Livingston (1931). It consists essentially of a short hollow cylin¬ 
der divided into two sections, A and B, as shown in Figure 16-2. Each 
section is usually referred to as a “dee” because of its resemblance to the 
letter D. These dees are placed between the poles of a very large electro¬ 
magnet. Some of the cyclotrons at present in use have magnets whose pole 
pieces are from 30 to 60 inches in diameter; the diameters of the dees are 
approximately the same as those of the pole pieces. The dees are placed in 
another metal cylinder, as shown in Figure 16-3, and the whole assembly 
is placed between the poles of the electromagnet so that the magnetic field 
Is perpendicular to the base of the cylinder and parallel to its axis. 

There are two methods in general use for producing ions inside the 
dees. One method is to introduce a gas such as hydrogen into the system 
at a low pressure. A filament situated in the center of the chamber just 
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outside the dees is heated, and a small difference of potential is applied 
between the filament and the metal box to give the electrons from the fila¬ 
ment sufficient energy to ionize some of the hydrogen atoms. This produces 
a vertical column of positiye ions, some of which travel into the space be¬ 
tween the dees. Another method is to produce the ions in a separate small 
source with a narrow opening into the space between the dees; this is 
usually referred to as a capillary ion source. The pressure of the gas in the 
ion source can be adjusted for optimum conditions while the rest of the 
system is maintained at as low a pressure as possible. This avoids electrical 
discharges inside the dees and also makes it possible to use narrower dees 
and a smaller air gap between the poles of the magnet. 



Fio. 16-2. Schematic diagram 
showing the path of a charged particle 
in a cyclotron. Magnetic field is 
perpendicular to the paper. 


The two dees, A and B, are connected to the terminals of a high 
frequency alternating current circuit so that the charge on each half 
changes a few million times per second. When A is positive, the protons 
are accelerated toward B. The magnetic field causes each proton inside B 
to travel in a circle of radius r given by 

HE. = ” ■ 

r 


After it has traversed half a circle, the proton comes to the edge of B. If, in 
the meantime, the potential difference between A and B has changed direc¬ 
tion so that B is now positive and A negative, the proton will receive an 
additional acceleration, go across the gap from B to A, and then travel in a 
circular path of larger radius inside A. After traversing a half circle in A, it 
will reach the edge of A and receive an additional acceleration from A to B 
because, in the meantime, the potential difference between A and B will 
have changed sign. The proton will continue traveling in semicircles of 
increasing radii each time it goes from A to B and from B to A. This is due 
to the fact that the time required by the proton to travel half a circum¬ 
ference is independent of the radius of the circle. This can be shown very 
simply since the time t required to travel the distance tt r, when the particle 
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Fig. 16-3. Shop assembly photograph of the M.I.T. cyclotron chamber, showing 
the construction of the chamber and dees. (From J. Appl. Phys., January, 1944. Courtesy 
of the Radioactivity Center at the Massachusetts Institute of Technology.) 


is moving with velocity v, is 


but 


so that 


irr 

t 

v 

HKr 


t M 
HE ' 


(3) 


For any given value of M/E, the time required to traverse half a circum¬ 
ference is determined by the magnetic field intensity. By adjusting the 
magnetic field intensity H . the time can be made the same as that required 
to change the potentials of A and B. 

After the protons have traversed many semicircular paths and ap- 
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proach the circumference of the cylinder, an auxiliary electric field is used 
to deflect them from the circular path and make them come out through a 
thin window. The substance to be bombarded by the protons is placed near 
the window, and the investigation of the results of this bombardment can 
then be performed in a suitable manner. 

Instead of ordinary hydrogen, heavy hydrogen or deuterium can be 
introduced into the chamber of the cyclotron, so that deuterons become 
available as bombarding particles; or if helium is used in this chamber, wo 
have an artificial source of alpha particles. 

The voltage between the sections A and B may have any value from 
about 10,000 to 200,000 volts. The particle, as it emerges from the cyclo¬ 
tron, may have an energy of several million electron volts due to the suc¬ 
cessive accelerations it experiences in going from one section to the other. 
The cyclotron is thus a comparatively low-voltage source of high energy 
particles. 

16-4. Frequency-Modulated Cyclotron 

The practical limit to the energy that can be imparted to an ion in the 
conventional constant-frequency cyclotron is due to the fact that the mass 
increases with increasing velocity. This puts the motion of the ions out of 
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phase with the frequency applied to the dees. This limitation is overcome 
in the frequency-modulated cyclotron, also sometimes called the synchro¬ 
cyclotron , by the property known as phase stability possessed by charged 
particles moving in unidirectional magnetic fields and alternating electric 
fields of varying frequency. This property was discovered independently 
in 1945 by V. Veksler and E. M. McMillan. Suppose, for example, that a 
positive ion is moving within the dees of a cyclotron at the proper fre- 
quencj’, and that during each cycle of the alternating potential it arrives 
at the edge of the dee at a time t 0 as shown in Figure 16-4. This time is 
shortly after the time that the dee potential has reached its maximum 
value. In the ordinary cyclotron, where the change of mass with velocity is 
negligible, the period of the motion of an ion is independent of its velocity 
and is the same as that of the alternating current applied to the dees, so 
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that the ion arrives in the same phase during each cycle, that is, at the same 
time t Q . Suppose, however, that the increment in velocity is smaller during 
the transit across the dees because of the relativistic change in mass; then 
the ion will move in a circle of smaller radius and arrive at the edge of the 
dee in a shorter time, represented by t\ on the diagram; it will thus receive 
a larger acceleration from the ac field and may get into phase again during 
the next cycle or cycles. If, on the other hand, an ion receives more than 
the normal increment of velocity, it will move in a circle of larger radius 



chamber 


Fio. 16-5. Schematic diagram showing a single dee inside the vacuum chamber 
between the poles of a synchro-cyclotron. 


and arrive at the edge of the dee at a later time t 2 , at which time it will 
receive less energy from the ac field and fall into phase during the next 
cycle or cycles. Once a particle gets into phase, it can continue in the same 
orbit as long as the magnetic field and the frequency of the voltage applied 
to the dees remain constant. In order to increase the energy of the ion, it 
must be made to move in an orbit of larger radius. Both Veksler and 
McMillan showed that this could be accomplished either by increasing the 
magnetic field, or by decreasing the frequency of the applied voltage, or 
both. In the frequency-modulated cyclotron the magnetic field is kept con¬ 
stant while the frequency of the applied voltage is decreased slowly. 

A frequency-modulated cyclotron consists of only a single dee placed 
inside a vacuum chamber between the poles of a very large electromagnet, 
as shown in Figure 16-5. The pole piece of the magnet of the Berkeley 
synchrocyclotron is 184 inches in diameter, that at the University of 
Chicago is 170 inches, and the one at Columbia University (Nevis) is 164 
inches. The pole faces are specially shaped or contoured to provide a field 
which decreases almost linearly from the center out to the position of 
maximum orbital radius. For example, the magnetic field of the Nevis 
synchrocyclotron decreases from a maximum of about 17,400 gausses at 
the center to about 16,600 gausses at a radius of 74 inches, while the 
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magnetic field at the Chicago synchrocyclotron decreases from a maximum 
of about 18,000 gausses at the center to 17,000 gausses at a radius of 70 
inches. The reason for contouring the magnet is to provide a magnetic 
field which will focus the ions in the median plane. The contoured pole 
faces of the magnet go through circular holes in the top and bottom of the 
vacuum chamber. 

The potential difference between the dee and the grounded plane is 
comparatively low, about 10 to 30 kilovolts. The radiofrequency is supplied 
by a tube oscillator circuit which is modulated by being coupled to a 
variable capacitor. The capacitance is varied by rotating one set of plates 
by means of a motor. This variable capacitor is sometimes placed inside 
the vacuum system between the pole faces, as in the Nevis synchrocyclo¬ 
tron, or it may be outside the magnet to avoid effects due to eddy currents. 
In the Chicago synchrocyclotron, the frequency of the voltage applied to 
the dee varies from 28.6 to 18.0 megacycles per second to accelerate protons 
to 450 Mev with a repetition rate of 60 per second; the oscillator of the 
Nevis synchrocyclotron goes through a frequency range of 28 to 16.9 
megacycles per second with a repetition rate which can be varied from 60 
to 120 pulses per second when accelerating protons to about 435 Mev. 

Targets for nuclear experiments can be introduced through a vacuum 
lock in the vacuum chamber into the region where the ion beam is circulat¬ 
ing. A variety of particle energies is thus available by simply placing the 
target at appropriate positions in the chamlier. Furthermore, the magnetic 
field of the synchrocyclotron will also act on any charged particles pro¬ 
duced by the bombardment of the target. There is also room enough for 
suitable detectors to be placed inside the vacuum chamber. This method 
has been widely used for the production and detection of charged ir-mesons 
(see Chapter 14). Neutrons produced by bombarding a target with protons 
will come out of the walls of the chaml>er; channels are usually provided in 
the shielding around the synchrocyclotron so that a collimated beam of 
neutrons is available at a large distance from the magnet for experimental 
purposes. 

It can readily be shown that the total energy & of a charged particle 
moving in a circular orbit with constant angular velocity w in a magnetic 
field of strength If is given by 

( 4 ) 

where H is in em units and e is in es units (see problem 16-3). Its kinetic 
energy will then be given by 

(s) 
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For particles moving in synchronism with the radiofrequency field im¬ 
pressed on the dee, the angular velocity w = 2*-/, where / is the frequency 
appropriate to the phase stable orbit. The above equations are perfectly 
general; they apply to all types of positive ions and to electrons. 

Frequency-modulated cyclotrons are commonly operated with protons 
which are obtained from a suitable ion source placed at the center of the 
vacuum chamber. These cyclotrons can be modified to operate with more 
massive ions, such as deuterons, helium ions, beryllium ions, and so forth. 
Recently, (1952) Chou, Fry, and Lord introduced C0 2 in the ion source of 
the Chicago synchrocyclotron and observed carbon nuclei, C 6+ , that is, 
carbon atoms stripped of their electrons. They also observed stripped 
beryllium atoms, that is, beryllium nuclei, Be 4 probably produced by the 
evaporation of an internal beryllium target which was bombarded by 
protons circulating in the vacuum chamber. The carbon nuclei were 
observed in orbits up to 65 inches in radius, while the beryllium nuclei were 
observed in orbits of radii up to 50 inches. They estimated that the carbon 
ions had energies up to 1.1 Bev. Nuclear emulsion photographic plates were 
placed in the cyclotron and nuclear disintegrations produced in the emul¬ 
sions by these heavy ions were studied. 

16-5. The Betatron 

Electrons may be accelerated to high energies by having them move in a 
circular path of constant radius and, at the same time, increasing the 
magnetic flux through the circular orbit so that the electrons acquire 
additional energy during each revolution. Attempts to build such an 
accelerator, now known as a betatron , were made more than thirty years 
ago, but the first successful betatron was designed and built by D. W. Kerst 
(1940) from the theory worked out by Kerst and R. Serber. The original 
betatron, as shown in Figure 16-6, which accelerated electrons up to 2.3 
Mev, was operated as an x-ray tube; the x-rays were produced in the con¬ 
ventional manner by allowing the high energy electrons to strike a target. 
Most betatrons built since then have also been used as x-ray sources, 
while some have been used as sources of high energy electrons for nuclear 
experiments. Betatrons have been built which accelerate electrons up to 
about 300 Mev. 

In the operation of the betatron, electrons from the heated filament F 
are injected into the circular or doughnut-shaped tube by applying a dif¬ 
ference of potential between the filament and the plate P, as shown in 
Figure 16-7. The electrons are focused with the aid of the grid G. When an 
alternating magnetic field is applied parallel to the axis of the tube, two 
effects are produced: an electromotive force is produced in the electron 
orbit by the changing magnetic flux which gives the electrons additional 
energy; a radial force is produced by the action of the magnetic field whose 
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Fio. 16-6. Photograph showing the original 2.3 Mev hctntron in front of a 20 Mev 
betatron. Each machine has its doughnut-shaped vacuum tube in place between the poles 
of the magnet. (From a photograph supplied to the author by Professor I). W. Herat.) 


direction is perpendicular to the electron velocity, which keeps the electron 
moving in a circular path. The magnetic flux through the orbit has to be 
chosen in such a way that the electrons will move in a stable orbit of fixed 
radius R. The electrons make several hundred thousand revolutions in this 
circular path while the alternating magnetic field is increasing in intensity 
from zero to a maximum, that is, during a quarter of a cycle. With each 
revolution they gain additional energy. When the electrons have acquired 
the desired amount of energy, a capacitor is discharged through two coils 
of wire, one directly above and the other directly below the stable orbit pro¬ 
ducing a sudden addition to the magnetic flux. This destroys the condition 
for the stability of this orbit and the electron beam moves out to larger 
radii until it strikes the back of the injector P which acts as the x-ray target. 

We can think of the circular electron path of fixed radius R as a 
circuit ; the emf V induced in this circuit by the changing magnetic flux is, 
according to Faraday’s law, 



where4> is the instantaneous value of the magnetic flux which is perpendicu- 










Fig. 16-7. Path of an electron in a betrntron tube. 


lar to the plane of the circuit. The work done on an electron of charge e in 
one revolution is therefore 



This work can also be expressed in terms of the tangential force F which, 
acting on the electron over a distance ds , does an amount of work dW 
given by 

dW = F-ds, 


from whieh 



Thus the tangential force acting on the electron is equal to the work done 
per unit length of path. Evaluating this for one revolution for which the 
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Vf _ e ri<\> 

2 wR ~ 2*R ~dt ' 

Now, from Newton’s second law, 

(mt); 


hence 

d e d 4> 

— (mv) - - 



dt 2 tR dt 


or 

d(mv) = 2^fjd4>. 

16) 


Because of the presence of the magnetic flux perpendicular to the 
plane of the electron orbit, the electron will experience a radial force 
inward given by 


mv 2 

Hev “ IT 

where // is the value of the magnetic field intensity at the electron orbit of 
constant radius R. From the above equation, 

mv = HeR. 

If R is kept constant, then 

d(mv) = cR • dH. ( 7 ) 

Comparing equations ((») and (7), we see that 

£r< d *- eRd "' 

from which d<t> = 2 *R 2 <IH. 

Integrating this equation between the limits of zero and 4> and zero and hi, 
respectively, we get 

= 2*R 2 H ( 8 ) 

for the instantaneous relationship between the total magnetic flux 4> and 
the intensity of the magnetic field // at a distance R from the center. This 
equation shows that the magnetic flux within the orbit of radius R is 
always proportional to the intensity of the magnetic field at the orbit, and, 
furthermore, that the magnetic flux through the orbit is twice what it 
would have been if the magnetic field intensity were uniform throughout 
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the orbit at the value H. This distribution of magnetic flux is obtained in 
an air gap between specially shaped pole faces of an electromagnet. 

Most modern betatrons are operated from a 60 cycle/sec ac source. 
Since the magnet and its coils constitute a large inductance, a very large 
capacitance is introduced into the circuit to bring the power factor closer 
to unity for efficient operation. In the 100 Mev betatron, the electrons are 
accelerated during a quarter of a cycle, that is, during 1/240 sec. The 
energy acquired by an electron per revolution is 400 ev; hence it has to 
make 250,000 revolutions to acquire the maximum energy. In practice, 
the energy of the electrons, and hence that of the x-ray photons, can be 
varied from about 10 Mev to 100 Mev by applying the orbit-shifting mag¬ 
netic field at different times during the quarter cycle that the field is 
increasing. 


16-6. The Betatron-Synchrotron 

The total energy & of a particle in a phase stable orbit moving with angular 
velocity w at a place where the magnetic field intensity is H is given by 



(5) 


An electron having an energy of a few million electron volts has a linear 
velocity practically equal to c, so that an increase in its energy produces no 
significant change in w, but does produce an increase in its mass. Using the 
relativistic equation between energy and mass, & = me 2 , we obtain 


eH 
me ’ 


(9) 


thus to increase the total energy or mass of the electron, it is necessary to 
increase the magnetic field acting on it in the same ratio. 

The condition for a stable electron orbit, given by equation (8) for a 
betatron, must still be fulfilled, but it is no longer necessary to have a very 
heavy solid magnet over the entire area of the tube. The electromagnet 
need be built with its poles above and below the tube only, and with some 
steel bars, called flux bars, inside the hollow center near the tube. This is 
illustrated schematically in Figure 16-8, where a section of one side of the 
magnet, the tube, and a flux bar are shown. The steel flux bars become 
saturated magnetically very early in the magnetic cycle and further time 
variation in the magnetic field H then takes place in the region of the 
electron orbit. Figure 16-9 is a photograph of a 70 Mev betatron synchro¬ 
tron in operation. 

The doughnut-shaped vacuum tube shown in Figure 16-10 differs from 




498 Particle Accelerators § 16-6 

the regular betatron tube in that a coating of silver is placed on a small 
section of the inside of the tube forming a metallic cavity, but a small 
break in the coating separates it into two parts. A high frequency electric 
field from a radiofrequency oscillator is applied across this gap at the 
proper time in the magnetic cycle. This frequency is in synchronism with 
the angular velocity of the electrons so that the electrons will be accelerated 
when they go through the cavity and cross the gap. The property of phase 



Fio. 16-8. Cross section of one side of a betatron-synchrotron showing the position 
of the vacuum tube between the poles of a C-shaped magnet with a flux bar. This 
synchrotron may be visualized by rotating this section through 360° about the verticlo 
axis through the center C. 


stability is also utilized in its operation so that electrons which have 
deviated from the normal orbit get the necessary decrease or increase in 
energy to bring them back to the normal orbit. 

When the electrons are injected at the beginning of the magnetic cycle, 
the device operates as a betatron for a short time, of the order of micro¬ 
seconds, until the electrons have acquired an energy of about 2 Mev. The 
high frequency field is then automatically applied across the gap. It re¬ 
mains on while the magnetic field is increasing and is automatically cut off 
when the electrons have acquired their maximum energy or, if desired, at 
an earlier time in the cycle. Once the electrons have acquired the desired 
energy, the magnetic flux condition for a stable orbit is destroyed by 
sending a large current through additional coils to make the electrons 
spiral toward the target. In the case of the 70 Mev synchrotron, the elec¬ 
trons spiral inward to the target, which consists of a tungsten wire. X-rays 
come from the target in a narrow cone in the forward direction. 
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Betatron-synchrotrons (sometimes simply called synchrotrons) which 
can accelerate electrons up to 300 Mev and produce photons of this energy 
are now in operation. There are designs for higher energy synchrotrons. 


Fig. 16-9. Photograph of a 70 Mev synchrotron. The brilliant spot of light just left 
of the center of the picture is caused by visible radiation emitted by the accelerated 
electrons. (Courtesy of the General Electric Company.) 

However, there is a practical limit to the size of a synchrotron because of 
the radiation of electromagnetic waves, a large amount of it in the visible 
region, coming from the accelerated electrons. The light which is observed 
coming from the synchrotron in Figure 16-9 is evidence of this radiation. 
Electrons can be accelerated to higher energies without appreciable radia¬ 
tion losses by means of a linear accelerator (see §16-8). 

The power radiated from accelerated charges moving with speeds u 
comparable with the speed of light c was calculated by Schwinger (1946), 
using the theory of relativity. For the case of a circular trajectory, such as 
exists in a betatron, cyclotron, and similar devices, the power S radiated 
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was shown to be given by 



( 10 ) 


in which R is the radius of the trajectory, w is the angular velocity of the 


High frequency source 



Fio. 16-10. Schematic diagram of the vacuum tube of a bctraton-synchrotron 
showing the method of applying a high frequency potential difference across a gap in 
the silver-coated section of the tube. 


particle, and 6 is its total energy. For the case of particles in a betatron or 
synchrotron whose speed v = c, this equation becomes 


(in 



The energy &\ radiated during one revolution is 



CO 


( 12 ) 



or 


( 13 ) 
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Hence, for relativistic charged particles, the energy radiated per revolution 
varies directly with the fourth power of the total energy, and inversely as 
the fourth power of the rest mass. 

16-7. Proton Synchrotron 

At present, the device which accelerates particles to highest energies is the 
proton synchrotron. Several are in advanced stages of construction, and one, 
at Brookhaven, is in operation, producing protons of about 2.3 Bev. These 
machines are sometimes given different names at different localities; the 
one at Brookhaven is called the cosmotron; the one at Berkeley, designed 
to accelerate protons to 6 Bev, is called the bevatron. The fundamental 


Cross section of 
C-shaped magnet 


Fig. 16-11. Arrangement of C-shaped magnets and straight sections of the vacuum 
chamber of the cosmotron shown schematically. 

principles underlying the operation of the proton synchrotron are the same 
as those for the electron synchrotron. Protons from some other accelerator, 
such as a Van de Graaff generator, are injected into the vacuum tube with 
energies up to about 10 Mev. The vacuum tubes are ring-shaped or else 
shaped like a race track, with straight sections connecting circular sections, 
as shown in Figure 16-11. The latter is the type used in the cosmotron and 
bevatron. The Birmingham accelerators use the ring-shaped tube with a 
ring-shaped magnet surrounding the entire tube. In the cosmotron, the 
ring-shaped magnet is in four sections surrounding the circular portions of 
the tube. A cross section of the magnet has the shape of the letter C with 
the solid iron on the inside of the circle and the vacuum tube in the open 
section of the C. 

The proton synchrotrons are very large machines; the average radius 
of the Birmingham machine is 450 cm (15 ft); that of the cosmotron, 900 
cm (30 ft); and that of the bevatron, 1500 cm (50 ft). 
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The vacuum tube of the. qosmotron has~an aperture of 7.in. X.30 in. 
and.iBspump&l continuously. Rrotons of about 4 Mev energy are injected 
into one of the straight portions the'tube when-the magnetic field has 
reached a value of abQUt 300 glasses ajd is befng built up to a value of 
about 14,000 gausses. Rectifiecfairect current is supplied to the magnet 
coils rather slri*vty' takihg^oiie- second to build up to its maximum value. 

An electrostatitrdefleptorTaone of the straight portions of the tube forces 
the iohfc initially Jowarc^tH* outer periphery, and as the magnetic field in- 
creasespt|ierforismre forded* closer center. A good proportion of the 

ions oscillates about,. and finally moves into,' the. equilibrium orbit. The 
decreasein the magnetic field also takes placexluring a period.of one second. 
The energy that was stomi in the magnetic field,insteacLof being fed into 
a bank of capacitors as in the case of the electron synchrotron, is used to 
drive a large flytvheel. During the^builtjing up of the magnetic field, the 
energy stored in the flywheel is returned, to the magnetic circuit. The fly¬ 
wheel is driveu by an induction motor which keeps the .flywheel running 
bet weep Cycles and provides the energy lost in heat during the operation. 
The cycle is repeated every five seconds.-- _ 

The protons receive their high energy from k high frequency electric 
field which is applied to onfe of the straight sections. This straight section is 
made of a nonmetallic ferromagnetic material, called ferrite, which has 
poor conductivity, so that eddy current losses are small, but which has a 
permeability of about 1000 at these high frequencies. In essence this ferrite 
tube forms the core of a high frequency transformer. The primary consists 
of one turn of wire supplied with high frequency current from an oscillator; 
the secondary is the proton beam itself. The proton receives an average 
energy of about 1000 ev per passage through the transformer and thus 
makes about 2.3 X 10° revolutions per second. The frequency has to be 
varied over a comparatively large range, from about 0.3 to 4.2 megacycles/ 
sec owing to the fact that the initial velocity of the protons is rather low 
and does not approach the speed of light until its energy is about 1 Bev. 
Figure 16-12 is a photograph of the cosmotron. 

There are plans now (1954) for building proton synchrotrons capable 
of accelerating protons to energies of about 100 Bev. Although the radius 
of the vacuum tube will be much larger, probably about 800 ft, the tube 
itself will have a very small aperture of about 2 in. X 1.5 in. Such a small 
aperture is made possible by the discovery of a new principle of focusing 
ions magnetically. This principle was discovered independently by N. Chris- 
tophilos and by M. S. Livingston, E. D. Courant, and H. S. Snyder (1952), 
and is called the principle of strong focusing. By appropriate design of the 
magnetic pole faces and the use of a large-number of magnets separated by 
short straight sections, the amplitude of the oscillation about the equilib¬ 
rium orbit can be kept very small. The magnets will still have the shape of a 
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Fio. 16-12. View of the Cosraotron at Brookhavcn National Laboratory, Upton, 
N.V., from the angle at which protons enter the machine from the Van de Graaff gener¬ 
ator. The proton beam coming from the generator tank passes through the magnetic field 
of a small magnet which analyzes the l>eam. Protons of the proper energy then enter the 
vacuum chamber through the straight section. Note the C-magnets in which the vacuum 
chamber rests. Twelve large cylindrical vacuum pumps, one of which can be seen to the 
left of the small analyzing magnet, are attached to the vacuum tube. (Courtesy of 
Brookhaven National Laboratory.) 


C, but alternate magnets will have the solid portion inside while the others 
will have the solid portion outside the ring. 

16-8. Linear Accelerators 

The development of the linear accelerator for charged particles was started 
at about the same time as that of the cyclotron. The success of the latter 
type of accelerator and the unavailability of high-powered high frequency 
sources shifted the interest from linear accelerators. Interest in linear 
accelerators was renewed about 1945 as the result of the development of 
magnetrons, klystrons, and other tubes capable of delivering power of 
several megawatts for periods of several microseconds with repetition rates 
up to a few hundred pulses per second. Among the advantages of a linear 
accelerator are that no magnet is needed to guide the particles, and that the 
particles readily emerge from the apparatus since they tra\el in straight 
lines down the length of the vacuum tube. Linear accelerators have been 
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developed for both electrons and protons, though the actual number in 
operation at present is not large. 

One of the earliest of the modem linear accelerators is the proton 
accelerator designed by L. Alvarez (1947) at Berkeley. It consists essen¬ 
tially of a long steel vacuum chamber containing a 12-sided copper tube 
which is about 40 ft long and 1 meter in diameter and which acts as a 
resonant cavity for a radiofrequency wave of 202.5 X 10° cycles/sec. 
Protons with an energy of 4 Mev obtained from a Van de Graaff generator 
are injected along the axis of the copper cylinder. The protons travel 
through a set of 46 drift tubes aligned with their axes coincident with the 
axis of the copper tube, as shown in Figure 16-13. The drift tube shields the 
protons from the electric field of the wave traveling down the tube during 

X JL J^4L High energy 

E - component of _^ protons 

electric field 

- ^ - 

12-sided copper cylinder 

Fio. 16-13. Simplified diagram showing arrangement of drift tubes within copper 
cavity resonator of the linear proton accelerator. 


Protons JL 


from 

generator 


the time that the phase of the wave is such as to produce a negative accel¬ 
eration of the protons. The protons are accelerated in the forward direction 
only while they pass from one drift tube to the other. As the velocity of 
the proton increases, the length of the drift tube must also increase, so that 
the proton will remain in the same phase with respect to the electric field. 
The drift tubes vary in length from 4.4 in. to 10.9 in. and the distance 
between their centers along the axis also increases. Power is supplied to 
the resonator from 26 triode oscillators delivering a peak power of 2.15 X 
10° watts. The power is delivered in pulses of 3 X 10 -4 second duration 
with a repetition rate of 15 per second. This linear accelerator delivers 

protons with an energy of 32 Mev. 

Linear accelerators for electrons are, in a sense, simpler than proton 
accelerators because the electrons acquire a speed practically equal to the 
speed of light at a comparatively low energy, in the neighborhood of a few 
Mev. Hence, if electrons are supplied to a linear accelerator from an outside 
source with an energy of 3 or 4 Mev, and in the correct phase with the 
electric field traveling down the tube, they will remain in phase and acquire 
energy from it. The problem in the design of a linear accelerator for electrons 
is to produce an electromagnetic wave which progresses along the tube 
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with a controlled phase or wave velocity slightly less than or equal to the 
velocity of light. In order to supply energy to the electrons, the electric 
field of the wave must have a component in the direction of propagation of 
the wave. Methods of accomplishing this are known from microwave 
techniques, and several linear electron accelerators are now in operation 
and others are in advanced stages of construction. Electrons of energies up 
to about 200 Mev have been obtained with the Stanford linear accelerator 
80 ft long, built of sections each 10 ft long. This is being increased to 220 ft 
with predicted value for the energy of the electron beam of 1000 Mev. 
The power is supplied through a series of klystrons operated as amplifiers 
and producing a traveling wave in the tube of 3 X 10 9 cycles/sec. The 
power is pulsed with a peak value of 10 7 watts for 1 to 2 microseconds 
and a repetition rate of 60 per second. At these high energies, the linear 
accelerator has one decided advantage over the cyclic accelerator in that 
there is negligible loss of energy in the form of radiation from the accel¬ 
erated charges, since the speed of the electrons is practically constant 
and equal to c. 

Problems 

16-1. (a) Show that the energy of an ion of mass M and charge E which 

is circulating within the dees of a cyclotron along a path having a radius of 
curvature /? is such as to correspond to a total acceleration through an equivalent 
voltage V given by 

in which V, II, and E are in em units. 

(b) Show that the energy of this particle, in Mev, is given by 

6 = 3.12 X 10 h H'R? — 

M 

with E and II in em units. 

(c) Calculate the energy of a proton which is moving in a circle of 
60 cm radius in a magnetic field of 10,000 gausses. 

Ans. 17.2 Mev. 

16-2. Show that the radius of curvature # of the path of a particle inside the 
dees of a cyclotron is proportional to the Vn where n is the number of times the 
particle has been accelerated across the space between the dees. 

16-3. A particle of total mass m and charge e is moving in a stable orbit of 
radius R with angular velocity w and linear velocity v. The orbit is perpendicular 
to the magnetic field of intensity H. Starting with the equation for the momentum 
v of the particle 


V = HeR/c 
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where H is in em units and e in es units, and the relativistic expression for the 
momentum of a particle of total energy & and rest mass m 0 : 



show that the total energy is given by 



u> 


16-4. (a) Calculate the kinetic energy, in Mev, of a proton which is moving 

in a circular orbit in a magnetic field of 17,000 gausses in resonance with the 
applied dee frequency of 18 megacycles per sec. (b) Determine the momentum 
of this proton in units of Mev/c. (c) Determine the linear velocity of the proton, 
(d) Determine the radius of this orbit. 

Ans. (a) 415 Mev. 

(b) 974 Mev/c. 

(c) 0.72c. 

(d) 192 cm. 

16-6. (a) Calculate the kinetic energy, in Mev, of a deuteron which is moving 

in a circular orbit in a magnetic field of 17,000 gausses in resonance with the 
applied dee frequency of 12 megacycles per second, (b) Calculate the momentum 
of the deuteron in units of Mev/c. (c) Determine the linear velocity of the 
deuteron. (d) Determine the radius of this orbit. 

Ans. (a) 185 Mev. 

(b) 855 Mev/c. 

(c) 0.42c. 

(d) 163 cm. 

16-6. Assume that, in the 70 Mev betatron synchrotron, the radius of the stable 
electron orbit is 28 cm. Calculate (a) the angular velocity of the electrons; 

(b) the frequency of the applied electric field; and (c) the value of the magnetic 
field intensity at the orbit for this energy. 

Ans. (a) 1.07 X 10® rad/sec. 

(b) 1.7 X 10* cycles/sec. 

(c) 8300 gausses. 

16-7. The radius of the stable electron orbit of a small betatron-synchrotron is 
12.0 cm and the maximum magnetic field available at this position is 9000 gausses. 
Calculate (a) the angular velocity of the electron in the stable orbit, (b) the 
frequency of the applied electric field in synchronism with these electrons, and 

(c) the maximum electron energy produced. 

Ans. (a) 2.50 X 10® rad/sec. 

(b) 4.04 X 10 8 cycles/sec. 

(c) 32.4 Mev. 

16-8. In problem 16-7, the energy of the electron is increased from 2 to 32 Mev 
in a quarter of the magnetic cycle which is operated from a 50-cycle ac line. 
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Determine the average energy given to the electron by the high frequency 
electric field during each revolution. 

Ans. 15 ev. 

16-9. Show that the radius of a positive ion of rest mass m 0 moving in a circular 
orbit within a synchrocyclotron is given by 

where w is its angular velocity and H is the magnetic field strength, in em units, 
and e is the charge of the ion in es units. 

16-10. (a) Calculate the ratio of w/// for a stripped carbon atom, A = 12’ 

to move in a stable orbit in a synchrocyclotron with a kinetic energy of 1 Bev* 
(b) If the value of // at the orbit is 10,000 gausses, calculate the frequency of the 
electric field applied to the dee. (c) Determine the radius of this orbit. 

16-11. (a) Calculate the power radiated from an electron synchrotron operated 

at 70 Mev when the electron orbit radius is 30 cm. (b) Calculate the energy lost 
by radiation during a single revolution of an electron, (c) Determine the ratio of 
the radiated energy to the total energy of the electron. 

16-12. (a) Calculate the power radiated from an electron synchrotron operated 

at 300 Mev when the electron orbit radius is 100 cm. (b) Calculate the energy lost 
by radiation during a single revolution of an electron, (c) Determine the ratio 
of the radiated energy to the total energy of the electron. 

16-13. (a)- Calculate the power radiated from a proton synchrotron operated 

at 350 Mev when the orbit radius is 200 cm. (b) Calculate the energy lost by 
radiation during a single revolution of the proton, (c) Determine the linear and 
angular velocities of the protons in this orbit. 
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Values of 

Some Physical Constants* 


Physical Quantity 

Symbol 

Value 

1. Velocity of light 

c 

2.997929 X 10 10 cm/sec. 

2. Electronic charge 

e 

4.80288 X lO" 10 esu 

3. Avogadro number 

No 

6.02472 X 10 23 at/gm atwt. (phys.) 

4. Faraday constant 

F 

9652.01 emu/gm mole (phys.) 

5. Specific electronic charge 

e/m t 

1.75888 X 10 7 emu/gm 

6. Planck constant 

h 

6.6252 X 10 -77 erg sec. 

7. Rydberg constant for in¬ 

R. 

109,737.309 cm" 1 

finite mass 



8. Electron rest mass 

m e 

9.1085 X 10- 28 gm 



5.48760 X 10~ 4 amu 

9. Bohr magneton 

Mb 

9.2732 X 10~ 21 erg/gauss 

10. Boltzmann constant 

k 

1.38042 X 10-' 6 erg/deg 

Conversion Factors 

Atomic mass units to Mev 

931.162 Mev/amu 

Electron volts to ergs 

1.60207 X 10-' 2 erg/ev 

Grams to Mev 

5.60999 X 10 26 Mev/gm 


• Values taken from Jesse W. M. Du Mond and E. Richard Cohen, "Least-Square, 
Adjustment of the Atomic Constanta, 1952," Rev. Modem Phys., 25, 691, 1953. 
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Element 

Sym¬ 

bol 

Atomic 

Number 

Atomic 

Weight® 

Element 

Sym¬ 
bol : 

Atomic 

Number 

Atomic 

Weight® 

Actinium 

Ac 

89 

227 

Molybdenum 

Mo 

42 

95.95 

Aluminum 

A1 

13 

26.98 

Neodymium 

Nd 

60 

144.27 

Americium 

Am 

95 

1243] 

Neptunium 

Np 

93 1 

[237] 

Antimony 

Sb 

51 

121.76 

Neon 

No 

10 

20.183 

Argon 

A 

18 

39.944 

Nickel 

Ni 

28 

58.69 

Arsenic 

As 

33 

74.91 

Niobium (Columbium) 

Nb 

41 

92.91 

Astatine 

At 

85 

(210] 

Nitrogen 

N 

7 

14.008 

Barium 

Ba 

56 

137.36 

Osmium 

Os 

76 

190.2 

Borkelium 

Bk 

97 

1245] 

Oxygen 

O 

8 

16 

Beryllium 

Be 

■w 

9.013 

Palladium 

Pd 

46 

106.7 

Bismuth 

Bi 


209.00 

Phosphorus 

P 

15 

30.975 

Boron 

B 

mtM 

10.82 

Platinum 

Pt 

78 

195.23 

Bromine 

Br 

35 

79.916 

Plutonium 

Pu 

94 

1242] 

Cadmium 

Cd 

48 

112.41 

Polonium 

Po 

84 

210 

Calcium 

Ca 

20 

40.08 

Potassium 

K 

19 

39.100 

Californium 

Cf 

98 

1246] 

Praseodymium 

Pr 

59 

140.92 

Carbon 

C 

6 

12.010 

Promethium 

Pm 

61 

1145] 

Cerium 

Ce 

58 

140.13 

Protactinium 

Pa 

91 

231 

Cesium 

Cs 

55 

132.91 

Radium 

Ra 

88 

226.05 

Chlorino 

Cl 

17 

35.457 

Radon 

Rn 

86 

222 

Chromium 

Cr 

24 

52.01 

Rhenium 

Re 

75 

186.31 

Cobalt 

Co 

27 

58.94 

Rhodium 

Rh 

45 

102.91 

Copper 

Cu 

29 

63.54 

Rubidium 

Rb 

37 

85.48 

Curium 

Cm 

96 

1243] 

Ruthenium 

Ru 

44 

101.7 

Dysprosium 

Dy 

66 

162.46 

Samarium 

Sm 

62 

150.43 

Erbium 

Er 

68 

167.2 

Scandium 

Sc 

21 

44.96 

Europium 

Eu 

63 

152.0 

Selenium 

Se 

34 

78.96 

Fluorine 

F 

9 

19.00 

Silicon 

Si 

14 

28.09 

Francium 

Fr 

87 

1223] 

Silver 

Ag 

47 

107.880 

Gadolinium 

Gd 

64 

156.9 

Sodium 

Na 

11 

22.997 

Gallium 

Ga 

31 

69.72 

Strontium 

Sr 

38 

87.63 

Germanium 

Ge 

32 

72.60 

Sulfur 

S 

16 

32.060* 

Gold 

Au 

79 

197.2 

Tantalum 

Ta 

73 

180.88 

Hafnium 

Hf 

72 

178.6 

Technetium 

Tc 

43 

[991 

Helium 

He 

2 


Tellurium 

Te 

52 

127.61 

Holmium 

Ho 

67 

164.94 

Terbium 

Tb 

65 

159.2 

Hydrogen 

H 

1 


Thallium 

T1 

81 

204.39 

Indium 

In 

49 

114.76 

Thorium 

Th 

90 

232.12 

Iodine 


53 

126.91 

Thulium 

Tm 

69 

169.4 

Iridium 

wM 

77 

193.1 

Tin 

Sn 

50 

118.70 

Iron 

Fe 

26 

55.85 

Titanium 

Ti 

22 

47.90 

Krypton 

Kr 

36 

83.80 

Tungsten 

W 

74 

183.92 

Lanthanum 

La 

57 

138.92 

Uranium 

U 

92 

238.07 

Lead 

Pb 

82 


Vanadium 

V 

23 


Lithium 

Li 

3 

CMJI.fi 

Xenon 

Xe 

54 

131.3 

Lutetium 

Lu 

71 

174.99 

Ytterbium 


70 

173.04 

Magnesium 

Mg 

12 

24.32 

Yttrium 

Of 

39 

88.92 

Manganese 

Mn 

25 

54.93 

Zinc 

Zn 

30 

65.33 

Mercury 

Hg 

80 

200.61 

Zirconium 

Zr 

40 

91.22 


a A value given in brackets denotes the mass number of the isotope of longest known half-life. _ 
t Because of natural variations in the relative abundances of the isotopes of sulphur the atomic weight 
of this element has a range of ± 0-003. 

. / 

-- --—^^* 


• From J. Am. Chem. Soc., 74, 2447, 1952. 
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appendix 


Periodic Table of the Elements 


I 

11 

III 

IV 




4 Be 
9.03 

5 B 

10 82 

12 Mg 
24.32 

13 Al 

26.98 

20 Ca 

40 08 

21 Sc 

44 96 

30 Zn 
65.38 

31 Ga 

69 72 

38 Sr 

87 63 

39 Y 

88 92 

48 Cd 
112.41 

49 In 

114.76 


55 C» 50 B 
13291 137 


79 Au 80 Kg 
197.2 200 61 



10 

Ne 

20.183 


18 

A 



39.944 


26 Fc 

27 Co 

28 Ni 

55.85 

58.94 

58.69 



35 Br 
79 916 


■11 Nb 42 Mo 13 Tc 44 Ru 45 Rh 46 Pd 
92.91 95 95 (99) 101 7 102.91 106.7 


0 Sn .*,1 Sb 52 Te 53 I 54 Xe 
11870 121.76 12761 12691 1313 


2 Ilf 73 Ta 74 W 75 Re 76 Os 77 Ir 78 Pt 


31 1902 


.1 19523 



Rare Earth or Lanthanide Series. 


58 Ce 
140 13 


63 E 
152 


68 Er 
167.2 


57 

La 

138.92 

62 

Sm 


150.43 

67 

Ho 

164.94 


Pr 

140 92 


69 Tm 
169 4 


60 Nd 
144 27 



70 Yb 
173.04 


61 Pm 
[U71 


66 Dy 
162.46 



6 Actinide Series. 





















































































appendix 



Table of Isotopic Masses 


Mass No. 

Atomic No. 

Element 

1 

0 

n 

1 

1 

H 

2 

1 

H 

3 

1 

H 

3 

2 

He 

4 

2 

He 

5 

2 

He 

5 

3 

Li 

6 

2 

He 

6 

3 

Li 

7 

3 

Li 

7 

4 

Be 

8 

3 

Li 

8 

4 

Be 

8 

5 

B 

9 

4 

Be 

9 

5 

B 

10 

4 

Be 

10 

5 

B 

10 

6 

c 

11 

5 

B 

11 

6 

C 

12 

6 

c 

12 

7 

N 

13 

6 

C 

13 

7 

N 

14 

6 

C 

14 

7 

N 

15 

6 

C 

15 

7 

N 

15 

8 

0 

16 

7 

N 

16 

8 

O 

17 

7 

N 

17 

8 

O 

17 

9 

F 

18 

8 

0 

18 

9 

F 

19 

8 

0 

19 

9 

F 

19 

10 

Ne 


Atomic Mass 


1 008987 

I. 008145 
2.014741 
3.016997 
3.016977 
4.003879 
5 0137 
5.0136 
6.020833 
6.01697 
7.01822 
7.01916 
8.02502 
8.00785 
8.0264 
9.01503 
9.01620 

10.01677 

10.016110 

10.0206 

II. 012811 
11.01495 
12.003844 
12.0227 
13.007505 
13.00988 
14.00767 
14.007550 
15.0143 
15.004902 
15.0078 
16.0109 
16.000000 
17.0139 
17.004533 
17.007505 
18.004883 
18 006651 
190091 
19.004444 
19.007952 
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IV 


Table of Isotopic Masses 


CONTINUED 


Mass No. 

Atomic No. 

Element 

Atomic Mass 

20 

9 

F 

20.006350 

20 

10 

Ne 

19 998772 

21 

10 

Ne 

21.000504 

21 

11 

Na 

21.004286 

22 

10 

Ne 

21.998382 

22 

11 

Na 

22.001409 

23 

10 

Ne 

23.001768 

23 

11 

Na 

22.997055 

23 

12 

Mg 

23 001453 

24 

11 

Na 

23.998568 

24 

12 

Mg 

23.992628 

25 

12 

Mg 

24.993745 

26 

12 

Mg 

25.990802 

27 

12 

Mg 

26.992876 

27 

13 

A1 

26.990109 

28 

13 

A1 

27.990760 

28 

14 

Si 

27.985825 

29 

14 

Si 

28.985705 

30 

14 

Si 

29.983307 

31 

14 

Si 

30.985140 

31 

15 

P 

30.983619 

32 

15 

P 

31.984016 

32 

16 

S 

31.982274 

33 

15 

P 

32.982166 

33 

16 

s 

32.981941 

34 

16 

s 

33.978709 

35 

17 

Cl 

34.980064 

36 

18 

A 

35.97926 

37 

17 

Cl 

36.977675 

38 

18 

A 

37.97491 

39 

19 

K 

38.97606 

40 

18 

A 

39.975148 

40 

20 

Ca 

39.97545 

41 

19 

K 

40.97490 

42 

20 

Ca 

41.97216 

43 

20 

Ca 

42.97251 

44 

20 

Ca 

43.96924 

45 

21 

Sc 

44.97010 

46 

22 

Ti 

45.96697 

47 

22 

Ti 

46.96668 

48 

20 

Ca 

47.96778 
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IV 


Table of Isotopic Masses 


CONTINUED 


Mass No. 

Atomic No. 

Element 

Atomic Mass 

48 

22 

Ti 

47.96317 

49 

22 

Ti 

48.96358 

50 

22 

Ti 

49.96077 

50 

24 

Cr 

49.96210 

51 

23 

V 

50.96052 

52 

24 

Cr 

51.95707 

53 

24 

Cr 

52.95772 

54 

24 

Cr 

53.9563 

54 

26 

Fe 

53.95704 

55 

25 

Mn 

54.95581 

56 

26 

Fe 

55.95272 

57 

26 

Fe 

56 95359 

58 

26 

Fe 

57.9520 

58 

28 

Ni 

57.95345 

59 

27 

Co 

58.95182 

60 

27 

Co 

59.95250 

60 

28 

Ni 

59.94901 

61 

28 

Ni 

60.94907 

62 

28 

Ni 

61.94681 

63 

29 

Cu 

62.94926 

64 

28 

Ni 

63.94755 

64 

30 

Zn 

63.94955 

65 

29 

Cu 

64.94835 

66 

30 

Zn 

65.94722 

67 

30 

Zn 

66.94815 

68 

30 

Zn 

67.94686 

70 

30 

Zn 

69.94779 

70 

32 

Ge 

69.9447 

74 

32 

Ge 

73.9426 

74 

34 

Se 

73.9439 

75 

33 

As 

74.9432 

76 

32 

Ge 

75.9433 

79 

35 

Br 

78.944 

81 

35 

Br 

80.943 

82 

36 

Kr 

81.938 

84 

36 

Kr 

83.938 

85 

37 

Rb 

84.931 

86 

38 

Sr 

85.93533 

87 

37 

Rb 

86.9295 

88 

38 

Sr 

87.93374 

94 

42 

Mo 

93.9343 


516 






appendix IV 


Table of Isotopic Masses 


CONTINUED 


Mass No. 

Atomic No. 

Element 

Atomic Mass 

98 

42 

Mo 

97.93610 

102 

46 

Pd 

101.9375 

104 

46 

Pd 

103 93655 

105 

46 

Pd 

104.9384 

106 

46 

Pd 

105 9368 

106 

48 

Cd 

105.93984 

108 

46 

Pd 

107.93801 

108 

48 

Cd 

107.93860 

110 

46 

Pd 

109.93965 

110 

48 

Cd 

109.93857 

111 

48 

Cd 

110.93978 

112 

48 

Cd 

111 93885 

113 

48 

Cd 

112.94061 

113 

49 

In 

112 94045 

114 

48 

Cd 

113.93997 

115 

49 

In 

114 94040 

115 

50 

Sn 

114.94014 

116 

48 

Cd 

115.94202 

116 

50 

Sn 

115 93927 

117 

50 

Sn 

116.94052 

118 

50 

Sn 

117.93978 

119 

50 

Sn 

118.94122 

120 

50 

Sn 

119.94059 

120 

52 

Te 

119.94288 

122 

50 

Sn 

121.94249 

122 

52 

Te 

121.94193 

123 

52 

Te 

122.94368 

124 

50 

Sn 

123.94490 

124 

52 

Te 

123.94278 

124 

54 

Xe 

123.94578 

125 

52 

Te 

124.94460 

126 

52 

Te 

125 94420 

126 

54 

Xe 

125 94476 

127 

53 

I 

126.94528 

128 

52 

Te 

127.94649 

128 

54 

Xe 

127.94446 

129 

54 

Xe 

153.94601 

130 

52 

Te 

129.94853 

130 

54 

Xe 

129.94501 

131 

54 

Xe 

130.94673 

132 

54 | 

Xe 

131.94615 
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Table of Isotopic Masses 



CONTINUED 


Mass No. 

Atomic No. 

Element 

Atomic Mass 

134 

54 

Xe 

133.94803 

136 

54 

Xe 

135.95046 

136 

56 

Ba 

135.9488 

137 

56 

Ba 

136.9502 

138 

56 

Ba 

137.9498 

140 

58 

Ce 

139 9489 

141 

59 

Pr 

140 9514 

142 

58 

Ce 

141.9537 

144 

60 

Nd 

143 9560 

150 

60 

Nd 

149 9687 

176 

72 

Hf 

175.9923 

178 

72 

Hf 

177 9936 

180 

72 

Hf 

180 0029 

181 

73 

Ta 

181 0031 

182 

74 

W 

182 0033 

183 

74 

W 

183.0059 

184 

74 

W 

184.0052 

194 

78 

Pt 

194.0256 

196 

78 

Pt 

196.02744 

205 

82 

Pb 

205.04559 

206 

81 

T1 

206.04702 

206 

82 

Pb 

206 04519 

207 

81 

T1 

207.04934 

207 

82 

Pb 

207.04725 

208 

81 

Tl 

208.05290 

208 

82 

Pb 

208.04754 

208 

83 

Bi 

208.04968 

209 

81 

Tl 

209.05778 

209 

82 

Pb 

209.05398 

209 

83 

Bi 

209.05325 

209 

84 

Po 

209.05496 

210 

81 

Tl 

210 06264 

210 

82 

Pb 

210 05622 

210 

83 

Bi 

210.05614 

210 

84 

Po 

210.05488 

211 

82 

Pb 

211.06196 

211 

83 

Bi 

211.06047 

211 

84 

Po 

211.05927 

212 

82 

Pb 

212.06487 

212 

83 

Bi 

212.06345 

212 

84 

Po 

212.06094 






appendix IV 


Table of Isotopic Masses 


CONTINUED 


Mass No. 


Atomic No. 


Element 



Atomic Mass 


212.06079 
213.06824 
213.06696 
214.07362 
214.07225 
214.06852 
214.06955 
215.07392 
215 07313 
216.07617 
216.07586 
216.07358 
217.07979 
217.07939 
218.08407 
218.08369 
218.08017 
218.08108 
219.08527 
219.08501 
220.08693 
220.08706 
220.08567 
221 09057 

221 09060 

222 09397 
222 09116 
222.09342 
223.09697 
223.09559 
223.09615 
224.09703 
224.09769 
224.09743 
225 10102 
225.10081 
225 10170 
226.10309 
226.10193 
226.10494 
227.10723 
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Tables of Isotopic Masses 


CONTINUED 


Mass No. 

Atomic No. 

Element 

Atomic Mass 

227 

89 

Ac 

227.10666 

227 

90 

Th 

227.10642 

227 

91 

Pa 

227.10710 

228 

88 

Ra 

228 11005 

228 

89 

Ac 

228.11005 

228 

90 

Th 

228.10685 

228 

91 

Pa 

228.10823 

228 

92 

U 

228.10863 

229 

90 

Th 

229.11021 

229 

91 

Pa 

229.11088 

229 

92 

U 

229 11258 

230 

90 

Th 

230 11206 

230 

91 

Pa 

230 11441 

230 

92 

U 

230 11222 

231 

90 

Th 

231.11628 

231 

91 

Pa 

231.11607 

231 

93 

Np 

231.11776 

232 

90 

Th 

232.11852 

232 

91 

Pa 

232.11768 

232 

92 

U 

232.11650 

232 

94 

Pu 

232.11973 

233 

90 

Th 

233.12198 

233 

91 

Pa 

233.12027 

233 

92 

U 

233.11937 

234 

90 

Th 

234.12394 

234 

91 

Pa 

234.12281 

234 

92 

U 

234.12115 

234 

94 

Pu 

234.12269 

235 

92 

U 

235.12517 

236 

94 

Pu 

236.12667 

237 

92 

U 

237.13010 

237 

93 

Np 

237.12932 

238 

92 

u 

238.13232 

238 

93 

Np 

238.13255 

238 

94 

Pu 

238.13106 

239 

92 

U 

239.13704 

239 

93 

Np 

239.13620 

239 

94 

Pu 

239.13494 

239 

95 

Am 

239.13568 

240 

96 

Cm 

240.13744 

241 

94 

Pu 

241.13909 


520 







IV 


Tables of Isotopic Masses 


appendix 


CONCLUDED 


Mass No. 

Atomic No. 

Element 

Atomic Mass 

241 

95 

Am 

241.13919 

242 

95 

Am 

242.14215 

242 

96 

Cm 

242.14160 


Collins, T. L., A O. Nier, and W. H. Johnson, Jr., Phys. Rev., 86, 408, 1952. 
Duckworth, H. G. D. Kegley, J. M. Olson, and G. 3. Stanford, Phys. Rev., 83, 1114, 
1951. 

Halsted, R. E., Phys. Rev., 88, 660, 1952. 

Hays, E. E., P. I. Richards, and S. A. Goudsmit, Phys. Rev., 84, 824 1951 

H0 22 ny 2 a 9 k ) 1950 R ' T ' L * UTi '* eD ’ R Morrison ' and W. A. Fowler, Rev. Modern Phys., 

Ogata, K. and H. Matsuda, Phys. Rev., 89, p. 27, 1953. 

Stern, H. O., Revs. Modern Phys., 21, 316, 1949. 
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appendix 


Table of Naturally Occurring Isotopes 


Atomic No. 

Atom 

Mass No. 

Abundance (%) 

1 

H 

1 

99.985 

1 

H 

2 

0 015 

2 

He 

3 

0 00013 

2 

He 

4 

~100 

3 

Li 

6 

7.52 

3 

Li 

7 

92.48 

4 

Be 

9 

100. 

5 

B 

10 

18.98 

5 

B 

11 

81.02 

6 

c 

12 

98.892 

6 

c 

13 

1.108 

7 

N 

14 

99.635 

7 

N 

15 

0.365 

8 

0 

16 

99.759 

8 

0 

17 

0.037 

8 

0 

18 

0.204 

9 

F 

19 

100. 

10 

Ne 

20 

90.92 

10 

Ne 

21 

0.257 

10 

Ne 

22 

8.82 

11 

Na 

23 

100. 

12 

Mg 

24 

78.60 

12 

Mg 

25 

10.11 

12 

Mg 

26 

11.29 

13 

A1 

27 

100. 

14 

Si 

28 

92.18 

14 

Si 

29 

4.71 

14 

Si 

30 

3.12 

15 

P 

31 

100. 

16 

S 

32 

95.018 

16 

s 

33 

0.750 

16 

s 

34 

4.215 

16 

s 

36 

0.017 

17 

Cl 

35 

75.4 

17 

Cl 

37 

24.6 

18 

A 

36 

0.337 

18 

A 

38 

0.063 

18 

A 

40 

99.600 

19 

K 

39 . 

93.08 

19 

K 

(40) 

0.012 

19 

K 

41 

6.91 

20 

Ca 

40 

96.92 
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CONTINUED 


Atomic No. 

Atom 

Mass No. 

Abundance (%) 

20 

Ca 

42 

0.64 

20 

Ca 

43 

0.13 

20 

Ca 

44 

2.13 

20 

Ca 

46 

0.0032 

20 

Ca 

48 

0.179 

21 

Sc 

45 

300. 

22 

Ti 

46 

7.95 

22 

Ti 

47 

7.75 

22 

Ti 

48 

73.46 

22 

Ti 

49 

5.51 

22 

Ti 

50 

5.34 

23 

V 

50 

0.24 

23 

V 

51 

99.76 

24 

Cr 

50 

4.31 

24 

Cr 

52 

83.76 

24 

Cr 

53 

9.55 

24 

Cr 

54 

2.38 

25 

Mn 

55 

100. 

26 

Fe 

54 

5.90 

26 

Fe 

56 

91.52 

26 

Fe 

57 

2.25 

26 

Fe 

58 

0 33 

27 

Co 

59 

100. 

28 

Ni 

58 

67.76 

28 

Ni 

60 

26.16 

28 

Ni 

61 

1.25 

28 

Ni 

62 

3.66 

28 

Ni 

64 

1.16 

29 

Cu 

63 

69.09 

29 

Cu 

65 

30.91 

30 

Zn 

64 

48.89 

30 

Zn 

66 

27.81 

30 

Zn 

67 

4.11 

30 

Zn 

68 

18.56 

30 

Zn 

70 

0.62 

31 

Ga 

69 

60.2 

31 

Ga 

71 

39.8 

32 

Ge 

70 

20.52 

32 

Ge 

72 

27.43 

32 

Ge 

73 

7.76 

32 

Ge 

74 

36.54 

32 

Ge 

76 

7.76 
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Table of Naturally Occurring Isotopes 


CONTINUED 


Atomic No. 

Atom 

Mass No. 

Abundance (%) 

33 

As 

75 

100. 

34 

Se 

74 

0.96 

34 

Se 

76 

9.12 

34 

Se 

77 

7.50 

34 

Se 

78 

23.61 

34 

Se 

80 

49.96 

34 

Se 

82 

8.84 

35 

Br 

79 

50.57 

35 

Br 

81 

49.43 

36 

Kr 

78 

0.354 

36 

Kr 

80 

2.27 

36 

Kr 

82 

11.56 

36 

Kr 

83 

11.55 

36 

Kr 

84 

56.90 

36 

Kr 

86 

17.37 

37 

Rb 

85 

72.15 

37 

Rb 

(87) 

27 85 

38 

Sr 

84 

0.56 

38 

Sr 

86 

9.86 

38 

Sr 

87 

7.02 

38 

Sr 

88 

82.56 

39 

Y 

89 

100. 

40 

Zr 

90 

51.46 

40 

Zr 

91 

11.23 

40 

Zr 

92 

17.11 

40 

Zr 

94 

17.40 

40 

Zr 

96 

2.80 

41 

Nb 

93 

100. 

42 

Mo 

92 

15.05 

42 

Mo 

94 

9.35 

42 

Mo 

95 

14.78 

42 

Mo 

96 

16.56 

42 

Mo 

97 

9.60 

42 

Mo 

98 

24.00 

42 

Mo 

100 

9.68 

44 

Ru 

96 

5.68 

44 

Ru 

98 

2.22 

44 

Ru 

99 

12.81 

44 

Ru 

100 

12.70 

44 

Ru 

101 

16.98 

44 

Ru 

102 

31.34 

44 

Ru 

104 

18.27 
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Table of Naturally Occurring Isotopes 


CONTINUED 


Atomic No. 

Atom 

Mass No. 

Abundance (%) 

45 

Rh 

103 

100. 

46 

Pd 

102 

0 8 

46 

Pd 

104 

9.3 

46 

Pd 

105 

22.6 

46 

Pd 

106 

27.1 

46 

Pd 

108 

26.7 

46 

Pd 

110 

13.5 

47 

Ag 

107 

51.35 

47 

Ag 

109 

48.65 

48 

Cd 

106 

1.22 

48 

Cd 

108 

0.89 

48 

Cd 

110 

12.43 

48 

Cd 

111 

12.86 

48 

Cd 

112 

23.79 

48 

Cd 

113 

12.34 

48 

Cd 

114 

28.81 

48 

Cd 

116 

7.66 

49 

In 

113 

4.16 

49 

In 

115 

95.84 

50 

Sn 

112 

0.95 

50 

Sn 

114 

0.65 

50 

Sn 

115 

0.34 

50 

Sn 

116 

14.24 

50 

Sn 

117 

7.57 

50 

Sn 

118 

24.01 

50 

Sn 

119 

8.58 

50 

Sn 

120 

32.97 

50 

Sn 

122 

4.71 

50 

Sn 

124 

5.98 

51 

Sb 

121 

57.25 

51 

Sb 

123 

42.75 

52 

Te 

120 

0.089 

52 

Te 

122 

2.46 

52 

Te 

123 

0.87 

52 

Te 

124 

4.61 

52 

Te 

125 

6.99 

52 

Te 

126 

18.71 

52 

Te 

12S 

31.79 

52 

Te 

130 

34.49 

53 

I 

127 

100. 

54 

Xe 

124 

0.096 

54 

Xe 

126 

0.090 








appendix | v j Table of Naturally Occurring Isotopes 


CONTINUED 


Atomic No. 

Atom 

Mass No. 

Abundance (%) 

54 

Xe 

128 

1 919 

54 

Xe 

129 

26.44 

54 

Xe 

130 

4 OS 

54 

Xe 

131 

21.18 

54 

Xe 

132 

26.89 

54 

Xe 

134 

10.44 

54 

Xe 

136 

8.87 

55 

Cs 

133 

100. 

56 

Ba 

130 

0.101 

56 

Ba 

132 

0.097 

56 

Ba 

134 

2.42 

56 

Ba 

135 

6.59 

56 

Ba 

136 

7.81 

56 

Ba 

137 

11.32 

56 

Ba 

138 

71.66 

57 

La 

138 

0.089 

57 

La 

139 

99.911 

58 

Ce 

136 

0.193 

58 

Ce 

138 

0 250 

58 

Ce 

140 

88.48 

58 

Ce 

142 

11.07 

59 

Pr 

141 

100. 

60 

Nd 

142 

27 09 

60 

Nd 

143 

12.14 

60 

Nd 

144 

23.83 

CO 

Nd 

145 

8.29 

60 

Nd 

146 

17.26 

60 

Nd 

148 

5.74 

60 

Nd 

150 

5.63 

62 

Sm 

144 

3.16 

62 

Sm 

147 

15.07 

62 

Sm 

148 

11.27 

62 

Sm 

149 

13.84 

62 

Sm 

150 

7.47 

62 

Sm 

(152) 

26.63 

62 

Sm 

154 

22.53 

63 

Eu 

151 

47.77 

63 

Eu 

153 

52.23 

64 

Gd 

152 

0.20 

64 

Gd 

154 

2.15 

64 

Gd 

155 

14.73 

64 

Gd 

156 

20.47 
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CONTINUED 


Atomic No. 

Atom 

Mass No. 

Abundance (%) 

64 

Gd 

157 

15.68 

64 

Gd 

158 

24.87 

64 

Gd 

160 

21.90 

65 

Tb 

159 

100. 


Dy 

156 

0.0524 

66 

Dy 

158 

0.0902 

66 

Dy 

160 

2.294 

66 

Dy 

161 

18.88 

66 

Dy 

162 

25.53 

66 

Dy 

163 

24.97 

66 

Dy 

164 

28.18 

67 

Ho 

165 

100. 

68 

Er 

162 

0.136 

68 

Er 

164 

1.56 

68 

Er 

166 

33.41 

68 

Er 

167 

22.94 

68 

Er 

168 

27.07 

68 

Er 

170 

14.88 

69 

Tm 

169 

100. 

70 

Yb 

168 

0.140 

70 

Yb 

170 

3.03 

70 

Yb 

171 

14 31 

70 

Yb 

172 

21.82 

70 

Yb 

173 

16.13 

70 

Yb 

174 

31.84 

70 

Yb 

176 

12.73 

71 

Lu 

175 

97.40 

71 

Lu 

176 

2.60 

72 

Hf 

174 

0.199 

72 

Hf 

176 

5.23 

72 

Hf . 

177 

18.55 

72 

Hf 

178 

27.23 

72 

Hf 

179 

13.73 

72 

Hf 

180 

35.07 

73 

Ta 

181 

100. 

74 

W 

180 

0.126 

74 

W . 

182 

26.31 

74 

W 

183 

14.28 ! 

74 

W 

184 

30 64 

74 

w 

186 

28.64 

75 

Re 

185 

37.07 

75 

Re 

(187) 

62.93 
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Table of Naturally Occurring Isotopes 


I_I 


CONCLUDED 


Atomic No. 

Atom 

Mass No. 

Abundance (%) 

76 

Os 

184 

0.018 

76 

Os 

186 

1.59 

76 

Os 

187 

1.64 

76 

Os 

188 

13.3 

76 

Os 

189 

16.1 

76 

Os 

190 

26.4 

76 

Os 

192 

41.0 

77 

Ir 

191 

38.5 

77 

Ir 

193 

61.5 

78 

Pt 

190 

0.012 

78 

Pt 

192 

0.78 

78 

Pt 

194 

32.8 

78 

Pt 

195 

33.7 

78 

Pt 

196 

25.4 

78 

Pt 

198 

7.23 

79 

Au 

197 

100. 

80 

Hg 

196 

0.146 

80 

Hg 

198 

10.02 

80 

Hg 

199 

16.84 

80 

Hg 

200 

23.13 

80 

Hg 

201 

13.22 

80 

Hg 

202 

29.80 

80 

Hg 

204 

6.85 

81 

T1 

203 

29.50 

81 

T1 

205 

70.50 

82 

Pb 

202 

<0.0004 

82 

Pb 

204 

1.37 

82 

Pb 

206 

25.15 

82 

Pb 

207 

21.11 

82 

Pb 

208 

52.38 

83 . 

Bi 

209 

100. 

90 

Th 

(232) 

100. 

92 

U 

(234) 

0.0058 

92 

U 

(235) 

0.715 

92 

U 

(238) 

99.28 


Note: Parentheses denote a radioactive isotope. 


Hollander, J. M., I. Perlman, and G. T. Seaborg, “Table of Isotopes/' Revs. Modem 
Phys., 25, 469, 1953. 

Way. Katherine, Lilia Fano, Millicent R. Scott, and Karin Thew, (Comps.), Nuclear 
Data. Washington, D. C.: National Bureau of Standards, Circular 499, 1950. 
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Path of an Alpha Particle in a 
Coulomb Field of Force 


Consider a nucleus of charge Ze stationary at point C and an alpha particle 
of mass M and charge E approaching it along the line AB , Figure 3-8. The 


Fig. 3-8. 



The hyperbolic path of an alpha particle in the field of force of a nucleus. 


original velocity of the alpha particle in the direction of AB is V. There 
will be a force of repulsion between the two charges given by Coulombs law 

ZeE 

t -yT’ CD 

where r is the distance of the alpha particle from the nucleus. The alpha 
particle will be deflected from its original direction of motion by this force 
of repulsion and its path will be a conic section since the motion is governed 
by an inverse square law of force. This conic section will be one branch of a 
hyperbola with the nucleus at the focus on the convex side of this branch. 

To derive the expression for the path of the alpha particle, let us 
choose polar coordinates with the nucleus at the pole. The acceleration of 
the particle may be resolved into two components, one along the radius, 
a r , and the other transverse to the radius a*. In texts on Mechanics, it 
is shown that these components are given by the equations 
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VI 


Path of an Alpha Particle in a 
Coulomb Field of Force 


CONTINUED 

Since the force of repulsion is along the radius vector r, the radial compo¬ 
nent of the acceleration is 


_ F ZeE J 
? * M Mr 2 ~ r 2 * 

where = ZeE. 

M 


(4) 


Since there is no force transverse to the radius vector, 



Integrating equation (5) yields 



= K. 


(5) 


( 6 ) 


Equation (6) is a statement of Kepler’s law of areas and also expresses 
the principle of conservation of angular momentum, for, multiplying both 
sides by M, we get 

Mr 2 d -j- = MK = MVp, ,r, 

at 

where Mr 2 is the moment of inertia of the alpha particle with respect to an 
axis through C, d<t>/dt is the angular velocity of the particle, and MVp is the 
initial angular momentum of the particle. The distance p from the nucleus 
to AB is called the impact parameter. 

The differential equation of the path of the particle may be obtained 
by combining equations (2) and (4); this yields 


d 2 r 

dt 2 



(•) 


Before integrating this equation, let us change the independent variable 
from t to <t>, and also, for convenience, let u = ^ • To carry out this trans¬ 
formation, note that 

dr dr dd> 
dt d<f> dt 


dr _ 1 du 

d*t> u 2 d4> 
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Pafh of an Alpha Particle in a 
Coulomb Field of Force 


CONTINUED 

and from equation (6) 


dt 



and 

Equation (8) now becomes 


d V 
dt 2 ~ 




d<p 2 


+ 


XL = 


J 

K 2 


or 


£(■+*)--(■+*) 


This is a well-known differential equation and its solution is 

w + -£2 = A cos (* ~ a )» 


( 9 ) 


00 ) 


where A and 8 are constants of integration. To verify that this is the solution 
of the differential equation, one needs only to differentiate equation (10) 
twice. 

By the proper choice of the x axis, the phase angle 8 can be set equal 
to zero. Further, by setting 


equation ( 10 ) becomes 



Oi) 


J tj 

U + K 2 = K 2 C ° S 


from which 


u 



J 

“ ^2 (! “ < cos < t > )• 


02 ) 


Equation (12) is one form of the equation of a conic section in polar 
coordinates; e is the eccentricity of this conic section. When t is greater 
than unity, the conic section is a hyperbola. The eccentricity of this path 
can be determined with the aid of the principle of conservation of energy, 
which yields 


\MV 2 = \Mv* + — 

r 


h Mv 2 + ~ 


03 ) 


where ZeE/r is the potential energy of the particle at any pointdn its path. 
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Path of an Alpha Particle in a 
Coulomb Field of Force 


CONTINUED 

Resolving the velocity t» into two components, one along the radius and 
one transverse to the radius, we get 


From equation (12) we get 


04 ) 



and since 



equation (14) becomes 


2 JV sin 2 <t> J 2 

v Jt 2 h Jc 2 (1 “ * COS *) • 05) 

Substituting this value of v 2 in equation (13) and the value for r from 
equation (12) and simplifying, we get 


= w _ £ 

K 2 K 2 ’ 


from which 



or 



( 16 ) 


The eccentricity of the orbit is greater than unity and is expressed in 
terms of the initial energy of the alpha particle, the impact parameter p, 
and the nuclear charge Ze; thus 



( 17 ) 


The orbit is therefore a hyperbola with the nucleus at the focus outside 
the branch of the curve followed by the alpha particle. The asymptote AB 
represents the direction of the initial velocity of the alpha particle, while 
the second asymptote OD represents the direction of the final velocity of 
the alpha particle. The angle 0 between the two asymptotes is the angle 
through which the particle has been deflected and is the angle of scattering. 
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Path of an Alpha Particle in a 
Coulomb Field of Force 


CONCLUDED 

This angle can be expressed in terms of the eccentricity from a consideration 
of the properties of the hyperbola. 

The equation of the hyperbola in rectangular coordinates is 


a 2 6 2 ' 


( 18 ) 


where — OC 

and b 2 = a 2 (. 2 - 1). 


The equations of the asymptotes are obtained by setting the left-hand 
side of equation (18) equal to zero, yielding 


From the figure 


6 

V = ±-x. 
a 





hence « 2 — 1 = 

Using equation (16), we get 

. 8 

cot- = 



MV 2 
ZeE P 


( 19 ) 


( 20 ) 
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11 for the COwlpton Effect 

The three equations derived in §5-19 are 

hv = hv + moc 2 (fC — 1) 
hv hv' 

— = — cos <t> -f Km 0 v cos 0 


0 = — sin <t> — Krilov sin 0 , 
c 


where 


To solve these equations, let 


(* - r 


hv _ h 
moc 2 m 0 cX 
, _ hv' _ h 
m 0 c 2 mocX' 

b = varri = —, 

c 

or K = n/FTP 

l\ = COS <t> 

ni = sin <t> 
l 2 = cos 0 
n 2 = sin 0. 

By dividing equation (1) by m 0 c 2 , we get 

a = a' + - 1, 

and by dividing equations (2) and (3) by toqc, we get 

a = al\ + bl 2 

and 0 = an 1 — bn 2 . 


From equation (5) b l ll = a 2 — 2 aal x + ct 2 l \, 
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VII 


Derivation of the Equations 
for the Compton-Effect 


CONTINUED 

and from equation (6) 

6 2 n| = a' 2 nf. 

Adding equations (7) and (8), we get 

b 2 (ll + n|) = a 2 - 2aa'h + a' 2 (/f + n\) 
or b 2 = a 2 — 2aal\ + 

since l 2 + n| = 1 = /? + nf. 

From oquation (4), 

b 2 = a 2 — 2aa + a 2 + 2a — 2a'. 


(8) 


( 9 ) 


00 ) 


Subtracting (10) from (9), we get 

0 - 2a«'(l - /,) - 2a + 2a', 


from which 


0= a(l -/,) 



or 


from which 


j -1 - «a - hi 

X' h 

r - 1 = ^ (1 - C08 *> 


(ii) 


0r \ - -A- (1 - COS 0), (12) 

nioc 

which is the same as equation (34) in the text. To get the expression for the 
kinetic energy of the recoil electron, solve equation (11) for a', obtaining 


/ __«_ 

1 + a(l - /,) ‘ 

Substitute this value in equation (4) to obtain 


( 13 ) 


Vl + 6 2 - 1 = a--- 

1 +a(l - h) 

= a 2 (l - h) 

1 + a(l - l t ) ' ' 
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VII 


Derivation of the Equations 
for the Compton Effect 


CONTINUED 

Now the kinetic energy & is given by 

& = m 0 c 2 (K — 1) = m 0 c 2 (Vl + b 2 — 1) 

= m 0 c’ -° 2(1 ~ COS . 

1 + a(l - cos 0 ) 

But Tn 0 c 2 = — ; 


therefore S = /,„ ~ cos *) . 

1 + a(l — cos </>) 


The energy of the recoil electron can also be put in terms of the 
noting that, from equations (5) and (6), 


[2 _ a — al x 
112 cc'n 1 



and eliminating a' with the aid of equation ( 11 ), we get 


h 

n 2 


= - (!+«)(!-/,). 


Substituting the values of f,, l 2 , n,, and n 2 , wc get 

1 — cos <t> 


Now 


cot e = (1 + a) 


1 — cos <t> <t> 

-:—-— = tan - : 

sin </> 2 


sin <t> 


therefore cot 6 = (1 + a) tan - . 

2 

♦ * 
cot- 

also tan 0 = - , 

1 +a 


which is equation (35) in Chapter 5 of the text. 

By dividing equation (18) by equation (19), we get 


cos 2 e _ cos 2 0 
sin 2 e 1 — cos 2 e 


(1 + a) 2 tan 2 ^ • 
2 


( 14 ) 

angle 0 by 

( 15 ) 


( 16 ) 


( 17 ) 


( 18 ) 


(19) 
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CONCLUDED 

Now 

hence 


VII 


Derivation of the Equations 
for the Compton Effect 


9 <t> 1 — cos <t> 

tan* 2 - = 


2 1 + cos <t> ’ 


cos 2 e 


= (i + *y- 


1 — cos <t> 


1 — cos 2 0 ' 1 + cos </> 

Solving equation (20) for cos <t> and then for (1 — cos <t>), we get 

_ 2cos 2 0 _ 

1 cos * “ (i + a )2 _ 2 a cos 2 0 — a 2 cos 2 0 

Substituting this value in equation (14) yields 

- , 2a cos 2 0 

y (1 + a) 2 — a 2 cos 2 0 * 

which is equation (36) in Chapter 5 of the text 


( 20 ) 


( 21 ) 


( 22 ) 
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VIII 


Evaluation 


of ^prdr = 


n,h. 


Evaluation of 

J> Prdr r = Hrh. 

(1) 

Now 

dr 

Vr = m- 

12) 

is the momentum along the radius. Changing the independent variable 
from t to 0, by the relationship 


dr dr d<f> 
dt * d<t> dt ’ 

(3) 

we get 

d<t> dr 

Vr = n TtT*- 

(4) 

and noting that 

o d0 

(5) 

and 

, dr 

dr = T* d +’ 

(6) 

we may write the integral as 



f I ?%£- d + = n ' h 

(7) 

or 

p *f? (£) d + ~ n ' h - 

(8) 

The equation of the ellipse may be written as 



1 1 + € COS 0 

r a(l - t 2 ) 

(9) 

where a is the semimajor axis and < is the eccentricity. 


Therefore 

dr a(l — « 2 )< sin 0 
d<t> (1 + « cos 0) 2 

(10) 

and 

1 dr « sin 0 

r d0 1 +t cos 0 

(ID 

The integral equation now becomes 



r 2r « 2 sin 2 <t> 

P* L Tt i-772 d * = n r*‘ 

Jo (1 -f € cos d>y 

V2) 
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VIII 


Evaluation 


of J) pMr 


nrh. 


CONTINUED 

The integral 1 = f Sm * ■ d<t> 03 ) 

Jo (1 + e cos 4 >) 

can be integrated by parts. In the usual standard form 



let 

u = € sin <t> 



du = c cos 4 >d<t> 



, « sin <t> 

v (l+«cos 4>) 2 


so that 

1 

v - -; 

1 + < COS <t> 


then 

i , <sin * t r <c ° s * 

1 + < cos 4 > Jo Jo 1 -f- c cos <t> 

( 15 ) 

Upon substitution of the limits of integration, the first term on 
hand side becomes zero. The value of the integral is 

the right- 


i f <cos * <*, 

Jo 1 + « cos <t> 

06) 

which may be written in the form 



1 = f 2 (r—-l) d+ t 

Jo \1 -f- C COS <t> ) 

(17) 

yielding 

I 2t 

(1 - €*)■'* 2t - 

08) 

(See Peirce’s Table of Integrals, page 41 .) 

Putting this back in the integral equation, we get 



2 irp# 

(1 _ € 2)i/2 — n r h, 

09) 

or 

kh 

_ € 2 ^i/2 ^ ~ n ^ 1 

(20) 

since 

kh 

V * = 2 *' 
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VIII 


Evaluation of £pMr = nji. 


CONTINUED 

hence 


(n r + k) = 


k 

(1 - « 2 )*' 2 ; 


( 21 ) 


so that _ L ( k \ 2 

*" V 1 - Utw ’ (2i > 

which is the expression for the eccentricity of the ellipse in terms of the 
azimuthal and radial quantum numbers. 

K t°tf reat inte . r< i st is the expression for the total energy 6 of an elliptic 
orbH. The potent.al energy is -Ze*/r. The kinetic energy can be written as 


where -£ is the radial component of the velocity and r ^ is the transverse 


we get 


and 


Now 

using equation (3) and equation 

(5), 

dr 

P* dr 


dt mr 2 d<t> 

(23) 

f r d* s 

\ 2 


K dt , 

1 m 2 r 2 

(24) 


The expression for the total energy then becomes 



Solving this for (- yields 
\r d<t>/ ' 

/I dr\ 2 _ 2 m&r 2 ( 2mZe 2 r 
\r d<t>) 

From equation (11) we get 

1 drV = _ 

r dtp) (1 + < cos <t>) 2 


Pi 




PI 


t 2 sin 2 <*> 


(25) 


(26) 


(27) 
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Evaluation of 



= Prh. 


CONCLUDED 

Eliminating the angle <t> between this equation and the equation of the 
ellipse (9) yields 



r 2 2 r 

a 2 (l - « 2 ) + a(l - « 2 ) 


(28) 


By equating coefficients of like powers of r in equations (26) and (28), 
we get 


2 m& _ 1 

pi *” a 2 ( 1 - « 2 ) 


(29) 


and 

from which 


mZe 2 
pi 


6 




(30) 


(31) 


The total energy depends only upon the major axis of the ellipse and is the 
same as that for a circle of radius a. Eliminating a from equations (29) 
and (30) yields 



mZ 2 e 4 ( 1 - « 2 ) 
2 Pi 


(32) 
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A 

Aamodt, R. L., 456 
Abelson, P. H., 415 
Absorption, coefficient, 148, 291 
atomic, 149 
cross section, 93 
for x-rays, 150 
of energy, 257 
limit, x-ray, 291 
of neutrons, 423 
spectra, x-ray, 290 
spectrum, 257 
of x-rays, 148, 291 
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